
Feasibility and Unfeasibility of Off-line Processing

Marco Cadoli and Francesco M. Donini and Paolo Liberatore and Marco Schaerf
Dipartimento di Informatica e Sistemistica,
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Abstract

We formally investigate the idea of processing off-
line part of the input data in order to speed up on-line
computing. In particular, we focus on off-line process-
ing for intractable decision problems. To this end, we
define new complexity classes and reductions, and find
complete problems.

1 Introduction

Motivations. In many cases, the input of a compu-
tational problem can be divided into two parts: One,
called fixed, is known in advance, while the other one,
called variable, comes at the same time as the request
of the computation. Such a distinction is interesting
when many input instances share the same fixed part.
In these cases it makes sense to preprocess off-line the
fixed part, putting it into a form such that solving on-
line a set of instances becomes easier.

This general idea of preprocessing part of the input
data has been widely used in many areas of computer
science. For example, in computational geometry the
techniques for geometric searching (cf. [16, Chap. 2])
use a costly preprocessing phase to speed up on-line be-
havior. Generally, polynomial-time problems are con-
sidered under the above scheme, and the off-line pre-
processing also requires polynomial time.

Distinction between fixed and variable part is evi-
dent in the Artificial Intelligence (AI) and Database
setting, where the knowledge or data base representing
knowledge about the world remains stable over time,
while there are many distinct queries posed to the same
knowledge base. Since many problems arising in AI are
computationally intractable, it makes sense to prepro-
cess their fixed part even not in polynomial time, as
the computational cost of the off-line computation will
be amortized over a number of queries that can be effi-

ciently answered. In the terminology of [12], the goal is
to transform a knowledge base into a vivid form. How-
ever, in order to be feasible, the output of the off-line
preprocessing must have polynomial size wrt the fixed
part.

State of the Art. In the last years many re-
searchers in AI have introduced various forms of knowl-
edge compilation [17, 18] or off-line reasoning [15].
Specifically, they have focused on the problem of de-
ciding whether a set of clauses in a propositional lan-
guage (the knowledge base) logically entails a clause
(the query). If no distinction between fixed and vari-
able part is made, this problem is coNP-complete.

In [15] Moses and Tennenholtz show that under
some restrictions on the query language, it is possible
to modify off-line the knowledge base so that clause
inference can be decided, on-line, in polynomial time.
However, in [4] it is shown, slightly generalizing a re-
sult of Kautz and Selman [11], that the existence of a
polynomial-space representation of the knowledge base
that can correctly answer all queries in polynomial time
is equivalent to NP being included in P/poly. In [3, 4]
a problem is informally called compilable if modifying
off-line the fixed part can help reduce the complexity
of the on-line decision. When no off-line processing
can help reduce the on-line complexity, the problem is
called non-compilable.

Feasibility/unfeasibility of off-line processing is
strictly related to possibility/impossibility of represent-
ing a formula in logic L1 as a formula of polynomial
size in logic L2. This aspect has been investigated in
[2, 3, 5, 6, 9, 13] for logical formalisms such as circum-
scription, default logic, and belief revision.

To sum up the state of the art, several non-
compilability results already appeared in the literature,
but there is no clear understanding of the properties
that make some problems compilable and other ones
non-compilable. Moreover, there is no general method-



ology to prove non-compilability, as all the proofs ap-
peared so far work by encoding an NP-complete prob-
lem into an advice-taking Turing machine.

Goal. The goal of this paper is to formally inves-
tigate and characterize the notion of compilability of
a problem. Proving non-compilability in the absolute
sense amounts to solve some long-standing problems
in the theory of computational complexity, such as col-
lapse of the polynomial hierarchy. Therefore we need
tools for proving a problem to be “probably” non-
compilable —in the same way as the notions of NP
class and polynomial many-one reduction are tools for
proving that a problem is “probably” intractable.

We also investigate off-line processing that de-
creases complexity, without necessarily leading to a
polynomial-time on-line problem. As an example, a
Σp

2-complete problem could be processed for obtaining
an on-line problem which is in NP. For this reason, we
introduce a “compilability hierarchy”.

