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Abstract

Several methods have been proposed, in the past years, as an attempt to define
how to deal with a dynamically-changing scenario. From a computational point of
view, different definitions lead to different computational properties, namely to a
complexity between ∆p

2 and ∆p
3 in the polynomial hierarchy.

When we restrict the analysis to cases where some operations become tractable
(Horn formulas), other problems arise. We show that, providing some assumption
on the polynomial hierarchy, many update operators are uncompactable, i.e. it is
impossible to find a representation of the result without an exponential explosion
of its size. We supply also the explicit representations of the updates for which a
small representation is possible.

1 Introduction

The importance of the dynamic treatment of information in artificial intelligence, databases
and philosophy leads many researchers to focus their attention on its computational as-
pects.

From a computational viewpoint, the definitions given result to be at the second level
of the polynomial hierarchy, namely Πp

2 or almost. Although this can be viewed as a
discouraging result, it ought to be compared with the implicit cost of using the knowledge
base.

Practical systems use a knowledge base T as a formalization of the “state of affairs” of
the world; the most important problem is to decide which facts derive from this piece of
information. The problem of deciding whether a formula Q is implied by T is in general
a coNP complete problem, thus intractable. For a practical use, we have to restrict our
attention to special cases in which derivation becomes tractable i.e. there exists an efficient
algorithm. The most used limitation is to consider only Horn formulas.

The problem we address in this paper is the following: given a set T and a formula
P , both Horn, whose size are |T | and |P | respectively, is it always possible to represent
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the revised knowledge base (k.b.) with a propositional formula whose size is polynomial
w.r.t. |T |+ |P |?

Clearly, if this does not happen, it can be considered impossible, from a practical
point of view (limitation of computers memory), to represent the revised knowledge with
a propositional formula that can be effectively stored.

This paper is organized as follows: in the next section we remind definitions of re-
vision given in the literature. In section 3 we prove that several methods proposed are
uncompactable, while in section 4 we show the explicit polynomial-size representation of
the others.

2 Preliminaries

Let X = {x1, . . . , xn} be a set of propositional variables. Given a variable xi, a literal is a
formula xi or ¬xi. We denote with li a literal corresponding to the variable xi (i.e. either
xi or ¬xi).

A clause is a disjunction of literals: C = li1 ∨ · · · ∨ lim . A Horn clause is a clause
with at most one positive literal. A Horn formula is a conjunction of Horn clauses.
It is well-known [DG84] that restricting our attention to Horn formulas only, problems
such satisfiability, unsatisfiability and implication can be resolved by polynomial-time
algorithms. This means that given two Horn formulas, deciding if they are satisfiable,
or if one implies the other can be done by an efficient algorithm. A 3cnf formula is a
conjunction of clauses, each composed of at most three literals. Deciding the satisfiability
of a 3cnf formula is an NP-complete problem.

Let T and P be propositional formulas. An interpretation is a truth assignment to
the variables, i.e. a function from X to {true, false}. We denote a model with the set
of its positive variables. An interpretation M is a model of T (and is denoted with
M |= T ) if it satisfies T . We use mod(T ) to denote the set of the models of T i.e.
mod(T ) = {M | M |= T}. Given a set of models A, the (multi-valued) function form(A)
gives a formula whose set of models is A.

Consider T as a piece of information that we consider true until (at least) time t1.
Suppose that we know (we observe) a fact represented by the formula P , at time t2. What
should be our knowledge after t2? If T and P are mutually consistent (that is T ∪ {P}
is satisfiable), we can simply assume T ∪ {P} as our new knowledge base (we can put
together the old k.b. and the new observation). However, it is possible that T ∪ {P} is
inconsistent. In such cases, we have to specify how T and P concur to create the new
knowledge base.

We briefly remind revision and update operators proposed in the last years. For a
survey of several methods see [KM91]. Relations between these operators and the well-
known non-monotonic operator of circumscription have been investigated in [LS95].

2.1 Syntax Model-based Revisions

Full meet revision. It is possible to define a simple revision satisfying the AGM postu-
lates (see [KM91]) as T ∗ P = T ∪ P is T ∪ P is satisfiable, T ∗ P = P otherwise.
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Ginsberg revision. Let W (T, P ) be the set of the maximal subsets of T consistent with
P , that is W (T, P ) = max⊆({T ′ ⊆ T | T ∪ {P} 6` ⊥}). Ginsberg revision is defined as a
skeptical union of these subsets: T ∗G P = ∨(W (T, P ) ∪ {P}).
WIDTIO. (When In Doubt, Throw It Out) is very similar: T ∗Wit P = ∩W (T, P )∪{P}.

