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Abstract

We investigate the space efficiency of
a Propositional Knowledge Representation
(PKR) formalism. Informally, the space ef-
ficiency of a formalism F in representing a
certain piece of knowledge α, is the size of
the shortest formula of F that represents α.
In this paper we assume that knowledge is ei-
ther a set of propositional interpretations or a
set of formulae (theorems). We provide a for-
mal way of talking about the relative ability
of PKR formalisms to compactly represent a
set of models or a set of theorems. We in-
troduce two new compactness measures, the
corresponding classes, and show that the rel-
ative space efficiency of a PKR formalism in
representing models/theorems is directly re-
lated to such classes. In particular, we con-
sider formalisms for nonmonotonic reasoning,
such as circumscription and default logic, as
well as belief revision operators.

1 INTRODUCTION

Motivations. During the last years a large number
of formalisms for knowledge representation (KR) have
been proposed in the literature. Given some (informal)
knowledge of a domain, a knowledge engineer has to
choose the most appropriate KR formalism to repre-
sent it. Formalisms can be chosen for their semantics,
the complexity of inference, or other properties. Here
we investigate their space efficiency. Informally, the
space efficiency of a formalism F in representing a cer-
tain piece of knowledge α, is the size of the shortest
formula of F that represents α. Space efficiency –also
called succinctness or compactness– of a formalism can
be measured wrt its ability to represent various forms
of knowledge. In this paper we focus on propositional

KR (PKR) formalisms, and assume that knowledge is
either a set of propositional interpretations or a set
of formulae (theorems). Consequently, we consider a
PKR reasoning problem to be either model checking,
or theorem proving.

Conceptually similar investigations are made in the
field of relational database query languages. In that
field one of the goals is to know exactly what informa-
tion it is possible to extract from a database by means
of a query. The typical result of such investigations
characterizes the expressiveness of a query language,
often saying that language A captures more/less/same
queries than/as language B. Sometimes such results
are conditional to non-collapse of some complexity
classes.

State of the Art. Most PKR formalisms are “trans-
latable” one into another, although such translation
may lead to an exponential increase of the size of the
formula. Most of the translations have Propositional
Logic (PL) as their target formalism. E.g., [BED91]
from default logic to PL, [BED94] from disjunctive
logic programs to PL, [Win89] from revised knowledge
bases to PL, [GPP89] from circumscription to PL.

Only very recently researchers started analyzing the
space efficiency of PKR formalisms; this kind of in-
vestigation includes questions such as “is exponential
increase of the above mentioned translations intrinsic,
or is it possible to design a polynomial-size transla-
tion?” In [CDS95] it was shown that many interest-
ing fragments of default logic and circumscription can-
not be expressed by polynomial-time fragments of PL
without super-polynomially increasing the size of for-
mulae. It was proven that super-polynomial increase
of the size is necessary when translating unrestricted
propositional circumscription [CDSS95] and most op-
erators for belief revision into PL [CDLS95, Lib95]. In
[GKPS95] Gogic, Kautz, Papadimitriou and Selman
analyzed the relative succinctness of several PKR for-



malisms in representing sets of models. Among other
results, they showed that skeptical default logic repre-
sents sets of models more succinctly than circumscrip-
tion. Unfortunately, all the above results are based on
ad-hoc proofs and do not help us to define equivalence
classes for the space efficiency of KR formalisms.

In a recent paper [CDLS96], we have introduced a new
complexity measure for decision problems, called com-
pilability. In the present paper we show how this new
measure can be directly used to characterize the space
efficiency of PKR formalisms.

Goal. In KR the notion of polynomial-time solvabil-
ity models the concept of tractable reasoning prob-
lem. Analogously, the notion of polynomial many-one
reducibility models the relation existing between two
reasoning problems whose time complexity is compa-
rable. The latter notion allows one to say, e.g., that
inference in PL is one of the hardest problems among
those in coNP. Our goal is to provide a formal way of
talking about the relative ability of PKR formalisms
to compactly represent information, where the infor-
mation is either a set of models or a set of theorems.
In particular, we would like to be able to say that
a specific PKR formalism provides “one of the most
compact ways to represent models/theorems” among
the PKR formalisms of a specific class.

