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Two-Dimensional
Transformations

In

Two-Dimensional
Transformations

m Transforming a point
;,
/j\
b
m Transforming an object

i
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Geometry: 2 \j
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Types of Transformation

m Translation

=
e

X = X+tX

y =y+t,

e

m Scaling

Sx=Sy=3
X' = x5,
y =y,

Types of Transformation
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Symmetric vs asymmetric
scaling

m Symmetric scaling: s, = s,

® Asymmetric scaling: s, > sy, Or s, <s,

y y
ciéﬁ3

SX > sy sx < sy

1

Scaling to achieve
reflection

m Reflection iny axis: s, <0

.

L Copyright O University of Manchester 1995

Geometry: 5 \j L Copyright O University of Manchester 1995

Geometry: 6 \j
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Scaling to achieve
reflection

m Reflection in x and y axes:

sy<Oands,<0

2
—

¢

e

Types of Transformation

m Rotation

ml
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Rotation

x' = ROcos (a +B)
y' = RBin (a +B)
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Rotation

X' = ROcos (a + B)
y' = RBin (a +p)

Expanding the formulae for cos(a+p)
and sin(a+p):

X' = R[Ocosa OcosB —R Ckina C5in

y' = R[kina cosP + R [kin3 Ocosa

Substituting for R CcosP and R [Einf3:
x' = x Ocosa —y [kina

y' = xBina +y [cosa

Geometry: 10 \j
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Types of Transformation

m Shearing

X X X

shear in x shear in y shear in x and y

X' =x+ylaA
y'=y+x[b

0 Shearinx:a#0

O Sheariny:b#0

0 Shearinxandy:az0and b #0

e

Matrix Representation of

Transformations
m Translate:
X'=x+t,
Yy =y+g
m Scale:
X' = x5,
y =y,
m Rotate:
x' = x Ocosa —y [kina
y' = x [ina +y Ocosa

ml
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Matrix Representation of

Transformation
m Shear:
X' =x+yla
y =y+x[b

m |n general:

X =alk+by+c
y =dxk+ely+f

1

Matrix Representation of
Transformations

X =alk+by+c
y =dk+ely+f

H sohl

Include a - f in one matrix:

MR

.
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Geometry: 14 \j
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Matrix Representation of

Transformations
X =alk+by+c
y =dk+ely+f

Using a square matrix:

X' abc X
y'| = |de f|*|y
w' ghi 1

e

Matrix Representation of
Transformations

10t
01t,
001

m Translate:

sXOO
Osyo
001

m Scale:

cosa —sina 0
sina cosa 0
0 0 1

m Rotate:

ml

L Copyright O University of Manchester 1995

Geometry: 15 \j L Copyright O University of Manchester 1995

Geometry: 16 \j



In

Matrix Representation of

Transformations
l1ad0
m Shear: b1o0
001

m |dentity matrix:

X' 100 X
y'| =010 ° |y
w' 001 1
X' = X
y‘:
w =1
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Combining
Transformations

Can perform complex transformations
by combining simple ones.

For example, rotating an object about
its centre:
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Geometry: 18 \j

Combining
Transformations

1. Translate by (-X¢, -Yc)

2. Rotate about the origin
3. Translate by (Xc, Yc)
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In 1

Combining
Transformations

Rotating an object about its centre:
1. Translate by (-Xc,-Ye):

Xq 10—xC X
Vil T 101 -y |°y
1 00 1 1

2. Rotate about the origin:

Xy cosa —sina 0| [X;
Y,/ = | sina cosa O * |y,
1 0 0 1 1

ml
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Combining
Transformations

3. Translate by (x¢, Yc):

Total transformation is:

10 x,
Oly.°®
001

cosa —sina 0| |10 —x¢
sina cosa 0 * |01 -y,
0 0 1 00 1

1
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Ordering Transformations

m Matrix multiplication is NOT
commutative, M, * M, #M, *« M,

m Order of transformations is important

Geometry: 22 \j
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Ordering Transformations

m Rotate then translate

e

ml

Ordering Transformations

POSTCONCATENATE M, with My:
p' = M,*M;*p (M;applied first)

PRECONCATENATE M, with My:
p' = M;* M, p (M;applied first)

Premultiply = Postconcatenate

Postmultiply = Preconcatenate
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Homogeneous
Coordinates

X' abc X
y| = |de f|°|y
w' ghi 1

m Point in 2D space expressed in
3D homogeneous coordinates

If bottom row of matrix is [0 0 1],

w =1

If w'# 1 project point (x', y',w") onto
plane w =1 by homogeneous
division (using the origin as the
centre of projection)
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Homogeneous
Coordinates
x y w) - \N

T =% (0 0 0)

w=w' w=1

m Real world coordinates are x" and
y" where

X'/w'

y'/w'

Geometry: 26 \j
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Homogeneous
Coordinates

X' 100 X

yl = O l 0 L] y

W' 004 |1
Perform homogeneous division to get
“real world” coordinates:

X" = x/wW = x/4

y y'/wW =y/4
Effect is OVERALL scaling.

e

Object vs Axis
Transformation

Object transformation

~ } shift object

()

S n |
I

Xn x

m Object transformed

m Axes fixed

ml
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Object vs Axis
Transformation

Axis transformation

m Object fixed in space
m Axes transformed
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, y[ = Axis translation by (-dy, -dy)
vl !O; % m Object scale by (sy, sy)
o = Axis scale by (1/sy, 1/sy)
e x . :
L ane | m Object rotation by a
> (CE) i = Axis rotation by -a
Xn X
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Object vs Axis
Transformation

m Object translation by (dy, dy)

Geometry: 30 \j

Normalization Normalization
Transformation in GKS Transformation in GKS
World Coordinates Normalised Device 2. Scale window to size of viewport:
1
Vymiagi —
wymax| Q window )) viewport XZ SX 0 0 Xl
o ) 7 Yo T |08, 01"y
wymin | 7 vymin 1 001 1
——% ’ eri'lin VX;I’naX Where
1. Translate bottom left hand corner of s = Vxmax ~ Vxmin
. .. X
window to origin: Wymax =~ Wxmin
\" -V :
Xy 10 -Wmin| |x Sy = Y Yo
— o ymax Vvymin
Y1 01 _Wymin y
1 00 1 1
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Normalization
Transformation in GKS

3. Translate to bottom left hand corner
of viewport:
10v

X X

3 xmin 2
y3 - 01 Vymin ' y2
1 00 1 1

Normalization transformation is:

10vXmin Sy 00 10_mein
Olvymin *0 sy0 ¢ Ol—wymin
00 1 001 00 1

1
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m Matrix representation
X' abc| |x
y| = |de f|* |y
w' ghi 1

.

Two-Dimensional
Transformations

Different types: translation, scaling,
rotation, shearing.

Obiject vs axis transformations

Combine transformations by
multiplying matrices

Homogeneous division to get “real
world” coordinates

X" = x/wLy' = y/w

Geometry: 34 \j
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Three-Dimensional
Transformations

e

ml

Three-Dimensional
Transformations

m For manipulating pictures (as in 2D)
m Help us to understand 3D shape

m Right-handed coordinate system
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