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Introduction 

The development of mathematical models of the dynamics of 
biomedical systems is an essential component of much 
biomedical engineering research and development. Models 
may be used for three reasons: 

Control. The objective is to model a plant’s input-output 
response well enough to permit effective control system 
design. This requires a parsimonious model that 
nonetheless produces predictions of the system output, 
which are “good enough” for design purpose. Models for 
control applications tend to be low-order and parametric. 
Nonlinear and time-varying properties are often dealt 
with indirectly through the use of adaptive methods. 

Insight. The objective is to gain insight into how the 
dynamics of the system’s components and their 
interconnections interact to define the overall operating 
characteristics. Nonlinearities must be dealt with 
explicitly since they often generate “interesting” aspects 
of the behavior. 

Des(-ription. The objective is to capture the 
characteristics of the system response in as accurate and 
concise a manner as possible. Nonlinear characteristics 
of the system response must be dealt with explicitly and 
the emphasis is on accurate prediction. Models of this 
type often are important elements in global models 
developed for insight. 

Modeling techniques differ according to the ultimate use 
foreseen. This review will focus on methods appropriate for 
descriptive models where the task is to obtain concise, 
accurate descriptions of system behavior -- usually on the 
basis of experimental input-output data. Traditional a priori 
modeling techniques often cannot be applied to biomedical 
systems either because not enough is know about the 
underlying mechanisms or because the underlying 
mechanisms are too complex. 

Models of the descriptive class must usually be identified 
using experimental data and so will be subject to the 
following practical constraints: 

0 The temporal and amplitude properties of the input 
signals will be restricted by the nature of the system, or 

by the apparatus used to perturb it 

Measurements will be corrupted by noise, which may be 
neither Gaussian nor white. 

Record lengths must be limited to minimize the effects of 
nonstationarities due to changes in the system with time. 

This article will review some of the methods for the 
identification of nonlinear systems. To provide a context for 
the discussion, we begin with a formal definition of the 
various problems considered within the system identification 
field. Next, the different model structures available for use i n  
describing nonlinear systems are described. The, paper 
concludes with a consideration of methods available for 
estimating the different model types. 

System Identification 

System identification is the process of building mathematical 
models of systems based on measurements of their input(s) 
and output(s) [l]. Figure 1 shows a general schema for the 
system identification problem [a].  The “system” to be 
identified consists of everything within the dotted box and 

Output Noise v,(t) Input noise v.(t) 

MeasurPd Output z(t) Measured Input x(t) 

Figure 1 Schema for System identification 
I 

has both stochastic and deterministic parts. The stochastic 
part, F,, is driven by a white-noise process, w, ( t )  , which 1s 
not available to the experimenter. The deterministic part, P,  
is driven by the sum of a controlled input, u( t )  and a filtered 
version of an inaccessible white noise process, w, ( t )  . The 
experimenter is assumed to have control over ~ ( t )  but access 
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to only a noise corrupted version of the complete input signal, 
~ ( t )  . The noise-free output, y ( t ) ,  is the sum of the outputs of 
the deterministic and stochastic parts of the system. However, 
the experimenter usually only has access to z ( t ) ,  a noisy 
version of the output signal, 

Given this structure, three system identification problems can 
be distinguished. 

1. Identifi the deterministic model, P, defining the 
relationship between u(t)  and y( t )  , assuming that there 
is 110 process noise. The iiiput and output may be 
corrupted by observation noise. This is the problem of 
primary interest in this paper. 

2. Identi0 the noise model F,, defining the relation 
between w,(t) and y ( t ) ,  given observations of only the 
system output y(r) [3, 47. Usually, the input signal, u( t ) ,  
is assumed to be zero or constant. This approach is used 
where the inputs are not available to the experimenter. It 
is related to the study of “chaos”’ and “nonlinear 
dynamics” where the system is usually assumed to be 
autonomous, that is wz( t )  = 0. 

3 .  Identifi the complete model by estimating both the 
deterministic, P and noise, q,, models. This problem 
formulation is used when accurate predictions are 
desired, such as in the design of model based control 
systems [ 1, 51. 

Model Types 

This section describes the most common types of models aiid 
their interrelations. The focus is 011 lionparametric, time- 
domain models. 