Results. We introduce two new compactness mea-
sures (model and theorem compactness) and the cor-
responding classes (model-C and thm-C, where C is
a complexity class like P, NP, coNP, etc.). Such
classes form two hierarchies that are isomorphic to
the polynomial-time hierarchy [Sto76]. We show that
the relative space efficiency of a PKR formalism is di-
rectly related to such classes. In particular, the ability
of a PKR formalism to compactly represent sets of
models/theorems is directly related to which classes of
the model/theorem hierarchy it belongs to. Problems
higher up in the model/theorem hierarchy can rep-
resent sets of models/theorems more compactly than
formalisms that are in lower classes.

This classification is obtained through a general frame-
work, and not by making direct comparisons, and ad-
hoc proofs, between the various PKR formalisms. Fur-
thermore, our approach also allows for a simple and
intuitive notion of completeness for both model and
theorem hierarchies. This notion precisely character-
izes both the relation between formalisms at differ-
ent levels, and the relations between problems at the
same level. An interesting result is that two PKR for-
malisms in which model checking or inference belong
to the same time complexity may belong to different
compactness classes. This may suggest a criterion for

choosing between two PKR formalisms in which rea-
soning has the same time complexity—namely, choose
the more compact one. Also, two PKR formalisms may
belong to the same theorem compactness class, yet to
different model compactness classes. This stresses the
importance of first clarifying whether one wants to
represent models or theorems when choosing a PKR
formalism.

Outline. In the next section we briefly recall some
notions on non-uniform computation that are impor-
tant for what follows. In Section 3 we give basic defi-
nitions and assumptions about PKR formalisms, and
we propose two general definitions about translations
between formalisms. In Section 4 we recall compilabil-
ity classes from [CDLS96]. In Section 5 we show how
compilability classes can be used to compare the space
efficiency of PKR formalisms, and in Section 6 we ac-
tually compare many known PKR formalisms using
our framework. Finally, some conclusions are drawn.

2 NON-UNIFORM COMPUTATION

We assume the reader is familiar with basic complexity
classes, such as P, NP and (uniform) classes of the
polynomial hierarchy (see, for example, [GJ79]). Here
we just briefly introduce non-uniform classes, following
Johnson [Joh90].

Definition 1 An advice-taking Turing machine is a
Turing machine that has associated with it a special
“advice oracle” A, which can be any function (not nec-
essarily a recursive one). On input s, a special “advice
tape” is automatically loaded with A(|s|) and from then
on the computation proceeds as normal, based on the
two inputs, x and A(|s|).

Note that the advice is only function of the size of the
input, not of the input itself.

Definition 2 An advice-taking Turing machine uses
polynomial advice if its advice oracle A satisfies
|A(n)| ≤ p(n) for some fixed polynomial p and all non-
negative integers n.

Definition 3 If C is a class of languages defined
in terms of resource-bounded Turing machines, then
C/poly is the class of languages defined by Turing ma-
chines with the same resource bounds but augmented by
polynomial advice.

Any class C/poly is also known as non-uniform C,
where non-uniformity is due to the presence of the
advice. Non-uniform and uniform complexity classes
are related in [KL80, Yap83]. In particular, Karp and



Lipton proved in [KL80] that if NP ⊆ P/poly then
Πp

2 = Σp
2 = PH, i.e., the polynomial hierarchy col-

lapses at the second level, while Yap in [Yap83, pg.
292 and Theorem 2] generalized their results showing
that if NP ⊆ coNP/poly then Πp

3 = Σp
3 = PH, i.e.,

the polynomial hierarchy collapses at the third level.
Such a collapse is considered very unlikely by most
researchers in structural complexity.