Results. The main contribution of the present pa-
per is methodological. We formally define, for the
first time, two complexity classes that characterize
in a precise sense the notion of compilable and non-
compilable problem (comp-P and nu-comp-NP-hard,
respectively). For the latter notion an appropriate type
of reduction (≤nu−comp) is defined, which is proven to
be transitive and compatible (as defined in [10, pg. 79]).

Moreover, we define two new hierarchies of com-
plexity classes, one for compilable problems and the
other one for non-compilable problems. We show that
both hierarchies are proper (under the assumption that
the polynomial hierarchy is proper) and all classes in
the “non-compilable hierarchy” admit complete prob-
lems via the ≤nu−comp reduction. The proposed frame-
work allows for much simpler compilability and non-
compilability proofs, using complete problems and re-
ductions. We demonstrate the benefits of our proposal
by providing several examples of compilable and non-
compilable problems.

We remark that problems with the same complex-
ity can have different properties for what concerns
compilability. More specifically, two problems can be
proven to be NP-hard by means of the same many-one
polynomial-time reduction, and still one is compilable
while the other one is not.

Proofs of the main theorems are in the appendix.
Remaining proofs will appear in the full paper.

2 Definitions and Properties

We assume that languages are built over an alphabet
Σ that contains a special symbol # to denote blanks.
The length of a string x ∈ Σ∗ is denoted by |x|. In
this paper we are concerned with problems composed
of pairs of inputs, where one part is fixed (accessible
off-line) and the second one is variable (only accessible
on-line). Therefore, we define a language of pairs S as
a subset of Σ∗×Σ∗. In order to select only the second
element we introduce a projection operator, defined as
π2(S, x) = {y | 〈x, y〉 ∈ S}. A function f is called poly-
size if there exists a polynomial p such that for all x it
holds |f(x)| ≤ p(|x|).

Our intuitive notion of compilability states that a
problem S can be reduced into a (hopefully simpler)
problem by modifying only its fixed part. Obviously,
this definition depends on which is the class of target
problems. Therefore, we classify the compilability of a
problem with respect to the lowest complexity class in
which the problem can be compiled to. Given a com-
plexity class C, we now introduce the class of prob-
lems compilable to C, that we denote as comp-C. The
complement of this class is denoted as co-(comp-C).
Throughout this paper we assume that C denotes a
complexity class containing P.

Definition 1 A language of pairs S ⊆ Σ∗×Σ∗ belongs
to comp-C iff there exists a poly-size function f and a
language of pairs S′ such that for all 〈x, y〉 ∈ S we have
that:

1. 〈f(x), y〉 ∈ S′ iff 〈x, y〉 ∈ S;

2. S′ ∈ C.

Notice that no restriction is imposed on the time
needed to compute the function f , but only on the
size of the result, i.e., f is a poly-size function. This
definition can be represented in terms of a computing
machine as in Figure 1.

This machinery captures our intuitive notion of com-
pilability into C of a problem S with fixed and variable
parts. We process off-line the fixed part x, thus obtain-
ing f(x), and then we decide whether 〈f(x), y〉 ∈ S′.
The whole process is convenient if deciding 〈f(x), y〉 ∈
S′ is easier than deciding 〈x, y〉 ∈ S.

In particular, the class comp-P contains all the prob-
lems that can be solved in polynomial time on-line after
an off-line processing of the fixed part. Many problems
belong to this class, including problems where for every
given fixed part x the number of distinct variable parts
is bounded by a polynomial in |x|. This is shown by
the following theorem (other problems will be shown
in Section 4).
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Figure 1. Machine for the comp-C class

Theorem 1 Let S be a language of pairs. If there ex-
ists a polynomial p such that for every x |π2(S, x)| ≤
p(|x|), then S ∈ comp-P.