2.2 Existential Model-based Revisions.

Although these revisions had been defined in a different form by each author, it is possible
to reformulate them with a single expression.

mod(T ∗L P ) =

{
mod(T ∪ {P}) if non-empty
{J ∈ mod(P ) | ∃I ∈ mod(T ) . 〈I, J〉 ∈ min≤L

(mod(T )×mod(P ))}

that is, J is a model of the result if and only if there exists in mod(T ) a model I such
that I and J are sufficiently close each other, where ≤L measures the closeness between
I and J .

Let diff(I, J) be the set of the variables whose value is different between I and J .
Dalal’s, Forbus’, Borgida’s and Satoh’s revisions can be expressed by suitable definitions
of ≤L.

Dalal 〈I, J〉 ≤D 〈L,M〉 iff |diff(I, J)| ≤ |diff(L,M)|
Satoh 〈I, J〉 ≤S 〈L,M〉 iff diff(I, J) ⊆ diff(L,M)
Forbus 〈I, J〉 ≤F 〈L,M〉 iff I = L and |diff(I, J)| ≤ |diff(L,M)|
Borgida 〈I, J〉 ≤B 〈L,M〉 iff I = L and diff(I, J) ⊆ diff(L,M)

2.3 Ignored Variables Revisions

When a new piece of information P leads us to consider T wrong, we may suppose that
T was wrong because of an error during the “observation” of a certain set of variables
Ω ⊆ X. Such an assumption can be formalized as

T ∗Ω P = {J ∈ mod(P ) | ∃I ∈ mod(T ) . I − Ω = J − Ω}

Standard Semantic Update. Simply define Ω as the set of the variables of P .
Weber’s update. The set Ω is defined as ∪{diff(I, J) | 〈I, J〉 is minimal w.r.t. ≤S }.

3 What do we mean with “compactable”?

The problem we address in this paper, as said above, is the following: given a Horn set
T and a Horn formula P , is it possible to express T ∗ P with a formula whose size is
polynomial in the size of the inputs T and P?

More precisely, we want to determine if there is a formula T1, equivalent to T ∗P , such
that the size of T1 is polynomial w.r.t. the |T | + |P |. We must be more precise on what
we mean with “equivalent”, since there are two kinds of equivalence.

Logical Equivalence T1 = T ∗ P
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Query Equivalence T1 |= Q iff T ∗ P |= Q

The difference depends on the use of new variables: using new variables, the size of a
formula can be consistently reduced. For example, the formula

T1 = [(a ∨ b) ∨ (c ∧ ¬(a ∨ b))] ∧ ¬(d ∧ ¬(a ∨ b))

can be rewritten using the observation that a ∨ b occur several times:

T2 = (e = a ∨ b) ∧ ([e ∨ (c ∧ ¬e)] ∧ ¬(d ∧ ¬e)

(we impose e to be a renaming of a∨ b, and then use e instead of any occurence of a∨ b).
Note that T1 is not logically equivalent to T2 because the model {¬e, a, b} satisfies T1

but not T2. However, if Q does not contains e, then T1 |= Q iff T2 |= Q.
Criterion (3) states that T2 is built over the same alphabet of T1 (ie there are no new

variable in it). Criterion (3) is a weaker condition, since the formula T2 can contain new
variables in order to make the formula T2 shorter.

Unfortunately, up to now, there is no method to prove that an operator does not allow
a “short” representation wrt criterion (3).

About criterion (3), we note in the example that the new variable e is used to represent
a subformula, that is e = a ∨ b imposes to e a value determined by the value of a and b.
When the introduction of a new variable is always constrained by a formula like

new variable = formula(old variables)

we say that we have a circuit.
It can be proved that removing this constraint on the introduction of new variables we

obtain a more powerful method of representation: there are operators that cannot admit
a polynomial-sized circuit representation, but adding new variables without constraints
such a representation exists.