3 PROPOSITIONAL KR
FORMALISMS

We consider a finite alphabet of propositional symbols
L = {a, b, c, . . .}, possibly with subscripts. We admit
connectives of fixed arity for constructing well-formed
formulae, as an example, ∧ is the standard binary con-
junction, the symbol for defaults : of default logic
[Rei80] is a ternary connective, etc. Since we restrict
to propositional formalisms, we admit neither variable
symbols, nor quantifiers. We distinguish between two
kinds of formulae: knowledge bases and queries. The
languages describing well-formed knowledge bases and
well-formed queries may be different within the same
formalism, e.g., this is the case for default logic, or
logic programming. An interpretation for L is a map-
ping from L in {true, false}. A model-theoretic seman-
tics for a formalism is a description of how to extend
an interpretation for L to well-formed knowledge bases
and queries. Observe that the semantics of a formula
needs not to be obtained in an easy way from the se-
mantics of its components and connectives: E.g., for
skeptical default logic an interpretation I assigns true
to a default theory 〈D, W 〉 iff there is a (propositional)
extension of 〈D, W 〉 such that I assigns true to all of
its formulae. A model of a knowledge base KB in a
formalism F is an interpretation M that maps KB to
true (written M |=F KB), and similarly for a query
Q (written M |=F Q). Sometimes models will be de-
noted as sets of letters which are mapped into true. A
proof theory of a formalism F is a definition of which
queries are derivable from which knowledge bases in
F . When a query Q is derivable from a knowledge
base KB in F , we call Q a theorem of KB (written
KB `F Q). Observe that some formalisms have only a
proof theory, with no model-theoretic semantics, e.g.,
credulous default logic. When a formalism F has both
a model-theoretic semantics and a proof theory, we im-
pose the usual relation between them: KB `F Q iff
∀M : M |=F KB implies M |=F Q. When F is classi-
cal propositional logic PL, we omit the subscript from
` and |=.

Assumption 1. Throughout the paper, we assume
that a knowledge base in a PKR formalism is used to

represent either its set of models, or its set of theorems,
or both.

In this way, all PKR formalisms can be compared on
the basis of which sets of models or theorems they can
represent, and how succinct is the representation.

Assumption 2. As for queries, we consider only
queries whose size is less than or equal to that of the
knowledge base.

As a consequence, propositional tautologies whose size
is larger than that of the knowledge base are not con-
sidered among the theorems.

3.1 REDUCTIONS AMONG KR
FORMALISMS

We now define the forms of reduction between PKR
formalisms that we analyze in the following sections.
A formula can always be represented as a string over
an alphabet Σ, hence from now on we consider trans-
lations as functions transforming strings. We assume
that Σ contains a special symbol # to denote blanks.
The length of a string x ∈ Σ∗ is denoted by |x|.
A function f is called poly-size if there exists a poly-
nomial p such that for all x it holds |f(x)| ≤ p(|x|).
Moreover, a function g is called poly-time if there ex-
ists a polynomial q such that for all x, g(x) can be
computed in time less than or equal to q(|x|). These
definitions extend to binary functions considering the
sum of the sizes of their arguments.

Let F1 and F2 be two PKR formalisms. There exists a
poly-size reduction from F1 to F2, denoted as f : F1 7→
F2, if f is a poly-size function such that for any given
knowledge base KB in F1, f(KB) is a knowledge base
in F2.

Clearly some restrictions must be imposed on such
functions. In particular, we define a form of reduc-
tion that preserves the models of the original theory:

Definition 4 (Model Preservation) A poly-size
reduction f : F1 7→ F2 satisfies model-preservation if
for each knowledge base KB in F1 there exists a poly-
time function gKB such that for every interpretation
M of the variables of KB it holds that M |=F1 KB iff
gKB(M) |=F2 f(KB).

Example We reduce a fragment of skeptical default
logic to circumscription with varying letters, using the
transformation shown in [Eth87]. Let 〈D, W 〉 be a
prerequisite-free normal (PFN) default theory, i.e., all
defaults are of the form :γ

γ , where γ is a generic
formula. Let Z be the set of letters occurring in
〈D,W 〉. Define PD as the set of letters {aγ | :γ

γ ∈ D}.



