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Robust Hovering Control of a PVTOL Aircraft
Feng Lin, Member, IEEE,William Zhang, and Robert D. Brandt

Abstract—We study robust hovering control of vertical/short
takeoff and landing (V/STOL) aircraft. For hovering control,
we can model a V/STOL aircraft as a planar vertical takeoff
and landing (PVTOL) aircraft. We use a recently developed
optimal control approach to design a robust hovering control. The
resulting control is a nonlinear state feedback whose robustness
is demonstrated by numerical simulations.

Index Terms—Aircraft, hovering control, nonminimum phase,
optimal control, Riccati equation, robust control, V/STOL air-
craft.

I. INTRODUCTION

A VERTICAL/SHORT takeoff and landing (V/STOL) air-
craft, such as the Harrier (YAV-8B) produced by Mc-

Donnell Douglas [14], is a highly maneuverable jet aircraft.
The Harrier is powered by a single turbo-fan engine with
four exhaust nozzles which provide the gross thrust for the
aircraft. These nozzles (two on each side of the fuselage)
are mechanically slaved and have to rotate together. They
can move from the aft position forward approximately 100
allowing jet-borne flight and nozzle braking. Therefore, the
Harrier has two modes of operations, in addition to the
transition between the two modes.

1) Wing-borne forward flight as a fixed-wing jet aircraft: In
this mode of flight, the four exhaust nozzles are in the
aft position. The control is executed by the conventional
aerodynamic control surfaces: aileron, stabilator (for
stabilizer-elevator), and rudder for roll, pitch, and yaw
moments, respectively. (For a survey of wing-borne
flight control, see [5].)

2) Jet-borne maneuvering (hovering): In this mode, the four
exhaust nozzles are in the forward position, allowing the
thrust to be directed vertically. In addition to the throttle
and nozzle controls, the Harrier also utilizes another set
of controls (reaction control valves) to provide moment
generation. Reaction control valves (called puffers) in
the nose, tail, and wingtips use bleed air from the high-
pressure compressor of the engine to produce thrust
at these points and therefore moments (and forces)
at the aircraft center of mass. Lateral motion control
is accomplished through roll attitude control (rolling
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moment). It is this mode of flight that we concentrate
on in this paper.

We use an optimal control approach [6]–[13] to design the
robust control law for the Harrier jet-borne maneuver. The re-
sulting control law has excellent performance as demonstrated
by simulations in Section V.

We will first present the optimal control approach in the
next section. We will then model the aircraft in Section III
and design a robust control in Section IV.

II. PRELIMINARY

We first present a result obtained in [12] that serves as the
theoretical base of our approach. We consider the system given
by

where is the uncertainty and so the
matching condition is not assumed. We will assume that
is an equilibrium ( ). We would like to solve the
following.

Robust Control Problem:Find a feedback control law
such that the closed-loop system

is globally asymptotically stable for all uncertainties
such that for some .

Since will be a function of : , we can view
as uncertainty and guess its bound

where denotes the (Moore–Penrose) pseudoinverse.
Instead of solving the above robust control problem directly,

we will solve the following.
Optimal Control Problem:For the auxiliary system

find a feedback control law that minimizes the
cost functional

where and are some (positive) constants that serve as
design parameters.

The following theorem is proved in [12], which shows that
we can solve the robust control problem by solving the optimal
control problem.
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Fig. 1. PVTOL aircraft.

Theorem 1: If one can choose , , and such
that the solution to the optimal control problem, denoted
by , exists and the following conditions are
satisfied:

for some such that , then , the -component
of the solution to the optimal control problem, is a solution to
the robust control problem.

We will apply this theorem to design a robust hovering
control for V/STOL aircraft.

III. M ODELING AND FORMULATION

Since we are interested in control of jet-borne maneuver
(hovering), we consider a prototype planar vertical takeoff and
landing (PVTOL) aircraft. This system is the natural restriction
of a V/STOL aircraft to jet-borne maneuver in a vertical-lateral
plane. This prototype PVTOL aircraft as shown in Fig. 1 has
a minimum number of states and inputs but retains many of
the features that must be considered when designing control
laws for a real aircraft such as the Harrier. The aircraft state is
simply the position, , , of the aircraft center of mass, the
roll angle, , of the aircraft, and the corresponding velocities,

, , . The control inputs, and are, respectively, the
thrust (directed out the bottom of the aircraft) and the rolling
moment about the aircraft center of mass.