The details of the method of proving that there is no polynomial-size circuit can be
found in [KS92, CDS95, CDLS95], and it is based on a polynomial reduction from an NP
complete problem. We use the concept of P/poly algorithm. Following [Joh90] we define

Definition 1 A P/poly algorithm is a pair (A,R) where A is a function from strings to
strings such that A(s) has a size polynomial in |s|, and R is a polinomial time algorithm
that decide if a string s is in a language L using s and A(|s|).

Furthermore, P/poly is the class of decision problems that can be solved by a P/poly
algorithm.

4 Uncompactable Cases

Due to the lack of space, we show the proof of uncompactability for Borgida’s operator
only. See the table at the end of the paper for the compactability results of the other
operators.
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Theorem 1 It is impossible (unless Πp
3 = Σp

3 =PH) to find a circuit T ′ that is equivalent
to T ∗B P , whose size is polynomial w.r.t. |T |+ |P |.

Proof. We prove the claim in two steps.

1. We show that given a 3cnf formula Π, it is possible to find in polynomial time two
formula T|Π| and PΠ and a model MΠ, such that

Π satisfiable ⇔ MΠ |= T|Π| ∗B P|Π|

Notice that T|Π| and PΠ depend only on the size of Π rather than Π itself.

2. We prove that if a compact representation existed, then it would be NP ⊆ P/poly,
that implies Πp

3 = Σp
3 = PH. This is considered very unlikely by complexity re-

searchers.

First step. Borgida’s revision, when T ∪ {P} |= ⊥, can be defined as follows:

mod(T ∗B P ) =
⋃

I∈mod(T )

mod(form({I}) ∗B P )

where mod(form(I)∗BP ) is the set of the models J ∈ mod(P ) whose symmetric difference
(I − J) ∪ (J − I) is minimal w.r.t. set inclusion ⊆.

Given a model I ∈ mod(Tn), its closest models of Pn have the same value for {ci},
since Pn does not contain any ci. Hence, the model MΠ can be in the result if and only if
there is a model I ∈ mod(Tn), with the same value for {ci}, and such that MΠ is one of
its closest models of Pn.

If Π is unsatisfiable, all the models of Tn with ci iff γi ∈ Π have at least one i such
that xi = yi = false. Their closest models of Pn have xi = yi = false too.

On the contrary, if Π is satisfiable, there is in Tn a model I such that {ci} corresponds
to the clauses of Π , and ∧(xi 6= yi) is true. The difference between I and MΠ is the set
of the negative variables X ∪ Y of I; thus I and MΠ differ exactly on n variables. The
model MΠ would not be in the result only if there was a model M ′ closer to I than MΠ.
But such a M ′ would be at most n− 1 far from I, so it must have at least one i such that
xi 6= yi.

Second step. Suppose that a compact representation exists. Then, given Π it is possible
to decide whether it is satisfiable by evalutating MΠ |= T|Π| ∗B PΠ.

Then, we can resolve this problem using an oracle that computes a T ′ equivalent to
T|Π| ∗B PΠ, and a polynomial time algorithm that computes MΠ |= T ′. This is a P/poly
algorithm to resolve an NP complete problem thus NP ⊆ P/poly. 2

In a similar way, it is possible to prove that there exist proofs of NP hardness in the
form Π satisfiable ⇔ MΠ |= Tn ∗Pn, where ∗ is either ∗S or ∗D. These results allows us to
conclude that Dalal’s, Borgida’s and Satoh’s revisions cannot be compactly represented
with a circuit (and thus neither with a formula over the same alphabet).

For Forbus’ revision the result is stronger: a polynomial-size representation does not
exist even if we introduce new free variables (without constraints).
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5 Compactable cases

In this section we show which revisions are compactable, and how it can be done. First
of all, the trivial results: since T ∗FM P ⊆ T ∪ {P} and T ∗Wit P ⊆ T ∪ {P}, we have
that these two revisions are compactable.

From an analysis of the general (non-Horn) case, follows that Dalal’s, Weber’s and
SSU operators are compactable with new variables (without constraints). We show here
that this property holds, in the Horn case, for Weber’s and SSU operators, even if we
limit our attention to equivalence with a circuit. Furthermore, Ginsberg’s revision is
always compactable, while the same happens for all existential revisions (but Forbus’)
only introducing new free variables.