The function f can be defined in the following way:
f(〈D,W 〉) = CIRC(T ;PD; Z), where T = W ∪ {aγ ≡
¬γ|aγ ∈ PD}, PD are the letters to be minimized, and
Z (the set of letters occurring in 〈D, W 〉) are varying
letters. We show that f is a model-preserving poly-
size reduction. In fact, given a set of PFN defaults
D let gD be a function such that for each interpreta-
tion M for Z, gD(M) = M ∪ {aγ ∈ PD|M |= ¬γ}.
Clearly, f is poly-size, gD is poly-time, and M is a
model of at least one extension of 〈D, W 〉 iff gD(M) |=
CIRC(T ;PD; Z). The subscript D of gD stresses the
fact that the function gD does not depend in this case
on the whole knowledge base 〈D, W 〉, but just on D.

A weaker form of reduction is the following one, where
only theorems are preserved:

Definition 5 (Theorem Preservation)
A poly-size reduction f : F1 7→ F2 satisfies theorem-
preservation if for each knowledge base KB in F1

there exists a poly-time function gKB such that for
every query Q on the variables of KB it holds that
KB `F1 Q iff f(KB) `F2 gKB(Q).

An example of theorem-preserving (and non-model-
preserving) poly-size reduction from updated knowl-
edge bases to PL is given in [Win89]. The reduc-
tion shown in the previous example is also theorem-
preserving, using for gKB the identity function.

We remark that our definitions of reduction are more
general than those proposed in [GKPS95]. In partic-
ular, in [GKPS95] only a notion analogous to Defini-
tion 4 is considered, and only for the case when gKB is
the identity – i.e., models in the two formalisms should
be identical.

4 COMPILABILITY CLASSES

In this section we summarize some definitions and re-
sults proposed in [CDLS96] adapting them to the con-
text and terminology of PKR formalisms. In that pa-
per we introduced a new complexity measure for deci-
sion problems, called compilability. Following the intu-
ition that a knowledge base is known well before ques-
tions are posed to it, we divide a reasoning problem
into two parts: one part is fixed or accessible off-line
(the knowledge base), and the second one is variable,
or accessible on-line (the model/query). Compilabil-
ity aims at capturing the on-line complexity of solving
a problem composed of such inputs, i.e., complexity
wrt the second input when the first one can be pre-
processed in an arbitrary way. In the next section we
show the close connection between compilability and
the space efficiency of PKR formalisms.

Figure 1: The C/poly Machine

We define a language of pairs S as a subset of Σ∗ ×
Σ∗. This is necessary to represent the two inputs to
a PKR reasoning problem, i.e., the knowledge base
(KB), and the query or interpretation. As an example,
the problem cnf Clause Inference (ci) is defined
as

ci = {〈x, y〉 x is a cnf propositional formula,
y is a clause and x ` y}

It is well known that ci is coNP-complete wrt the sum
of the size of both inputs, i.e., it is one of the “hardest”
problems among those belonging to coNP. Our goal
is to prove that ci is the “hardest” theorem-proving
problem among those that can be solved preprocessing
in an arbitrary way the first input, i.e., the KB. To this
end, we introduce a new hierarchy of classes, the non-
uniform compilability classes, denoted as nu-comp-C,
where C is a generic uniform complexity class, such as
NP, coNP, Σp

2, . . .

Definition 6 (nu-comp-C Classes) A language of
pairs S ⊆ Σ∗×Σ∗ belongs to nu-comp-C iff there exists
a binary poly-size function f and a language of pairs
S′ such that for all 〈x, y〉 ∈ S it holds:

1. 〈f(x, |y|), y〉 ∈ S′ iff 〈x, y〉 ∈ S;

2. S′ ∈ C.

Notice that the poly-size function f takes as input both
x (the KB) and the size of y (the query or interpre-
tation). If we want to rewrite off-line x into a new
string (formula), our definition requires that we know
in advance the size of y. If y is an interpretation of the
letters of x, its size is bounded by |x| and therefore it
is known in advance. However, if y is a query it is not
very reasonable to assume that, at compilation time,
we know the size of y. Anyway, the only information
necessary at compilation time is an upper bound of the
size of all y’s that can occur. For this reason, we as-
sume that the size of each query is less than or equal
to the size of the knowledge base (cf. Assumption 2).

