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“"Minimal” representations

= rotation matrices in SO(3): O elements

- 3 orthogonality relationships
- 3 unitary relationships

= 3 independent variables

direct probl‘b
<%|qmd 9SI9AUI

= sequence of 3 rotations w.r.t. independent axes
= by angles a;,i = 1,2,3, around fixed (a;) or (a;) axes
= generically called Roll-Pitch-Yaw (fixed axes) or (moving axes) angles
= 12 + 12 possible different sequences (e.g., XYX)
= without contiguous repetitions of axes (e.g., no XXZ nor YZ'Z")
= actually, only 12 sequences are different since we shall see that

{(al; al): (Clz, C(Z), (Clg, a3)} = {(aéi C(3), (aIZJ aZ): (ai; al)} I
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ZX'Z" Euler angles

cos¢p —singp 0
R;(¢) = lsin(l) cCos ¢ O] EI
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ZX'Z'" Euler angles

= direct problem: given ¢, 8,1, find R

RZX’Z”((p' 6} l/)) — RZ(qb)RX’(H)RZ”(l/J)

order of definition cpcy —spctsy  —cpsy —spctc)  sps
in concatenation = | s¢ocY + chpcOsyY —spsy + cpclcy —cpsO
sOsy sOcy cO

= given a vector v'"" = (x"",y"",z""") expressed in RF'", its
expression in the coordinates of RF is

V= Ryxr,(p,0,P)v"

= the orientation of RF'"' is the same that would be obtained
with the sequence of rotations

Y around z, 8 around x (fixed), ¢ around z (fixed)
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ZX'Z'" Euler angles

= inverse problem: given R = {r}, find ¢, 6,y
lrll T1p 143 lcqbap —spcOsyY —cpsy —spclcy  spsH ]

21 T2 123
31 T332 133

scy + cpclsyY —spsip + cpcOcp —cpsh
sOsy sOcy cO

s 15+ 15 =5%0, 133 =c = |0 = atan2 {@\/7‘123 + 15, 7"33}

o ifrs +1r5 #0(ie., s =0)

two values differing just for the sign

r31/80 = sy, 13,/s60 = cy = | Y = atan2{r3,/s0,1r3,/50}
= Similarly... ¢ = atan2{ry3/s6,—1,3/s6}

s

s
t

nere is always a pair of solutions in the regular case
nere are always singularities (here 8 = 0 or +m) = only

ne sum ¢ + Y or the ¢ — 1 can be determined
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Roll-Pitch-Yaw angles (fixed XY Z)

ROLL

Ry(y) = [ COSl/J —Slnl/J
0 siny cosy
C2R7($)C7

cos ¢
with R,(¢p) = [sincp

, 0
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Roll-Pitch-Yaw angles (fixed XY Z)

direct problem: given y, 8, ¢, find R

Rrpy(W,0,0) = R;(d)Ry(8)Rx(yp) <« note the order of products!

order of definition [ CPCO  cPpsOsyP —spcp  cPpsOcy) + sPpsy ]
= | spcld spsOsyY + copcyy spsOcy — cpsy
—s0 cOsy cOcy

inverse problem: given R = {r; j}, find Y, 0, ¢

ré + 185 = c%0, r3; = —sf = | 6 = atan2 {—7"31,@/7"322 + 7"323}

if 7,322 + 7,.323 =+ 0 (i.e. cO + 0) for r3; < 0, two symmetric values w.r.t. /2
r3o/cO = sy, r33/c0 = cp = | = atan2{ry,/cO,133/c6}
similarly ... ¢ = atan2{r,,/cO,ry1/cO}
singularities for 8 = + /2 = only ¢ + ¢ or ¢ — y are defined
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...why this order in the product?

Rrpy (4,0, %) = Rz(¢p)Ry(0)Rx ()

-_— n " .
order of definition  'EVErse order in the product
(pre-multiplication...)

= need to refer each rotation in the sequence to one of the
original fixed axes

= use the angle/axis technique for each rotation in the sequence:
C R(a) CT, with C being the rotation matrix reverting the
previously made rotations (= “go back” to the original axes)

concatenating three rotations: [ ] [ ] [ ] (post-multiplication...)
Rrpy(¥,0,¢) = [Rx(Y)] [R)T((Eb) Ry (0) Rx ()]
[Rx )Ry (0) Rz () Ry (8)Rx ()]
= Rz(¢)Ry(0)Rx(Y)
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Homogeneous transformations

A

“applied”|position vector
(with specific origin) < po ,p

relationship

!

Ap =“pup +4Rp °p

“appljgd” position vector
(with specific origin) © po 0,

linear
relationship

_____________________________

vector in homogeneous 4 x 4 matrix of
coordinates homogeneous transformation
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Use of homogeneous transformation 7 ‘@l

s describes the relation between two reference frames
(relative pose = position & orientation)

= transforms the representation of a position vector
(applied vector starting from the origin of the frame)
from one frame to another frame

= it is a roto-translation operator on vectors in the three-
dimensional space

= it is always invertible (ATB)_1 = 51,

ATC < note: it does
not commute
in general!

= can be composed, i.e., “Ty 5T,
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Affine vs linear computations

whiteboard...