Note that the class comp-C contains problems that,
when both the fixed and the variable part are given
on-line, are undecidable. As a consequence, it is
not possible to define completeness for comp-C using
polynomial-time reductions. In order to have a class of
reductions that preserve the compilability property and
are powerful enough to allow the definition of complete
problems, we introduce the notion of comp-reduction:

Definition 2 Given two problems A and B, we say
that A is comp-reducible to B (denoted as A ≤comp

B) iff there exist two unary poly-size functions f1, f2

and a polynomial-time binary function g such that for
every pair 〈x, y〉 it holds that 〈x, y〉 ∈ A if and only if
〈f1(x), g(f2(x), y)〉 ∈ B.

Intuitively, A ≤comp B if 1) the fixed part of B
can be obtained from the fixed part of A using a poly-
size function (f1), and 2) the variable part of B can be
constructed using both a poly-size function (f2) applied
to the fixed part of A, and a polynomial-time function
(g) applied to the variable part of A. We remark that f2

is essential for obtaining the forthcoming results. The
≤comp reductions can be represented as in Figure 2.

These reductions satisfy all basic properties of a re-
duction. Indeed, we have that:

Theorem 2 The comp-reductions ≤comp satisfy tran-
sitivity and are compatible (in the sense of Johnson [10,
pg. 79]) with the class comp-C.

Therefore, it is possible to define a notion of com-
pleteness for comp-C.

Definition 3 Let B be a language of pairs. B is comp-
C-complete iff B is in comp-C and for all problems
A ∈ comp-C we have that A ≤comp B.

Using the above definition we can find complete
problems. Given a problem S with one input, we call
εS the problem with two inputs defined as:

εS = {ε}×S = {〈x, y〉 | x is the empty string and y ∈ S}

Theorem 3 For every complexity class C, if S is C-
complete (under polynomial many-one reduction) then
εS is complete (under ≤comp reduction) for the corre-
sponding compilability class comp-C.

As an example, starting from the NP-complete prob-
lem 3sat, we obtain the comp-NP-complete problem
ε3sat. For several important problems we can prove
that they probably do not belong to comp-P by prov-
ing their comp-C-completeness for some C above P (cf.
Theorem 8). For example, it can be easily shown that
the problem Formula Inference (fi) defined as

fi = {〈x, y〉 | x and y are propositional formulae and
x |= y}

is comp-coNP-complete, with a ≤comp reduction
from ε3sat. Nevertheless, for many natural problems
the non-compilability proofs appeared in the literature
[11, 3, 5, 2, 9, 13] cannot be rephrased as proofs of
comp-C-completeness.

Take, for instance, the problem 3cnf Clause In-
ference (ci) defined as

ci = {〈x, y〉 | x is a 3cnf propositional formula,
y is a clause and x |= y}

As we already mentioned in Section 1, it has been
proven [3] that the problem belongs to comp-P iff NP is
included in P/poly. However, this problem belongs to
comp-coNP (just take f as the identity function) but
it is probably not comp-coNP-complete.

Theorem 4 If ci is comp-coNP-complete then
P=coNP.

If we look at the non-compilability proofs for ci in
[11, 3] we notice that non-compilability is proven by
showing that if the problem is compilable then NP ⊆
P/poly. Notice that neither comp-P nor comp-NP in-
clude P/poly. In order to overcome this shortcoming
we introduce the class of problems non-uniformly com-
pilable into a class C, denoted as nu-comp-C. This class
generalizes both comp-P and P/poly and is mainly
used to prove non-compilability results.
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Figure 2. ≤comp reductions

Definition 4 A language of pairs S ⊆ Σ∗×Σ∗ belongs
to nu-comp-C iff there exists a binary poly-size function
f and a language of pairs S′ such that for all 〈x, y〉 ∈ S
we have that:

1. 〈f(x, |y|), y〉 ∈ S′ iff 〈x, y〉 ∈ S;

2. S′ ∈ C.

Notice that now the poly-size function f takes as in-
put both x and the size of y. This definition generalizes
the non-uniform class C/poly. In Figure 3 we compare
the machines corresponding to C/poly and nu-comp-C.

The class nu-comp-C directly extends C/poly by al-
lowing for a fixed part x. For this class we introduce a
distinct reduction that is more general than ≤comp.