For each C, the class nu-comp-C generalizes the non-
uniform class C/poly —i.e., C/poly ⊂ nu-comp-C —
by allowing for a fixed part x. In Figures 1 and 2 we
compare the machines corresponding to C/poly and
nu-comp-C.

We introduce now a reduction between problems.



Figure 2: The nu-comp-C Machine

Definition 7 (Non-uniform comp-reducibility)
Given two problems A and B, A is non-uniformly
comp-reducible to B (denoted as A ≤nu−comp B) iff
there exist two poly-size binary functions f1 and f2,
and a polynomial-time binary function g such that for
every pair 〈x, y〉 it holds that 〈x, y〉 ∈ A if and only if
〈f1(x, |y|), g(f2(x, |y|), y)〉 ∈ B.

The ≤nu−comp reductions can be pictorially repre-
sented as follows:

Such reductions satisfy all important properties of a
reduction:

Theorem 1 The reductions ≤nu−comp satisfy tran-
sitivity and are compatible (in the sense of Johnson
[Joh90, pg. 79]) with the class nu-comp-C for every
complexity class C.

Therefore, it is possible to define the notions of hard-
ness and completeness for nu-comp-C for every com-
plexity class C.

Definition 8 (nu-comp-C-completeness) Let S be
a language of pairs and C a complexity class. S is nu-
comp-C-hard iff for all problems A ∈ nu-comp-C we
have that A ≤nu−comp S. Moreover, S is nu-comp-C-
complete if S is in nu-comp-C and is nu-comp-C-hard.

We now have the right complexity class to completely
characterize the problem ci. In fact ci is nu-comp-
coNP-complete. Furthermore, the hierarchy formed
by the compilability classes is proper if and only if
the polynomial hierarchy is proper [CDLS96, KL80,
Yap83] (which is widely conjectured to be true).

We close the section by giving a rationale for the com-
plexity classes we defined. Informally we may say that
nu-comp-NP-hard problems are “not compilable to P”,
as from the above considerations we know that if there
exists a preprocessing of their fixed part that makes
them on-line solvable in polynomial time, then the
polynomial hierarchy collapses. The same holds for
nu-comp-coNP-hard problems. In general, a problem
which is nu-comp-C-complete for a class C containing
P can be regarded as the “toughest” problem in C,
even after arbitrary preprocessing of the fixed part.
On the other hand, a problem in nu-comp-C is a prob-

lem that, after preprocessing of the fixed part, becomes
a problem in C (i.e., it is “compilable to C”).

5 SUCCINCTNESS OF PKR
FORMALISMS

In this section we show how to use our compilabil-
ity classes to compare the succinctness of PKR for-
malisms.

Let F1 and F2 be two formalisms representing sets of
models. We prove in this section that any knowledge
base α in F1 can be reduced, via a poly-size reduc-
tion, to a knowledge base β in F2 satisfying model-
preservation if and only if the compilability class of the
problem of model checking (first input: KB, second in-
put: interpretation) in F1 is higher than or equal to the
compilability class of the problem of model checking
in F2.

Similarly, we prove that theorem-preserving poly-size
reductions exist if and only if the compilability class
of the problem of inference (first input: KB, second
input: query, cf. definition of ci) in F1 is higher than
or equal to the compilability class of the problem of
inference in F2.

In order to simplify the presentation and proof of the
theorems we introduce some definitions.

Definition 9 (Model/Theorem hardness/com-
pleteness) Let F be a PKR formalism. If the prob-
lem of model checking for F belongs to the compil-
ability class nu-comp-C, we say that F is in model-
C. Similarly, if model checking is nu-comp-C-complete
(hard), we say that F is model-C-complete (hard). If
the problem of inference for the formalism F belongs to
the compilability class nu-comp-C, we say that F is in
thm-C. Similarly, if inference is nu-comp-C-complete
(hard), we say that F is thm-C-complete (hard).

These definitions implicitly define two hierarchies, the
model hierarchy (model-C) and the theorem hierar-
chy (thm-C). As an example rephrased from [CDS95,
Thm. 2], we characterize model and theorem classes of
propositional logic (PL).