Linear Impulse Response Functions 

A linear system can be represented by its impulse response 
function (IRF) as: 

y ( t )  = Jorh(z)u(t- z)dz  ................................................. (1) 

Q uasi-Linear Models 

Nonlinear systems may often be linearized about a particular 
operating point so that 

........................................... y ( t )  = J(;h(r.A)u(t - 2)dT (2) 

where Ais a vector of parameters that define the operating 
point. 

This provides a convenient means of describing how the 
system behavior changes with the operating point but 
provides 110 information about how the system behaves when 
moving between operating points. 

The Volterra series 

The Volterra series [6] generalizes the linear IRF for 
nonlinear systems using a series of integration kernels 

The first order kernel is similar to the linear IRF; indeed, for 
linear systems, there is only one term in the Volterra series 
and it is equal to the IRF. 

For practical applications, Volterra models will be restricted 
to a finite Volterra series implemented in discrete time as: 

Q T-1 T-1 

y ( t ) =  C ( A t ) n  ... Ch,(T, ; . . ,2,)u(t-2,) . . .u(r-2,)  (4) 
n-0 z,=0 z,=0 

where Q is the maximum kernel order and Tis the memory 
length. The finite Volterra series can approximate the output 
of any system with “fading memory” [7] - that is any system 
which “forgets” about inputs in the distant past. 

Once a system’s Volterra kernels are known, the Volterra 
series is useful for computing the system’s response to a 
particular input. However, the outputs of the different 
Volterra kernels are not orthogonal and consequently the 
kernels are difficult to determine experimentally since‘ they 
must all be estimated simultaneously. 

The Wiener Series 

Wiener used the Gramm-Schmnit technique to orthogonalize 
the Volterra series under the assumption that the input was 
Brownian noise [8]. Subsequently this was reformulated for a 
Gaussian white noise input [9-1 I]. “White” inputs are 
impractical in continuous time since they will have infinite 
power. In discrete time, this problem does not arise since a 
white input is then simply a series of independent random 
variables. 

The Wiener series can be represented by a set of functioiials: 

which use the Wiener kernels, k,,, aiid the history o f  the 
input, to compute the current value of the output. In discrete 
time, the first four Wiener functioiials are 

.......................................................... G,[k,;u(t)] = k ,  (6) 

T -1 

................................. G, [k ,  (2) ;  u(t)l = k ,  (2 )u( t  - 2) (7)  
z=o 
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T-I T-1 
................ c C k ,  (2 ,  ,z ,)u(t  - +(t - 2*)  (8) 

z, z>=o 
T-1 

- 6," k , (T  2) 
Z=O 

r,=o r,=or,=o 

Note the terms in the higher order kernels that depend 
explicitly on 02, the variance of the input. These are needed 
to ensure the kernels are orthogonal, that is: 

E[G,G,l = 0 for i # j .  .............................................. (10) 

Relations are available to convert between the Volterra and 
Wiener series formulations [11, 121. However, to use these 
relations all the Volterra (Wiener) kernels must be known 
since each Wiener (Volterra) kernel depends on all the 
Volterra (Wiener) kernels. 

Block Structured Models 

Many systems may be modeled using series interconnections 
of linear dynamic (L) and zero-memory nonlinear (N) 
subsystems. Three simple structures are of particular interest. 

The Wiener (LN) system structure shown in Figure 2 consists 
of a single-input single-output (SISO) linear system followed 
by a SISO static nonlinearity [12, 131. 

Dynamic Linear Static Nonlinear 

Figure 2: The Wiener System Structure 

If the static nonlinearity can be represented by a polynomial: 
L, 

.................................................. m(x( t ) )  = cc , .x"(f )  (1 1) 
1,-0 

then the Volterra kernels are given by 

~ z n ( z , ; ~ ~ , 2 , ~ )  = C"h(Zl)h(2*)...h(Z,) ......................... (12) 

The Hammerstein system structure shown in Figure 3 
consists of a static nonlinearity followed by a dynamic linear 
system [12, 133. 

Static Nonlinear Dynamic Lmear 

Figure 3: Hammerstein Svstem Structure 

In this case, the Volterra kernels are given by: 

h,(ZI,..,,Z,) = c,h(z1)6,,,,,6, ,z,-dT,,z" ................. (13) 

and the kernels have non-zero values only on their diagonals 

The LNL or Sandwich Svstem structure shown in Figure 4 
consists of two linear systems separated by a static 
nonlinearity 112, 141. 