Definition 5 Given two problems A and B, we say
that A is non-uniformly comp-reducible to B (denoted
as A ≤nu−comp B) iff there exist two binary poly-
size functions f1 and f2, and a polynomial-time binary
function g such that for every pair 〈x, y〉 it holds that
〈x, y〉 ∈ A if and only if 〈f1(x, |y|), g(f2(x, |y|), y)〉 ∈ B.

The ≤nu−comp reductions can be represented as in
Figure 4.

These reductions satisfy all important properties of
a reduction. Indeed, we have that:

Theorem 5 The reductions ≤nu−comp satisfy transi-
tivity and are compatible (in the sense of Johnson [10,
pg. 79]) with the class nu-comp-C.

Therefore, it is possible to define a notion of com-
pleteness for nu-comp-C.

Definition 6 Let S be a language of pairs. S is nu-
comp-C-complete iff S is in nu-comp-C and for all
problems A ∈ nu-comp-C we have that A ≤nu−comp S.

The following theorem shows that comp-C and nu-
comp-C share some complete problems.

Theorem 6 For every class C, if S is C-complete (un-
der polynomial many-one reduction) then εS is com-
plete (under ≤nu−comp reduction) for the corresponding
non-uniform compilability class nu-comp-C.

Nevertheless, complete problems for the two classes
do not coincide. Indeed, we now have the right com-
plexity class to completely characterize the problem ci:

Theorem 7 ci is nu-comp-coNP-complete.

The first result proving unfeasibility of compilation for
a problem strictly related to ci appears in [11]. We now
show some important properties of the (non-uniform)
compilability classes.

Theorem 8 comp-C ⊆ comp-C′ iff C ⊆ C′.

Theorem 9 nu-comp-C ⊆ nu-comp-C′ iff C/poly ⊆
C′/poly.

Theorem 9 implies (cf. [19]) that if nu-comp-Σp
i =

nu-comp-Σp
i+1 then Σp

i+2 = Σp
i+3.

Theorem 10 The following relations between classes
hold for every uniform complexity class C (where ⊂
denotes strict containment):

C ⊂ comp-C C ⊂ C/poly
comp-C ⊂ nu-comp-C C/poly ⊂ nu-comp-C

These relations are summarized in Figure 5. An-
other important property of our classes is their behav-
ior wrt complementation. For each complexity class C,
we have that co-(comp-C) = comp-(co-C) and co-(nu-
comp-C) = nu-comp-(co-C).

We close the section by giving a rationale for the
complexity classes that we defined. comp-P captures
the idea of “compilable problem”. In general, a prob-
lem is in comp-C if, after adequate preprocessing of
its fixed part, solving it on-line is a problem in C.
nu-comp-NP-complete problems (under ≤nu−comp re-
ductions) are what we call “non-compilable”, as from
Theorem 9 we know that if there exists a preprocess-
ing of their fixed part that makes them on-line solv-
able in polynomial time, then NP/poly is included in
P/poly. The same holds for nu-comp-coNP-complete
problems. In general, a problem which is nu-comp-C-
complete for a class C containing P can be regarded
as the “toughest” problem in C, even after arbitrary
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Figure 4. ≤nu−comp reductions

preprocessing of the fixed part. As for comp-NP- and
comp-coNP-complete problems (under ≤comp reduc-
tions), they are also suggestive of “non-compilability”,
but we saw in Theorem 4 that the notion of comp-
C-completeness is not powerful enough to capture for-
mally non-compilability of problems such as ci.

3 Non-compilable Problems

As mentioned in Section 1, we are concerned with
“probably” non-compilable problems. Machinery and
definitions we set up give us a formal and simple way of
proving non-compilability: For some complexity class
C above P in the polynomial hierarchy, we prove that a
problem is nu-comp-C-complete. Then, if that problem
is in comp-P or nu-comp-P, the hierarchy of Figure 5
collapses, which implies that the polynomial hierarchy
collapses at some level. This allows us to conclude that
it is very unlikely that the problem is compilable. We
enumerate four non-compilable problems.