Theorem 2 PL is in model-P and thm-coNP-
complete.

We can now formally establish the connection be-
tween succinctness of representations and compilabil-
ity classes. In the following theorems, the complexity
classes C, C1, C2 belong to the polynomial hierarchy
[Sto76]. In Theorems 4 and 6 we assume that the poly-
nomial hierarchy does not collapse.



Theorem 3 Let F1 and F2 be two PKR formalisms.
If F1 is model-C-complete and F2 is model-C-hard,
then there exists a poly-size reduction f : F1 7→ F2

satisfying model preservation.

Proof. (sketch) Recall that since F1 is model-C-
complete, model checking in F1 is in nu-comp-C,
and since F2 is model-C-hard, model checking in
F1 is non-uniformly comp-reducible to model check-
ing in F2. That is, (adapting Def. 7) there ex-
ist two poly-size binary functions f1 and f2, and a
polynomial-time binary function g such that for ev-
ery pair 〈KB,M〉 it holds that M |=F1 KB if and
only if g(f2(KB, |M |),M) |=F2 f1(KB, |M |). Now
observe that |M | can be computed from KB by sim-
ply counting the letters appearing in KB; let f3 be
such a counting function, i.e., |M | = f3(KB). Clearly,
f3 is poly-size. Define the reduction f as f(KB) =
f1(KB, f3(KB)). Since poly-size functions are closed
under composition, f is poly-size. We show that f is
a model-preserving reduction. In fact, given KB, one
can compute z = f2(KB, |M |) = f2(KB, f3(KB)).
Since f2 and f3 are poly-size, z has polynomial size
wrt |KB|, hence wrt |M |. Define hKB(M) = g(z, M).
Clearly, hKB is a poly-time function, and from its con-
struction, M |=F1 KB iff hKB(M) |=F2 f(KB).

Theorem 4 Let F1 and F2 be two PKR formalisms.
If the polynomial hierarchy does not collapse, F1 is
model-C1-hard, F2 is in model-C2, and C2 ⊂ C1, then
there is no poly-size reduction f : F1 7→ F2 satisfying
model preservation.

Proof. (sketch) We show that if such a reduction ex-
ists, then C1/poly ⊆ C2/poly and the polynomial hi-
erarchy collapses at some level (see [Yap83]). Let A be
a complete problem for class C1, e.g., if C1 is Σp

3 then
A may be validity of ∃∀∃-quantified boolean formulae
[Sto76]. Define the problem εA as:

εA = {〈x, y〉 | x = ε (the empty string) and y ∈ A}

From [CDLS96, Thm. 6], εA is nu-comp-C1-complete.
Since model checking in F1 is model-C1-hard, εA is
non-uniformly comp-reducible to model checking in
F1. That is, (adapting Def. 7) there exist two poly-
size binary functions f1 and f2, and a polynomial-
time binary function g such that for every pair 〈ε, y〉,
〈ε, y〉 ∈ εA if and only if g(f2(ε, |y|), y) |=F1 f1(ε, |y|).
Let |y| = n. Clearly, the knowledge base f1(ε, |y|) de-
pends just on n, i.e., there is one knowledge base for
each integer. Call it KBn. Moreover, also f2(ε, |y|) =
f2(ε, n) depends just on n: call it On (for Oracle).
Observe that On has polynomial size wrt n.

If there exists a poly-size reduction f : F1 7→ F2

satisfying model preservation, then given the knowl-
edge base KBn there exists a poly-time function
hn such that g(On, y) |=F1 KBn if and only if
hn(g(On, y)) |=F2 f(KBn).

Therefore, the nu-comp-C1-complete problem εA can
be non-uniformly reduced to a problem in nu-comp-
C2 as follows: Given y, from its size |y| = n one ob-
tains (with an arbitrary preprocessing) f(KBn) and
On. Then one checks whether the interpretation
hn(g(On, y)) (computable in poly-time given y and
On) is a model in F2 for f(KBn). From the fact that
model checking in F2 is in nu-comp-C2, we have that
nu-comp-C1 ⊆ nu-comp-C2. From [CDLS96, Thm. 9]
it follows that C1/poly ⊆ C2/poly, and from [Yap83]
the polynomial hierarchy collapses.

