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Inner Loop Control of Supersonic Aircraft
in the Presence of Aeroelastic Modes

Suresh M. Joshi,Fellow, IEEE, and Atul G. Kelkar

Abstract—Longitudinal control system design is considered for
a linearized dynamic model of a supersonic transport aircraft
concept characterized by relaxed static stability and significant
aeroelastic interactions. Two LQG-type controllers are designed
using the frequency-domain additive uncertainty formulation
to ensure robustness to unmodeled flexible modes. The first
controller is based on a fourth-order model containing only
the rigid-body modes, while the second controller is based on
an eighth-order model that additionally includes the two most
prominent flexible modes. The performance obtainable from the
fourth-order controller is not adequate, while the eighth-order
controller is found to provide better performance. Frequency-
domain and time-domain (Lyapunov) methods are subsequently
used to assess the robustness of the eighth-order controller to
parametric uncertainties in the design model.

Index Terms— Aeroelastic mode control, aircraft control,
linear-quadratic control, robustness, robust control, supersonic
aircraft.

I. INTRODUCTION

L ARGE high-speed aircraft are characterized by static
instability, low structural stiffness, and significant aeroe-

lastic interactions. Furthermore, large parametric changes can
occur over the flight envelope because of shifting of the center
of gravity and aerodynamic center. In addition, the frequencies,
damping ratios, and mode shapes of the aeroelastic modes are
not known accurately. As a result, the problem of designing a
control system which will maintain closed-loop stability and
desired performance is a challenging problem.

In this paper, we consider a mathematical model that
is based on the supersonic cruise aircraft (SCRA) model
developed in [1]. The SCRA concept is a delta wing supersonic
aircraft which is nearly 300 ft long and has a wing span
of about 140 ft. The takeoff weight is 730 000 lbf, and the
mid-cruise speed is Mach 2.3 at 53 000-ft altitude. LQG-type
control laws are designed to provide stability robustness in the
presence of unmodeled flexible modes. The designs are based
on two reduced-order mathematical models. The first model
consists only of the rigid-body modes, while the second model
additionally includes the two most prominent flexible modes.
The robustness of the control system to parametric uncertain-
ties in the design model is investigated using Lyapunov-based
methods and frequency-domain methods.
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II. M ATHEMATICAL MODEL

We consider a linearized longitudinal model of the SCRA
[1] in rectilinear wing-level ascent flight condition at weight
730 000 lbf, Mach 0.6, and 6500-ft altitude. This model was
modified in [2] to reflect static instability that is present in
recent high-speed civil transport (HSCT) concepts. The model
is given by

(1)

where

(2)

where and denote the horizontal and vertical (rigid-
body) center-of-mass (c.m.) positions andand denote the
corresponding velocities; and denote the rigid-body pitch
angle and rate; is the 18 1 modal amplitude vector.
is the 42 42 system matrix, is the 42 1 input matrix,
and denotes the elevator deflection.

The center of mass is located 2364 in from the front of
the aircraft. Two pitch rate sensors (rate gyros), located at fore
(2050 in from the front) and aft (2500 in) locations in reference
to the center of mass, produce the 21 output vector
which consists of the contributions ofas well as .

The position variables and are ignorable and can be
removed from (1), which results in the following 40th-order
system:

(3)

(4)

where . The matrices , , and
have the following structures:

The first row of is , while the first rows
of and are zero. The matrices indicate strong dy-
namic coupling between the rigid and flexible modes, as
well as significant contribution of the flexible modes to the
sensed outputs.

The open-loop eigenvalues of are shown in Table I. It
can be seen that the rigid-body modes consist of two real
eigenvalues, one positive and one negative, corresponding to
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TABLE I
OPEN-LOOP EIGENVALUES

the statically unstable short period mode, and a pair of stable
complex eigenvalues corresponding to a mid-period phugoid-
like mode. The flexible mode frequencies range from 6.646
rad/s for the first mode to 47.298 rad/s for the 18th mode.
The damping ratios for the flexible modes range from 0.0139
to 0.1695, the average being 0.0462. The flexible modes are
primarily fuselage bending modes. Modes 1 and 3 basically
represent free fuselage bending modes (first and second), and
Mode 2 is similar to the “cantilevered” fuselage first bending
mode [2]. Mode 4 is similar to the second cantilevered fuselage
bending mode, and the shapes of the higher modes go up
in complexity. The order of the mathematical model is 40;
however, for practical implementation, it is desirable to design
a reduced-order controller. In addition, the uncertainty in the
model parameters is generally higher for higher frequency
modes; hence it is desirable to avoid the use of higher
mode parameters in control systems design. A reduced-order
controller can be designed in two ways: 1) design a full-order
controller and then apply order reduction methods, or 2) use a
reduced-order design model. The second method is generally
preferable because it does not rely on the knowledge of the
higher-mode parameters, which is highly inaccurate.