Constrained Satisfiability (c-sat). (sat with
on-line constraints) Let x be a 3cnf propositional for-
mula and y be a partial truth assignment to variables
of x. c-sat is the problem of deciding if y can be ex-
tended to a complete truth assignment satisfying x. We
consider x being given off-line, while y is given on-line.

c-sat = {〈x, y〉 | y can be extended to
a truth assignment satisfying x}

The complement of ci, which is nu-comp-coNP-
complete, is reducible to c-sat: Take f1 as the identity,
f2 is not used and g builds the partial truth assignment
induced by ¬y. The functions f1, f2 and g constitute
a ≤comp reduction and, therefore, also a ≤nu−comp re-
duction. Hence, c-sat is nu-comp-NP-complete.

Proposition 11 c-sat is nu-comp-NP-complete.

Constrained Vertex Cover (c-vc). Let G =
〈V, E〉 be a graph, k be an integer and V ′ be a subset
of V . c-vc is the problem of deciding whether there
exists a vertex cover of G including V ′ of cardinality
less or equal to k. We assume G and k are off-line and
V ′ is on-line.

c-vc = {〈(G, k), V ′〉 | there is a vertex cover of G
of cardinality ≤ k including V ′}

The well-known polynomial many-one reduction
from 3sat to Vertex Cover (cf. e.g., [8, pg.55]) can
be easily adapted to obtain a ≤nu−comp reduction from
c-sat to c-vc. In the original reduction, a 3cnf for-
mula x is converted into a graph G, where each truth
value of a variable corresponds to a particular node.
We use the same reduction from the formula x to the
graph G, and we map the partial truth assignment y to
the corresponding set of nodes V ′, which are required
to belong to the vertex cover.

Proposition 12 c-vc is nu-comp-NP-complete.
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Figure 5. Relations between complexity and compilability classes.



In the above cases we were able to show nu-comp-
NP-completeness by means of a simple usage of the
≤nu−comp reduction and of the nu-comp-NP-complete
problem ci. A more complex ≤nu−comp reduction is
needed for the following results.

Minimal Model checking (mmc). (Model check-
ing in Circumscription) Let x be any propositional for-
mula. The minimal models of x are those truth as-
signments satisfying x, and which have as few positive
values as possible (wrt set containment). mmc is the
problem of deciding whether a given truth assignment
y is a minimal model of x. We consider the formula x
as given off-line, and the truth assignment y as given
on-line.

mmc = {〈x, y〉 | y is a minimal model of x }
Theorem 13 mmc is nu-comp-coNP-complete.

Finally, we mention the problem Clause Minimal
Inference (cmi) defined as

cmi = {〈x, y〉 | y is a clause true in all
minimal models of x}

Rephrasing results from [5], we can prove the follow-
ing.

Theorem 14 cmi is nu-comp-Πp
2-complete.

4 Compilable Problems

We already know by Theorem 1 that all problems
whose variable part is bounded by a polynomial are in
comp-P. As a consequence the problem k-ci, which is
the version of ci where the size of the clause is bounded
by a constant k, is in comp-P.

There are problems whose variable part is not
bounded by a polynomial, but can be easily “translat-
ed” into problems obeying to such a constraint. As an
example, in the problem Conjunction Inference,
defined as

conj-i = {〈x, y〉 | x is a propositional formula,
y is a conjunction of literals and
x |= y}

the variable part is not bounded by a polynomial, as
there are exponentially many conjunctions of literals.
Nevertheless, the answer to a conjunctive query can
be easily built using the answers to atomic queries, as
x |= y1 ∧ · · · ∧ yk iff x |= y1, and . . . , and x |= yk.
The problem of answering literal queries has clearly a
variable part which is bounded by a polynomial.

Of course, the notion of compilability is more inter-
esting for problems whose variable part is not bounded

by a polynomial, and such that there is no immedi-
ate translation into such a problem. We now show an
example of a problem of this kind which is in comp-P.