Dynam ic Linear Static Nonlinear Dynam ic Linear 

Figure 4: The LNL Svstem Structure 
1 v I 

The Volterra kernels of this structure are given by: 
T-1 

~ , ( T , ; . . , z , ) = c ,  X ~ ( O ) ~ ( Z ~  -O)h(Z2 -6)..-h.(~~ -6) (14) 
n=O 

Parallel Cascades 

Any system which can be described by a finite Volterra series 
can also be represented exactly by a finite number of Wiener 
pathways in parallel as show in Figure 5 [ 15, 161. 

Figure 5:The Parallel Cascade Structure 
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The Volterra kernels of a parallel cascade system can be 
computed by noting that the ii* order Volterra kernel is 
simply the sum of the n* order kernels of the individual 
pathways. Equation (1 1)  can be used to determine the kernels 
for each pathway; summing the contributions oP all pathways 
to each order then gives the overall Volterra kernel 

Wiener-Bose Model 

The Wiener-Bose model structure [17, 181 illustrated in 
Figure 6 is one in which the input signal is first passed 
through a bank of linear filters. The filter outputs are. then 
applied to a multiple-input static nonlinearity, which is often 
expanded using an orthogonal polynomial set such as Grad- 
Hermite polynomials. The structure has been shown to very 
general and is capable of describing any “fading” memory 
nonlinear system [7]. 