In the Harrier, the roll moment reaction jets in the wingtips
create a force that is not perpendicular to the-body axis.
Thus, the production of a positive rolling moment (to the
pilot’s left) will also produce a slight acceleration of the
aircraft to the right. As we will see, this phenomenon makes
the aircraft nonminimum phase. Let be the small
coefficient giving the coupling between the rolling moment
and the lateral force, , on the aircraft. Note that
means that applying a (positive) moment to roll to the pilot’s
left produces an acceleration, , to the right.

In the modeling of the PVTOL aircraft, we neglect any
flexure effect in the aircraft wings or fuselage and consider

the aircraft as a rigid body. From Fig. 1, we can have the
following dynamic model of the PVTOL aircraft:

(1)

(2)

(3)

where stands for the gravitational force exerted on the
aircraft center of mass and is the mass moment of inertia
about the axis through the aircraft center of mass and along
the fuselage.

For simplicity, we scale this model by dividing (1) and (2)
by , and (3) by , to obtain

Let us define

(4)

In addition, from now on, we replace by . Then
the rescaled dynamics becomes

(5)

Obviously, at steady state, , i.e., the
thrust should support the aircraft weight to keep it steady.

Next, we analyze the internal stability of system (5) by
looking at its zero dynamics. The zero dynamics of a nonlinear
system are the internal dynamics of the system subject to the
constraint that the outputs (and, therefore, all derivatives of the
outputs) are set to zero for all time.1 For our PVTOL system,
the outputs are the position of the aircraft center of mass,
and , and the internal state is the rolling angleand its
derivative .

In (5), the matrix operating on the controls is nonsingular
(barely—its determinant is !). Therefore, for , con-
straining the output and their derivatives to zero results
in

Then, the zero dynamics of (5) are given by

(6)

Equation (6) is simply the equation of an undamped pen-
dulum. It has two sequences of equilibria. One sequence is
unstable and the other is stable but not asymptotically stable.

Nonlinear systems, such as (5), with zero dynamics that are
not asymptotically stable are called nonminimum phase.

1For detailed discussions on zero dynamics, see [1] and [3].
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Based upon this fact, it was shown in [2] that the tracking
control designed through exact input–output linearization of
the PVTOL system (5) can produce undesirable results (pe-
riodic rolling back and forth and unacceptable control law).
The source of the problem lies in trying to control modes
of the system using inputs that are weakly () coupled rather
than controlling the system in the way it was designed to
be controlled. As pointed out in [2], for the PVTOL aircraft,
we should control the linear acceleration by vectoring the
thrust vector (using the rolling moment, , to control this
vectoring) and adjusting thrust magnitude using the throttle
( ).

Based on the above discussion, we formulate the robust
control problem as follows: to design the control law which
can accomplish the jet-borne lateral motion (hovering), say
from or to . This control law has to be robust
with respect to the variation of the coupling parameter.

From the practical point of view, any acceptable control
design should satisfy the following requirements.

1) The PVTOL aircraft altitude , in the hovering mode,
should have very small deviation from the prespecified
altitude, say . Vertical takeoff and landing aircraft
are designed to be maneuvered in close proximity to the
ground. Therefore it is desirable to find a control law
that provides exact tracking of altitude if possible.

2) , because is the thrust directed out
to the bottom of the aircraft. Vectoring of the thrust is
accomplished through the rolling moment .

3) , because most V/STOL aircraft do not have
a large enough “thrust to weight ratio” to maintain level
flight with a large roll angle .

4) Large control inputs are not acceptable because of the
limitations on the maximum thrust and rolling moment
generated by bleed air from the high-pressure compres-
sor of the engine.

Any control law which violates one of the above four
requirements should be rejected. In the next section, we
will seek a robust control law which satisfies the above
requirements using the optimal control approach.

IV. CONTROL DESIGN FORJET-BORNE HOVERING

As the first step toward the robust control design for jet
borne hovering of the PVTOL aircraft, we make the following
control substitution, which is obviously one-to-one:

(7)

Hence, the scaled model (5) becomes

(8)

(9)

The objective of making the above control substitution is
of two-fold: 1) to make the aircraft altitude independent
of and hence independent of the lateral force generated by

the rolling moment . It is required that the aircraft altitude
has very small deviation from the desired altitude. Through

this substitution, is no longer directly perturbed by and
2) to make the velocity vector , acceleration vector

, and the new control go to zero at steady
state.