Given a graph G = 〈V, E〉, an edge which does
not occur in any of its Hamiltonian cycles is called H-
inessential. The subgraph 〈V, E′〉 of G (E′ ⊆ E) which
contains no H-inessential edges is called the Hamilto-
nian Reduction of G, and is denoted as HR(G). Given
a graph G and a subset S of its nodes, deciding whether
there is a cycle in HR(G) that uses a subset of the nodes
in S is an NP-hard problem: Take as S the whole set
of nodes in G, there is a cycle in HR(G) that uses every
node iff G contains a Hamiltonian cycle.

Nevertheless, the problem Cycle in a Hamilto-
nian Reduction, defined as:

chr = {〈G,S〉 | there is a cycle in HR(G) that uses
a subset of the nodes in S }

belongs to comp-P: Computing HR(G) can be done
off-line using polynomial space, and then checking
whether there is a cycle that uses a subset of the nodes
in S is clearly polynomial. It is worthwhile to notice
that the variable part of chr is not bounded by a poly-
nomial, as there are exponentially many possible sub-
sets of nodes. Also, asking for the existence of cycles
of fixed length does not help.

Another example of problem in comp-P is the follow-
ing. Given a propositional formula T , its generalized
closure ([14]) GCWA(T ) is defined as T ∪ {¬p | p is a
literal which is false in all minimal models of T}. Given
a formula T and an interpretation M of its boolean let-
ters, deciding whether M is a model of GCWA(T ) is
a coNP-hard problem: Given any formula F on alpha-
bet A = {a1, . . . , an}, and another atom u 6∈ A, define
T = (F ∧ ¬u) ∨ (u ∧ a1 ∧ · · · ∧ an). Let M = {u} ∪ A.
We can show that F is satisfiable iff M 6|= GCWA(T ).
Note that M 6|= GCWA(T ) is equivalent to M not be-
ing a minimal model of T . Therefore, this reduction
also shows that mmc, when both x and y are given
on-line, is coNP-hard.

Again, the problem Generalized closure
Model Checking, defined as:

gmc = {〈x, y〉 | y |= GCWA(x) }
belongs to comp-P: Computing GCWA(x) can be done
off-line using polynomial space, and then checking
whether y |= GCWA(x) is polynomial. The vari-
able part of gmc is not bounded by a polynomial, as
there are exponentially many truth assignments to let-
ters. Moreover, the two problems mmc and gmc, are
proven to be coNP-hard by means of the same many-
one polynomial-time reduction, and still gmc is com-
pilable while mmc is not.



GCWA gives us the opportunity to show a comp-
coNP problem. Given a formula T and a clause γ,
to know whether GCWA(T ) |= γ is a Πp

2-hard problem
[7]. Nevertheless, the problem Generalized closure
Inference, defined as:

gi = {〈T, γ〉 | GCWA(T ) |= γ }

belongs to comp-coNP, as checking
whether GCWA(T ) |= γ —after GCWA(T ) has been
computed off-line— is in coNP. Actually, it is easy to
show that gi is nu-comp-coNP-complete, i.e., it has the
same “compilability degree” of ci. This confirms that
our compilability classes account for the complexity of
a problem after preprocessing.

5 Summary and Related Work

We have proposed two new classes of problems,
namely compilable and non-uniformly compilable prob-
lems, and generalized this notions to hierarchies which
are analogous (and related) to the polynomial hierar-
chy and its non-uniform version.

As a result of our analysis, many proofs of the im-
possibility of representing a formula in logic L1 as a
formula of polynomial size in logic L2 (e.g., [5, 9]) can
be answered in terms of membership/completeness in
a specific class of the hierarchies. E.g., given a formula
x let f(x) be (one of) the shortest formula representing
the minimal models of x. nu-comp-coNP-completeness
of mmc implies that f cannot be a poly-size function,
unless the polynomial hierarchy collapses.