We need first a result about circuits. Consider two arrays of variables B = {bi
j} and

H = {hi
j}. We can use a set of variables like this to store a set of clauses in this way: Let

T = {C1, . . . , Cm}: the value of B and H will be

bi
j = true iff ¬xj ` Ci

hi
j = true iff xj ` Ci

Roughly speaking, each row bi is the characteristic array of the set of negative literals in
Ci, while hi is the representation of its positive literals. If Ci is a Horn clause, at most
one hj

i may be true.
Note that the value of B and H represent the syntactic form of the set T . Thus, any

truth assignment to B ∪ C represents a set of clauses.
Let sat be the function from the set of truth assignment over B ∪H to {true, false},

defined as follows: sat gives true on an assignment to B ∪H if and only if the Horn set
represented by the value of B ∪H is satisfiable.

For example, if {b1
1, h

2
1} are all the variables assigned true, the function sat gives

false, since the corresponding set of clauses is {¬x1, x1}. On the truth assignment whose
true variables are {b1

1, h
1
2, h

2
1} the function sat gives true, because the Horn set is now

{¬x1 ∨ x2, x1}, that is satisfiable.
Now, sat is a function from the set of truth assignment on B ∪ H to {true, false},

thus it can be viewed as a propositional formula over the alphabet B∪H. One can wonder
if it is representable with a formula whose size is polynomial w.r.t. |B|+ |H|.

Theorem 2 It is possible to write a circuit sat(B,H) of size polynomial w.r.t. |B|+ |H|,
whose value is true if and only if the Horn set represented by B ∪H is satisfiable.

The ignored variables revisions are defined using T ∗Ω P .

mod(T ∗Ω P ) = {J ∈ mod(P ) | ∃I ∈ mod(T ) . I − Ω = J − Ω}

Given a set Ω, it is easy to find a representation with new variables: let T ∗Ω P =
T [Ω/Y ]∧P where T [Ω/Y ] denotes the formula obtained from T by replacing every xi ∈ Ω
with a corresponding new variable yi ∈ Y . Now, we prove that a compact representation
exists even if we consider the equivalence w.r.t. a circuit.
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Theorem 3 Given T and P (Horn), there is a polynomial-size circuit equivalent to T ∗Ω

P , for every set of variables Ω.

Proof. A model of P is also a model of T ∗Ω P if and only if there is in T a model
that agrees with it at least on the variables not in Ω.

Given a model J ∈ mod(P ), this is equivalent to saying:

J |= T ∗Ω P ⇔ the Horn set


T ∪

⋃

xi 6∈Ω J |=xi

xi ∪
⋃

xi 6∈Ω J |=¬xi

¬xi


 is satisfiable

Using the polynomial-size circuit sat, it is possible to express this definition without
introducing new free variables.

Let BT and HT be two constant arrays representing the Horn set T , and B, H two
n× n arrays of new variables. We want the rows bihi to represent the clause xi if J |= xi,
the clause ¬xi otherwise. The formula repr formalizes this idea:

repr(bihi, xi) = (bi
i = ¬xi) ∧ (hi

i = xi) ∧
∧

i 6=j

(bi
j = hi

j = false)

where the new variables B and H can be easily determined from the old X. Hence, this
is a circuit.

The whole formula is thus

T ∗Ω P = P ∧ sat(BT ∪B, HT ∪H) ∧ ∧

xi 6∈Ω

repr(bihi, xi) ∧
∧

xi∈Ω

(bi = hi = true)

This is a polynomial-size circuit representing the result of every ignored-variables revi-
sion. 2

We can give a similar theorem for Ginsberg’s revision. For the existential revisions
(but Forbus’ one) it is possible to give representations with new free variables.

6 Conclusions

In this paper we have investigated the compactability of some revision operators, finding
also compact representations where possible. Other operators have been shown uncom-
pactable, that is a propositional formula representing the result must be of size exponen-
tial.

In order to prove uncompactability of operators, we use some polynomial-time reduc-
tions, like in the complexity analysis of languages. Nevertheless, this kind of reduction
is different: it may be (see for example [CDLS95]) that two operators with the same
computational complexity have different compactability properties: the complexity of an
operator is not enough to characterize its compactability.

The results given in this paper can be summarized in the following table.
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circuit new variables
WIDTIO, FM, Ginsberg YES YES

Weber, SSU YES YES
Satoh, Borgida, Dalal NO YES

Forbus NO NO

Is the revised knowledge base compressible?
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