+t+‘yl poiynomial n-input n-input 

~~~ poiynomial 

Figure 6: The Wiener Bose Model Structure 

The structure of a Wiener-Bose model is not unique since it 
depends upon the choice of choice of filter bank and on the 
polynomial used to combine the filter outputs. Any set of 
filters may be used providing their outputs form a complete 
basis of a vector space whose dimension is equal to that of 
the system memory. Moreover, applying a linear 
transformation the filter bank of a Wiener-Bose model will 
generate an equally valid model with different polynomial 
coefficients. 

If the filters in the filter bank are orthogonal, and the input is 
white Gaussian noise, their outputs will also be orthogonal. If 
the polynomial is a Hermite polynomial, the output of each 
term will be orthogonal to the outputs generated by all other 
terms in the static nonlinearity. As a result the Wiener-Bose 
model can form the basis for an orthogonal expansion of the 
kernels. Wiener called the subsystems generated by the 
individual polynomial terms “instrumental kernels” [SI. 

In this context is should be noted that the other nonlinear 
model structures we have considered may be viewed as 
special cases of the Wiener-Bose model. Thus: 

The Volterra Kernel Model may be viewed as a Wiener- 
Bose model with a filter bank consisting of a series of 
delays whose outputs are combined by a multi-input 
polynomial; 

The Wiener Kernel Model may be regarded similarly as 
consisting of a filter bank of delays whose outputs are 
combined by means of an orthogonal Grad-Hermite 
polynomial. 

The Parallel Cascade Model is simply a Wiener-Bose 
model in which the filter-bank corresponds to the IRFs of 
the individual pathways and the polynomial is chosen to 
have no cross-terms. 

Identification Methods 

This section will review the methods available to identify the 
different model structures from experimental data. The intent 
is to develop a common theoretical framework and to show 
how each of the methods fits within that structure. 

Kernel Methods 

Wiener’s Original Method 

Wiener’s original approach was developed in a continuous- 
time framework with the intention of .performing the 
identification in real-time using analog computers [SI. The 
approach was based on the Wiener-Bose model, with a filter 
bank consisting of orthogonal Laguerre filters and the 
multiple-input polynomial expanded using Grad-Hermite 
basis functions. The polynomial coefficients were to be 
estimated, one by one, from the cross-correlation between the 
measured output and the output of the appropriate 
instrumental kernel. There appears to have been only one 
physiological application of this approach; Stark used it  to 
study nonlinearities in the pupillary control system [ 191. 

Lee-Schetzen cross-correlation} 

Lee and Schetzen [lo] showed that Wiener kernels could be 
estimated using a series of cross-correlation provided the 
input was white Gaussian noise. If this is the case, the zero 
order Wiener kernel will be equal to the output mean. 

- l N  
k ,  = ~ x ~ ( t ) = , i ~ ~  ................................................... (15) 

r = l  

This can be computed, and subtracted from the output, 
producing the zero-order residuals, 

(16) v0( t )  = y ( t ) -  k ,  ......................................................... 

The first-order Wiener kernel is then simply the first-order 
cross-correlation between the input and the zero-order 
residuals, normalized with respect to the input power level. 

4 
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The output of the first-order kernel is evaluated using a 
discrete convolution, and subtracted from the remaining 
system output to give the first-order residuals: 

1 -  

v1 ( t  ) = U ,  ( t )  - C k ( ~ ) u ( t  - Z) .................................... (18) 
z=o 

The second-order kernel is then given by the normalized 
second-order cross-correlation between the input and the 
first-order residuals. 

1 -  
k,( 2 1 7  TZ) = --&I 7 2,) 2 0 ;  

............. (19) 
l N  

2 N o :  l=o 

= - C u(t - zI )u(t - z,)v, ( t )  

Similarly, the n* order Wiener kernel is equal to the n* order 
cross-correlation between the input and the (n-1)‘” order 
residuals. 

Correlation Methods 

In the general case, the input-output correlation functions are 
not simply scaled copies of the kernels. Rather they will be 
the convolution of the kernels with the autocorrelation 
properties of the input signal [20]. Thus, the first-order cross- 
correlation function will be: 

T- I 

@ u ( ~ ) = ~ k , ( i ) # u , , ( ~ - i )  ......................................... (20) 
i = O  

and the second-order cross-correlation function will be: 
T-1 T-1 

@ u i L ” ( ~ l  .,I = 2c Ck,(il  ti2)@uu(Tl - il )@uu(T2 - 4 (21) 
i,=o r,=O 

Similar relations hold for higher-order correlations. 

The Lee-Schetzen cross-correlation technique relies on the 
input spectrum being white so that input autocorrelation 
function will be a delta function: 

@&) = 6 ( 2 )  ............................................................. (22) 

If this is the case, the kernels will be proportional to the 
input-output cross-correlation functions. However, if the 
input is not white, this simplification will not hold and the 
Lee-Schetzen method will fail. 

Time-Domain Solutions 

One way to correct for this problem is to remove the effects 
of input-correlation from the input-output cross-correlation 
functions. The relation for the first-order kernel can be 
written as the matrix equation: 

@Jz) = Q u J 1  ........................................................... (23) 

where Quu is a symmetric Toeplitz matrix [21]. The lirst- 
order Wiener kernel is then given by: 

............................................................... k ,  = (24) 

This approach also corrects for finite-length error i n  the 
correlation estimates and so gives better first-order Wiener 