We note that our class comp-P intuitively general-
izes the class of Fixed-Parameter Tractable problems
(FPT) [1], in that we allow the fixed part of the input
to be any string, and not just a number (the param-
eter). On the other hand, we restrict the output of
the oracle function (f) to have polynomial size. Ob-
serve that there are problems in comp-P which are not
in FPT, e.g. conj-i, or k-ci. Hence, comp-P 6⊆ FPT.
We are still studying whether the converse holds, i.e.,
whether FPT ⊆ comp-P.
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A Proofs of Main Theorems

Theorem 1 Let S be a language of pairs. If there
exists a polynomial p such that |π2(S, x)| ≤ p(|x|) for
any x, then S ∈ comp-P.
Proof. Recall that π2(S, x) is the set of strings y such
that 〈x, y〉 ∈ S. Given off-line x, we simply build a ta-
ble, where we record the solution to the decision prob-
lem 〈x, y〉 for each y. Thus on-line we read y and access
such a table. This access is obviously feasible in poly-
nomial time wrtsize of the table. Since π2(S, x) has
size polynomial in |x|, this table has polynomial size
too.

Formally, given x let π2(S, x) = {y1, . . . , ym}, with
m bounded by a polynomial p(|x|). Let @ be a new
symbol, and

f(x) = y1@ · · ·@ym

S′ = {〈a1@ · · ·@am, y〉 | y = ai for some i}

Then, we have

〈x, y〉 ∈ S ⇔ y ∈ π2(S, x)
⇔ y = some element of f(x)
⇔ 〈f(x), y〉 ∈ S′

Theorem 2 The class of compilability reductions
≤comp satisfy transitivity and are compatible (in the
sense of Johnson [10, pg. 79]) with the classes comp-
C.

Proof. We have to prove that the relation ≤comp is
transitive and is compatible with the compilable uni-
form hierarchy, that is, if A ≤comp B and B ∈ comp-C
then A ∈ comp-C.

Transitivity Suppose A ≤comp B and B ≤comp C.
By definition there exist four poly-size functions f1, f2,
f ′1 and f ′2 and two polynomial reductions g and g′ such
that

〈x, y〉 ∈ A ⇔ 〈f1(x), g(f2(x), y)〉 ∈ B

〈x′, y′〉 ∈ B ⇔ 〈f ′1(x′), g′(f ′2(x′), y′)〉 ∈ C

Now let

f ′′1 (x) = f ′1(f1(x))
f ′′2 (x) = f ′2(f1(x))@f2(x)

g′′(a@b, c) = g′(a, g(b, c))

where @ is a new symbol. Note that the functions f ′′1
and f ′′2 are poly-size, and g′′ is a polynomial reduction.
Then, we have

〈x, y〉 ∈ A ⇔ 〈f1(x), g(f2(x), y)〉 ∈ B

⇔ 〈f ′1(f1(x)), g′(f ′2(f1(x)), g(f2(x), y))〉
∈ C

⇔ 〈f ′′1 (x), g′′(f ′2(f1(x))@f2(x), y〉 ∈ C

⇔ 〈f ′′1 (x), g′′(f ′′2 (x), y)〉 ∈ C

Compatibility Let B be a comp-C problem, and
A ≤comp B. We can prove that A is a comp-C problem
too. By definition, there are three poly-size functions
f1, f2 and f ′, a polynomial function g and a C language
S′ such that

〈x, y〉 ∈ A ⇔ 〈f1(x), g(f2(x), y)〉 ∈ B

〈x′, y′〉 ∈ B ⇔ 〈f ′(x′), y′〉 ∈ S

Now, let f ′′(x) = f ′(f1(x))@f2(x), and let S′′ be the
C language characterized by

〈a@b, c〉 ∈ S′′ ⇔ 〈a, g(b, c)〉 ∈ S′

We have that

〈x, y〉 ∈ A ⇔ 〈f1(x), g(f2(x), y)〉 ∈ B

⇔ 〈f ′(f1(x)), g(f2(x), y)〉 ∈ S

⇔ 〈f ′′(x), y〉 ∈ S′′

so A is a comp-C language.

Theorem 3 For every class C, if S is C-complete then
εS is complete for the corresponding compilability class
comp-C.