'p = "por+ 'R °p

P = "P1p2 Tt 2R1 119 = 21912 + 2R1 11901 + 2R1 1Ro Op

329 = 31923 + °R, 219 = = 21923 + °R, 21912 + °R, °R, 11901 + °R, Ry 1Ro OP
*p = *p3,+ *R; 3p = -~ heavy on notation (and not only!)

-1 1

R

1TO — 079 2101 = 1phom = 1TO 0phom
2 _ 2R1 21912 2 2 1 0 2 0
Tl — OT 1 = phom = T1 TO phom = TO phom
3 °R 3P _ 3 3n 2 1 O 3pn 0
T2 — 0,111 123 = phom = T2 Tl TO phom = TO phom

44R34P34 4 4 3 20 1 O 4 0
T; = = DPhom = 13715, “T; Ty "Phom = Ty Phrom
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Inverse of a
homogeneous transformation

exchange A 2 B ... with the original vectors/matrices ...
K—\ ‘/—-\

Ap =“4p,p +“Rp p 5p = Bppy + BRy4p = — AR; “pap + “RE P

4

(ATB)—l
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task definition relative
to the robot end-effector

WTr =WTp °Tg *Ty

known, once
the robot
is placed

.

BT.(q) = WTg* WT, ET71 = constant
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Example of task definition

YE
q = (91,92 -, qn)

RF,,

Q: where is the EE frame w.r.t. the table frame?

E TE] <j <

TTE — ET’Ijl

0T 1
with "R, = (ERT)T = "Ry
Px

N
c

\a 1

= the robot carries a depth camera (e.g.,
a Kinect) on the end-effector

= the end-effector should go to a pose
above the point P on the table, pointing
its approach axis z; downward and being

aligned with the table sides \/"l

e 1 0 0
"Rr=[Ex;, EFy, Fz;]= [0 -1 0 ]
0O o0 -1

= point P is known in the table frame RF;

3

Dy

0
= the robot proceeds by centering point P in
its camera image until it senses a depth h

T

p:

0
0

E

p:

Py
h

|

"pre="p— "Rgp = [

Robotics 1

from the table (in RFy)

h
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A robotic problem with T matrices

Task: 2R planar robot A should hand over an object at a given location to 3R planar robot B

Q: Find a configuration qp
. cor.lfiguration. of r.obot.A robot B __ of robot B so as to grasp
with which the object is being held the object held by robot A
4, = [ 7T//32 ] QB2 with the right orientation
_7'[ . :

Ex #3, Robotics 1
exam of Sep 11, 2020

robot A/

:
A 3
R
Ya
- *
S qA2
, .
-
.

correct grasp

robot A

2, -
ﬁ? s
world object robot B
frame
>
Ty, note: both robots have

unitary link lengths
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—-2.5
wp Ra "pa _ I35
of 1
OT
cosap —sinap
w “Rp "“pg sinag cosap
Tp= T = 0 0
0 1
OT
A A
AT, — Rps “Pgpa
o” 1
( cos(qa1 + qa2) —sin(ga1 +qga2) O
| sin(ga1 +qa2)  cos(qa1+qaz) O
- 0 0 1
\ o”
( 0.8660 0.5 0 1.3660
—0.5 0.8660 0 0.3660
= 0 0 1 0
\ of 1
-1 0 0
EAp “Rep "ppp 0 -1 0
EB = =
OT
Robotics 1

o O

base frame of robot A w.r.t. world

1 0.8660 —05 0 1

2 | 0.5 08660 0 2 base frame of robot B
0 0 o 1 0 w.r.t. world

1 o? 1

cos 1 + cos(qa1 + ¢a2) end-effector frame of robot A
singa1 + sin(ga1 + ga2)

0 w.r.t. its base frame (uses q4)
1 = direct kinematics of robot Al

end-effector frame of robot B
w.r.t. end-effector frame of robot A to
realize the right grasp for correct handover

= O O O
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Solution procedure

YT AT A" Tgp = “TpPTEp

kinematic equation defining the task

end-effector frame of robot B end-effector frame of robot B
w.r.t. world passing via the = w.r.t. world passing via its
given configuration of robot A base frame
BREp.q BPEB d
BT — ’ ’ — (vT -1 wp AT EAT .
BB ( o7 1 ) (*T5) A SEA T ED desired end-effector frame
_05  —08660 0 —2.1651 of robot B w.r.t. its base
| o860 -05 0 05179 | — input for the
- 0 0 1 0 B inverse kinematics of robot B!
o 1
9 e
one solution gg (out of 2) of the obotA 4\l
inverse kinematics of robot B wul robot B e
dp1 2.7939 160.08° S L
dg = | 4B2 1.1076 |[rad] =| 63.46°
dB3 —1.8071 —103.54° :
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Remarks on homogeneous matrices

= the main tool used for computing the direct kinematics of

robot manipulators

= relevant in many other applications (in robotics and beyond)

= in positioning/orienting a vision camera (matrix bTC with extrinsic

parameters of the camera pose)

= in computer graphics, for the real-time visualization of 3D solid
objects when changing the observation point

A
A _ RB
T =
Ay Ay O
| coefficients of
all zero .
in robotics perspectl.ve
deformation

Robotics 1
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o

A

scaling
coefficient

always unitary
in robotics
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