kernel even with white inputs, as compared to simple cross- 
correlation [22]. If the bandwidth of the input is far from 
white, the conditioning of the matrix inversion may become 
bad leading to noise amplification. Replacing the exact 
inverse with a pseudo-inverse based on its singular value 
decomposition circumvents this problem [22]. 

Higher order kernels may be corrected by recognizing that 
each one-dimensional slice of the second-order cross 
correlation is given by: 

T-1 

fluUv ( 2 ,  ,iJ = 2 C k , ( i ,  , i2)@uu( Z, - i l ) @ z L , , ( ~ )  .............. ( 2 5 )  
I, = 0 

so that the slice of the kernel can be recovered as 

k 2 ( z l  , i z )  = ~ ; : $ ~ ~ ~ ( z ~  ,i,) ......................................... (26) 

The complete kernel can be recovered by repeating the 
deconvolution for all slices [20]. 

Similar procedures can be used to correct higher-order 
Wiener kernels for non-white inputs. In general, computing 
the nth order kernel will require that each one-dimensional 
slice of the n* order cross-correlation, taken parallel to its 11 

axes, be multiplied by the inverse of the Toeplitz structured 
auto-correlation matrix. 

Frequency-Domain Solution 

The Lee-Schetzen cross-correlation method can also be 
implemented in the frequency domain, resulting i n  N -fold 
computational savings, if the fast Fourier transform (FFT) 
was used to switch between domains.[23]. This approach can 
also correct for the effects of a non-white input spectrum.[24] 

Orthogonal Algorithms 

Another approach to estimating kernels with colored inputs is 
to formulate the problem as a linear regression and estimate 
all coefficients at once[25, 261. For example, a system 
described by a second-order, Volterra series of memory 
length T will be given by: 

5 
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y ( t )  = h,,+Yh,(T)u(t-T) 
0 ........ ..(27) 
T-l T-1 

z,=o 2,=0 

a relation with N = T 2  + T+1 unknowns. If there are more 
than N observations it is possible to define a regression 
problem of the form: 

y =  X 6  ..................................................................... (28) 

where Xis a matrix containing shifted copies of the input and 
products of shifted terms and 6 is a vector of kernel weights. 
The difficulty with this approach is that the size of the 
problem rapidly becomes enormous since X will have 

( T + Q ) !  columns where Q is the kernel order and T is the 

memory length. 

Korenberg reformulated the problem in an equivalent form 
that could be solved implicitly without the need to generate 
the X matrix directly [27, 281. This fast orthogonal algorithm 
results in a dramatic reduction in computation time and 
storage requirements. 

Block Structured Models 

T ! Q !  

The identification of simple block-structured models is based 
on Bussgang's theorem [291 that states that: 

For two Gaussian signals, the cross-correlation function 
taken after one of them has undergone a nonlinear 
amplitude distortion is identical, except for a factor of 
proportionality, to the cross-correlation function taken 
before the distortion. 

Hammerstein Models 

May be estimated using an iterative method [13] in which: 

A linear system is first estimated between the output, 
y ( t ) ,  and the input, u( t )  to produce h-I, an estimate of 
the inverse of the linear dynamics. 

h-' is convolved with y ( t )  to produce X^(t), an initial 
estimate, of the intermediate signal. 

The static nonlinearity m(*)is estimated by fitting a 
polynomial between the input and i ( t ) .  

The response of 4.) to the input, u ( t ) ,  produces an 
updated estimate of the intermediate signal, . f ' ( t ) .  

The inverse of the linear element, k ' ( z ) ,  is updated by 
fitting a linear system between the output and the 
updated estimate of the intermediate signal, i ' ( t ) .  

6) Return to step 2 and continue until the process 

Note that the inverse filter may be non-causal, and the static 
nonlinearity never needs to be inverted. 

Wiener Systems 

Wiener systems may be estimated in a similar manner [U]. 
In this case, 

1) A linear filter, h ^ ( ~ ) ,  is estimated between the input, u(t) 
, and the output, y(t). 

2) The input u( t )  is convolved with i (z )  to give an 

converges. 

estimate of the intermediate signal x ( t ) .  

3) A static nonlinearity is fi t  between y ( t )  and i ( t )  to give 
m-'(*), an estimate of the inverse of the static 
nonlinearity in the original system. 

4) The output, y ( t ) ,  is transformed by this inverse estimate, 
producing an updated estimate, a ( t ) ,  of the intermediate 
signal, x ( t )  . 

5) The linear element h"(z)is then re-estimated, this time 
between the input and A ( t ) ,  the iteration returns to step 2 
and continues until it converges. 

The major difficulty with this approach lies in the estimation 
of the inverse of the static nonlinearity. If the static 
nonlinearity is not a one-to-one function, its inverse will not 
exist since there will be information present in the input to 
the nonlinearity, x ( t ) ,  that cannot be recovered from its 
output, y( t )  . 

LNL systems 

Methods for identifying LNL cascade models depend on a 
extension of Bussgang's theorem [29] which states that the 
Wiener and Volterra kernels of LNL cascades are 
proportional. Hence, for a white Gaussian input signal: 

A&) = k J o T g ( o ) h ( r - o ) d o  
......... (29) 

( b u u y ( 7 * 7 ~ 2 ) =  k,fg(o)h(z, - q o 2  -o)do 

If g(o), the first linear element is not high-pass, this relation 
will be sufficient to identify both linear sub-systems. 
However, it the first system is high pass alternative 
approaches are needed. 

Korenberg and Hunter [14] described an iterative procedure 
for LNL identification that proceeds as follows: 

1) The convolution of the two linear elements is estimated 
from the first-order input-output cross-correlation. 