Proof. Suppose that A ∈ comp-C. Then there exists a
poly-size function f and a C language S′ such that

〈x, y〉 ∈ A ⇔ 〈f(x), y〉 ∈ S′

Now, S is a C-complete problem, so given S′ ∈ C, there
exists a polynomial function g such that

a ∈ S′ ⇔ g(a) ∈ S

Now, consider the following functions:

f1(x) = ε

f2(x) = f(x)
g′(a, b) = g(a, b)

Using these poly-size functions, A can be reduced to
εS since

〈x, y〉 ∈ A ⇔ 〈f(x), y〉 ∈ S′

⇔ g(f(x), y) ∈ S

⇔ 〈ε, g(f(x), y)〉 ∈ S

⇔ 〈f1(x), g′(f2(x), y)〉 ∈ S

so A ≤comp εS.

Theorem 4 If ci is comp-coNP-complete then
P=coNP.
Proof. Assume that ci is a comp-coNP-complete prob-
lem. Then the problem εunsat is reducible to it, that
is, there are two poly-size functions f1, f2 and a poly-
nomial function g such that

〈x, y〉 ∈ εunsat ⇔ 〈f1(x), g(f2(x), y)〉 ∈ ci

where f1(x) is a 3-CNF formula and g(f2(x), y) is a
clause. Now, let F be a propositional formula. We
have

F unsatisfiable ⇔ 〈ε, F 〉 ∈ εunsat

⇔ 〈f1(ε), g(f2(ε), F )〉 ∈ ci

The rightmost formula is equivalent to f1(ε) |=
g(f2(ε), F ). Now, f1(ε) is a constant formula and
g(f2(ε), F ) is a clause. Deciding if a clause is implied
by a constant formula is a polynomial-time problem.
But this solves also the coNP complete problem of de-
ciding whether F is unsatisfiable. Hence, if ci is a
comp-coNP-complete problem, then P=coNP.

Theorem 7 ci is nu-comp-coNP-complete.
Proof. Since the decision problem ci where both
the knowledge base and the query are given on-
line is in coNP then ci is also in nu-comp-
coNP. By theorems (5,6) it suffices to show that

ε3unsat ≤nu−comp ci. Given an instance 〈δ, π〉 we
define two poly-size functions f1, f2 and a polynomial
function g such that

〈δ, π〉 ∈ ε3unsat ⇔ 〈f1(δ, |π|), g(f2(δ, |π|), π)〉 ∈ ci

Let n = |π| and L the alphabet of (at most) n atoms
used in π. We exploit the fact that each three-literals
clause over L can be given a name: we denote with C
a set of atoms one-to-one with possible three-literals
clauses of L

C = {ci | γi is a three-literals clause of L} (1)

Let

f1(δ, n) =
{

true if δ 6= ε∧
i=1..max(|δ|,n) ci → γi otherwise

f2(δ, n) = δ

g(δ, π) =
{

false if δ 6= ε
(
∨

γi 6∈π ci) ∨ (
∨

γi∈π ¬ci) otherwise

We prove that if T = f1(δ, π) and q = g(f2(δ, π), π),
then 〈δ, π〉 ∈ εunsat if and only if 〈T, q〉 ∈ ci.

Suppose 〈δ, π〉 ∈ εunsat. By definition, δ 6= ε, hence
we have

T ∧ ¬q = {ci|γi ∈ π} ∧ {¬ci|γi 6∈ π} ∧ {ci → γi}
=

∧
{ci|γi ∈ π} ∧

∧
{¬ci|γi 6∈ π} ∧ π

Now, π is unsatisfiable, thus T ∧¬q is unsatisfiable too.
This implies T |= q.

Suppose 〈δ, π〉 6∈ εunsat. This implies either δ = ε or
π satisfiable. In the first case, we obtain T = true and
q = false, so 〈T, q〉 6∈ ci. In the second case, we have

T ∧ ¬q =
∧
{ci|γi ∈ π} ∧

∧
{¬ci|γi 6∈ π} ∧ π

Since π is satisfiable, we have a model of T ∧ ¬q. This
is a model of T that does not imply q. Hence T 6|= q.
This completes the proof.