The above theorems show that the hierarchy of classes
model-C exactly characterizes the space efficiency of a
formalism in representing sets of models. In fact, two
formalisms at the same level in the model hierarchy
can be reduced one into the other via a poly-size reduc-
tion (Theorem 3), while there is no poly-size reduction
from a formalism (F1) higher up in the hierarchy into
one (F2) in a lower class (Theorem 4). In the latter
case we say that F1 is more space-efficient than F2.

Analogous results (with similar proofs) hold for poly-
size reductions preserving theorems.

Theorem 5 Let F1 and F2 be two PKR formalisms.
If F1 is thm-C-complete and F2 is thm-C-hard, then
there exists a poly-size reduction f : F1 7→ F2 satisfying
theorem preservation.

Theorem 6 Let F1 and F2 be two PKR formalisms.
If the polynomial hierarchy does not collapse, F1 is
thm-C1-hard, F2 is in thm-C2, and C2 ⊂ C1, then
there is no poly-size reduction f : F1 7→ F2 satisfying
theorem preservation.

Theorems 3-6 show that compilability classes charac-
terize very precisely the relative capability of PKR for-
malisms to represent sets of models or sets of theo-
rems. For example, as a consequence of Theorems 2
and 6 there is no poly-size reduction from PL to Horn
clauses that preserves the theorems unless the poly-
nomial hierarchy collapses. Kautz and Selman proved
non-existence of such a reduction for a problem strictly
related to ci in [KS92] using an ad-hoc proof.

6 APPLICATIONS

We now apply the theorems presented in the previous
section to several PKR formalisms. We assume that



definitions of propositional logic, default logic [Rei80],
circumscription [McC80], and stable model semantics
for logic programs [GL88] are known. Definitions of
other less known PKR formalisms follow.

WIDTIO and SBR are two belief revision formalisms.
Let K be a set of propositional formulae, representing
an agent’s knowledge about the world. When a new
formula A has to be added to K, the problem of the
possible inconsistency between K and A arises. K ∗A
denotes the result of such incorporation. We define:

W (K,A) = {K ′ K ′ is a maximal consistent subset
of K ∪ {A} containing A}

Any K ′ ∈ W (K,A) is a maximal choice of formulas in
K that are consistent with A and, therefore, we may
retain when incorporating A.

SBR (Skeptical Belief Revision [FUV83, Gin86]) The
revised theory is defined as a set of theories: K ∗A

.=
{K ′ | K ′ ∈ W (K, A)}. Logical consequence in the
revised theory is defined as logical consequence in each
of the theories:

K ∗A |=SBR Q iff for all K ′ ∈ W (K, A)
we have that K ′ |= Q

The model semantics is defined as:

M |=SBR K ∗A iff there exists a K ′ ∈ W (K, A)
such that M |= K ′

WIDTIO (When In Doubt Throw It Out [Win90])
A simpler (but somewhat drastical) approach is the
so-called WIDTIO, where we retain only the formulae
of K that belong to all (maximally consistent) sets of
W (K,A). Thus, consequence is defined as:

K ∗A |=W Q iff
⋂

W (K, A) |= Q

The model semantics of this formalism is defined as:

M |=W K ∗A iff M |=
⋂

W (K, A)

We also consider the Generalized Closed World As-
sumption (GCWA) that is a formalism to represent
knowledge in a closed world.

GCWA
(Generalized Closed World Assumption [Min82]) The
model semantics is defined as (a is a letter):
M |=G KB iff M |= KB ∪ {¬a | for any positive

clause γ, if KB 6` γ then KB 6` γ ∨ a}
Using Theorems 3-6 and results previously known from
the literature, we can obtain some new results on

model- and theorem-compactness of PKR formalisms.
Old and new results on space efficiency of PKR for-
malisms are presented in Table 1. Results with no
reference are new (a dash “–” denotes a folklore re-
sult).