6 



Nonlinear Identification Methods for Modeling Biomedical Systems Robert Kearney & David Westwick 

2) A first-order unity-gain filter is constructed with a time 
constant that best fits this correlation, and used as an 
initial estimate for the first linear element, h^( 2 )  . 

3) Its output, ~ ( t ) ,  is generated by convolving h”(z)with 

the MMSE linear element is found. Then the constraint IS 

removed, and a high-order polynomial is fitted between the 
linear system output and the residuals. The optimal, first 
order pathway is given by: 

................................................................ U ( t ) .  h, = @:$buy (30) 

4) A Hammerstein system is estimated between ~ ( t )  aiid 
the output, y ( t )  , using the iterative technique described 
above. 

5 )  A relaxation technique is used to modify the estimate of 
the initial linear system, and the process repeated 

Another approach is based on first estimating the system’s 
kernels [XI, 3 I]  using, for example, the fast orthogonal 
algorithm. The first iioii-zero slice of the second-order kernel, 
h 2 ( j , z ) ,  provides a11 estimate of the first linear subsystem 
h ( z ) .  The IRF of the second linear element, g(a) can be 

Provided that the nonlinearity, m(*), is fit using a least- 
squares technique,. the first-order input-residual cross- 
correlation will be reduced to zero. Furthermore, provided 
that least-squares fitting procedures are used for the 
nonlinearities, the first-order input-residual correlation will 
continue to be zero [30]. 

Once the first-order input-residual cross-correlation has been 
reduced to zero, the linear elements must minimize the 
residual variance when followed by a second-order Hermite 
polynomial. This is achieved by solving the generalized 
eigenvalue problem: 

obtained by deconvolving h(z)  from the first-order kernel 
which is the convolution of g( 0) and h(z)  . 

@,,,h= A@JI ........................................................... (31) 

Parallel Cascades 

Methods for the identification of parallel cascade models 
proceeds iteratively as well 115. 16, 30-331: 

aiid choosing the generalized eigenvector, h, associated with 
the largest generalized eigenvalue, 2 ,  a s  the IRF for the next 
pathway. Once the IRF has been calculated, a high-order 
polynomial is f i t  between its output and the current residuals 
using a least-squares fitting technique. This procedure will 

. zero, while leaving the other eigenvalues unaffected. Once an 
1 A hlock-structwed, system is estimated reduce fie generalized eigenvalue associated with the IRF 10 

between the input and the output. 

2) The output of this system is computed, and subtracted 
from the measured output. 

eigenvalue has been reduced to zero, i t  will remain zero. 
Thus, T paths will reduce the second-order input-residual 
cross-correlation to zero. In this form, the parallel cascade 
lnethod produces an exactly orthogonal parallel Wiener 
cascade representation of the second-order Volterra kernel. 

3) A second block structured model is fit between the input 
and the output residuals. 

4) This process is repeated from step 2 until the variance of 
the output residuals is reduced to the point where 110 
additional statistically significant paths can be added to 
the model. 

The key to the parallel cascade method’s success lies in the 
estimation of the linear parts of the cascade paths. An early 
method used slices of inputhutput cross-correlation[ 161 
functions, selected at random, as estimates of the linear 
subsystem of Wiener cascades, A subsequent approach 
estimated the Wiener pathway to reduce the cross-correlation 
functions to zero sequentially [32]. This yielded a unique and 
111 some sense optimal solution but did not necessarily 
minimize the residual variance unless the input is white. 
Indeed, unless a complete system description is available it  is 
not possible to find the Wiener cascade that minimizes the 
residual variance. 

However, a coilstrained optimization is possible in which a 
two-step procedure is used to find “locally” optimal Wiener 
cascades [33]. The nonlinearity is first constrained to be a 
Hermite polynomial, of order equal to that of the lowest- 
order, non-zero input-residual cross-correlation function, arid 

However, as in the linear case [22], the deconvolution, 
accomplished implicitly by the generalized eigenvalue 
problem, can become ill conditioned, producing large noise 
terms in the IRF estimates. These noise terms have little 
effect on the output, since they correspond to frequency 
components that are not present in the input. They can be 
eliminated by restricting the linear elements in the parallel 
cascade to the class of filters that are strongly excited by the 
input. This may be accomplished by projecting the IRFs onto 
a subspace spanned by the first few singular vectors of the 
input auto-correlation matrix thus forcing the IRF to contain 
only strongly excited components. 

Wiener-Bose Models 

Laguerre Expansion 

One approach to the identification of Wiener-Bose model is 
to utilize a filter bank made up of discrete Laguerre filters 
[34-371. The filters depend 011 a single parameter so their 
outputs can be computed efficiently recursively 

7 
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The filter outputs are computed, and stored in a matrix, X 
whose first column contains ones and whose next 11 columns 
contain the linear outputs x I ( t )  for i = 1 -+ n.  If the second 
order kernel is desired, these are followed by the outputs of 
the second-order Hermite polynomials applied to the linear 
filter outputs. If the higher order kernels are desired, the 
outputs of the appropriate order Hermite polynomials must be 
computed and appended to X 

The output of the general Wiener model can then be written 
as 
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