For convenience, we introduce the six-dimensional state
vector

with and . Furthermore, we
define the following matrices:

Then (8) and (9) can be written as

or, equivalently,

(10)

This is the type of system studied in Section II. So we can
now use Theorem 1 to solve this robust control problem. We
view as uncertainty and guess
for some . That is, we take . To obtain
the corresponding optimal control problem, we define

Since

we immediately know

Therefore

with
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Hence, the dynamics of the optimal control problem are

or

(11)

where

It is not difficult to see the following.
Proposition 1: The matrix is symmetric and orthog-

onal, i.e.,

Proof: Elementary.
To derive the cost function for the optimal control problem,

let us recall the requirement that . In other words,
we can find such that . Therefore

Hence, the cost functional of the optimal control problem is
of the form

(12)

In order to be able to solve this (nonlinear) optimal control
problem analytically, we take . Note that when ,

.
By the Hamilton–Jacobi–Bellman equation

we know, if we let be the optimal solution and
denote , then

(13)

Let us now assume thatwill vary in a small neighborhood
of zero, so that we can linearize around 0

and hence

(14)

Notice that this is the only approximation we make in the
process of solving the optimal control problem.

Taking the partial of (13) with respect to the control vector
gives

(15)

Through substituting (14) and (15) into (13) and using
Proposition 1, the Hamilton–Jacobi–Bellman equation reduces
to

In order to solve for from the above equation, we make
the guess that is of the form

with being certain 6 6 positive definite matrix. Then it
is easy to see that satisfies the following “Riccati type”
equation:

(16)

where . A positive definite solution of this
“Riccati type” equation exists and is unique. In terms of this
solution , the solution to the optimal control problem is given
by

(17)

From the definition of , it is easily seen that while
and are nonlinear feedback control, is indeed a linear
feedback and hence is linearly bounded. This implies that our
guess is valid. By Theorem 1, the sufficient
conditions that guarantee the above solution is a solution to
the robust control problem of (10) are
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Fig. 2. Response of the translated system for� = 0.

If we take , , and define
, then . The

solution to (16) is shown in (17a) at the bottom of the page.
Hence

(18)

Finally, using (7) and (4) we can obtain the thrust and rolling
moment as follows:

If is unknown, we will replace it by its nominal value:

(19)

V. SIMULATION

We will first simulate the following translated system (8),
(9) using the control law in (18):

We take the initial conditions

The results for , and are shown in Figs. 2–4,
respectively (the typical value for is ). The figures
show that the deviation of and from zero is very small:

and . The control law is
quite robust.

(17a)
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Fig. 3. Response of the translated system for� = 0:5.

Fig. 4. Response of the translated system for� = 1.

We will also simulate the original system (1)–(3)

using the control law given by (18) and (19). We do this

because the transformation (7) depends inand we would

like to know the effect of replacing by its nominal value.
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Fig. 5. Response of PVTOL aircraft for�0 = 0.

Fig. 6. Response of PVTOL aircraft for�0 = 1.

We use the following values of and :

kg

kg m

We use the initial condition

m

m
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Fig. 7. Response of PVTOL aircraft for�0 = 2:5.

We take (corresponding to the typical value
) and simulate for , and . The

results are shown in Figs. 5–7, respectively. They indicate that
, , and m and .

Clearly the requirements 1–4 in Section III are indeed satisfied.

VI. DISCUSSION

It should be pointed out that in this work, no effort has been
made in optimizing the parameters involved, i.e., choosing
the parameter values such that the closed-loop system has the
“best” performance. In fact, the choice is by no means
the best choice. It is solely for the purpose of being able to
solve the Hamilton–Jacobi–Bellman equation (13) explicitly.
Intuitively, for better performance, a bigger is preferred,
because a smaller weight onin the cost function results in
an optimal control which heavily rely on the
lateral force , instead of on and . However, is the
augmented control which is discarded in forming the robust
control. Therefore, a more realistic and better robust control
law can be obtained by setting in the cost function of
the corresponding optimal control problem.

The Harrier is a nonminimum phase system. Therefore the
theory for explicitly linearizing the input–output response of a
nonlinear system using state feedback [1], [3] will not produce
a satisfactory control law as indicated in [2]. In fact, one
shortcoming of the exact input–output linearization theory is
the inability to deal with nonminimum phase nonlinear system.

An approximate input–output linearization procedure, de-
veloped for slightly nonminimum phase nonlinear systems was
used in [2] to design the hovering control. On the contrary,
the method we proposed does not require linearization.

Another approach to aircraft hovering control was proposed
in [15]. They using nonlinear regulator theory of [4].
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