First of all, notice that space efficiency is not always
related to time complexity. As an example, we com-
pare in detail WIDTIO and circumscription. From
the table it follows that both model checking and the-
orem proving are harder for WIDTIO than for cir-
cumscription. Nevertheless, since circumscription is
thm-Σp

2-complete and WIDTIO is thm-coNP-complete
(and thus in thm-Σp

2), there exists a poly-size reduc-
tion from WIDTIO to circumscription satisfying the-
orem preservation. The converse does not hold: since
circumscription is thm-Σp

2-complete and WIDTIO is
thm-coNP, there is no theorem-preserving poly-size
reduction from the former formalism to the latter.
Hence, circumscription is a more compact formalism
than WIDTIO to represent theorems. Analogous con-
siderations can be done for models. Intuitively, this is
due to the fact that for WIDTIO both model check-
ing and inference require a lot of work on the revised
knowledge base alone—computing the intersection of
all elements of W (K, A). Once this is done, one is
left with model checking and inference in PL. Hence,
WIDTIO has the same space efficiency as PL, which
is below circumscription.

Figures 3 and 4 contain the same information of Ta-
ble 1, but highlight existing reductions. Each fig-
ure contains two diagrams, the left one showing the
existence of polynomial-time reductions among for-
malisms, the right one showing the existence of poly-
size reductions. An arrow from a formalism to another
denotes that the former can be reduced to the latter
one. We use a bidirectional arrow to denote arrows in
both directions and a dashed box to enclose formalisms
that can be reduced one into another. Note that some
formalisms are more appropriate in representing sets
of models, while others perform better on sets of for-
mulae. An interesting relation exists between Skep-
tical Default Reasoning and circumscription. While
there is no model-preserving poly-size reduction from
circumscription to Skeptical Default Reasoning, as al-
ready shown in [GKPS95], a theorem-preserving poly-
size reduction exists.

7 CONCLUSIONS

In a recent paper [CDLS96] we introduced a new com-
plexity measure, i.e., compilability. In this paper we
have shown how this measure is inherently related to
the succinctness of PKR formalisms. We analyzed
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Time Complexity Space Efficiency
Model Theorem Model Theorem

Propositional P coNP-complete model-P thm-coNP-complete
Logic – [Coo71] – [CDS95]

WIDTIO Σp
2-complete Πp

2-hard, model-P thm-coNP-complete
[LS96] in ∆p

3[log n] [CDLS95] [CDLS95]
[EG92]

Skeptical coNP-complete Πp
2-complete model-coNP-complete thm-Πp

2-complete
Belief Revision [LS96] [EG92] [LS96] [CDLS95]
circumscription coNP-complete Πp

2-complete model-coNP-complete thm-Πp
2-complete

[Cad92] [EG93] [CDSS95] [CDSS95]
GCWA coNP-hard, Πp

2-hard, model-P thm-coNP-complete
in ∆p

2[log n] in ∆p
3[log n] [CDSS95] [CDSS95]

[EG93] [EG93]
Skeptical Σp

2-complete Πp
2-complete model-Σp

2-complete thm-Πp
2-complete

Default Reasoning [Got92] [Got92]
Credulous N/A Σp

2-complete N/A thm-Σp
2-complete

Default Reasoning [Got92]
Stable Model P coNP-complete model-P thm-coNP-complete

Semantics – [MT91] –

Table 1: Complexity and Space Efficiency of Formalisms

PKR formalisms wrt two succinctness measures: suc-
cinctness in representing sets of models and succinct-
ness in representing sets of theorems.

We provided a formal way of talking about the rela-
tive ability of PKR formalisms to compactly represent
information. In particular, we were able to formal-
ize the intuition that a specific PKR formalism pro-
vides “one of the most compact ways to represent mod-
els/theorems” among the PKR formalisms of a specific
class.

Using this tool we have been able to improve on our
previous work on compact representations [CDS95,
CDSS95, CDLS95] as well as the work by Gogic,
Kautz, Papadimitriou and Selman [GKPS95].
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