III. M ODEL ORDER REDUCTION

To investigate order reduction, a number of similarity trans-
formations were performed. First, the matrix was trans-
formed to a quasidiagonal form wherein the real eigenvalues
appear on the diagonal, and the remaining 22 blocks
correspond to the complex eigenvalue pairs . The
next transformation rearranged the diagonal blocks of the
matrix so that the rigid-body eigenvalues appear in the first
4 4 diagonal block and the 2 2 blocks for the flexible

TABLE II
NORM RANKING OF ELASTIC MODES IN DESCENDING ORDER

modes appear in ascending order of natural frequencies

(5)

where is a matrix containing the eigenvalues
corresponding to the rigid-body modes

(6)

and denote the two real eigenvalues corresponding
to the short period mode, and and denote the real
and imaginary parts of the eigenvalues corresponding to the
phugoid-like mode. , , and denote the real
and imaginary parts of the eigenvalue corresponding to the
th flexible mode. After these transformations, theand

matrices no longer have the forms shown previously. However,
the transfer function can now be expressed in the parallel
form, i.e., as the sum of transfer functions corresponding to
individual modes, which facilitates model order reduction

(7)

where and denote the (2 1) transfer functions
corresponding to the rigid-body modes and theth flexible
mode, respectively.

The simplest method of order reduction would be to truncate
all flexible modes beyond a certain frequency. However, this
approach does not generally yield favorable results because
some of the higher frequency modes may be prominent.
Balanced realization [3], which represents a better method
of model reduction, uses a similarity transformation to make
the controllability and observability grammians equal and
diagonal. Only the most controllable and observable state
variables are retained to obtain ath order model. Other
methods include optimal Hankel norm approximation [4], and
stable factorization [5]. However, the application of these
methods results in fully coupled system matrices, causing loss
of physical insight. An alternate method consists of assessing
the controllability and observability of flexible modes by
ranking them in the order of the reciprocal condition numbers
(evaluated at ) of the matrices and

, respectively [6]. The most controllable/observable
modes are then retained. Another alternate method, which
offers considerable physical insight, is to rank the flexible
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Fig. 1. Control and observation spillover.

modes in the order of their operator norms (or )

(8)

where denotes the impulse response matrix of , and
denotes the trace operator

(9)

where denotes the largest singular value. For lightly
damped flexible modes, it is well known (see [7]) that the
modal coordinates are approximately balanced and thus nearly
uncorrelated.

The norm basically represents the energy in the impulse
response, while the norm represents an upper bound on
the gain. The 2-norm can be readily obtained by computing
the controllability or observability grammian [8], and closed-
form expressions can be derived for both the 2-norm and the

-norm for the present case.
The contribution of each flexible mode to the overall transfer

function was computed using and norms of the
transfer function of each mode. The modal rankings (from
highest to lowest norms) are given in Table II. There is some
agreement between the two rankings, with the exception of
mode 4. The norm is more appropriate for order reduction
because we use the additive uncertainty robustness test, which
employs the upper bound on the norm. The two modes
with the largest norms are modes 1 and 4, which are the
first free fuselage bending mode and the second cantilevered
fuselage bending mode, respectively.

IV. LQG-TYPE CONTROLLER DESIGN

When a reduced-order design model is used for LQG-
type controller design, the closed-loop stability cannot be
guaranteed because of control and observation “spillovers” [9],
which consist of the inadvertent excitation of the uncontrolled

Fig. 2. Additive uncertainty formulation.

modes by the control input, and the unwanted contribution
of the uncontrolled modes to the sensor outputs (See Fig. 1).
One method of ensuring stability in the presence of spillovers
is to represent the uncontrolled mode dynamics as “additive
uncertainty” , which is in parallel with the design model

(Fig. 2). This formulation has been used extensively in
flexible spacecraft control [6], [10]. An upper bound on the
magnitude can be obtained to form an “uncertainty
envelope”. The height of the uncertainty envelope represents
the worst-case damping ratios and mode-shape magnitudes of
the uncontrolled modes, while the width accommodates lateral
shifts in the peaks due to uncertainties in the natural fre-
quencies. A scalar transfer function can be obtained by
inspection of the plot to represent the uncertainty
envelope, so that .

The design model, which consists only of the controlled
modes, is given by

(10)

(11)

where and are the state and output vectors andand
denote zero-mean white noise vectors.
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The controller design problem can be formulated as an LQG
design problem with the following objective function:

(12)

where denotes the expected value ,
. The design parameters are the LQ regulator (LQR)

weighting matrices and , as well as the Kalman–Bucy filter
(KBF) weighting matrices and .
(In theory, and represent the process noise and sensor
noise covariance intensities; however, they are actually used as
design parameters to obtain satisfactory controller response.)

A sufficient condition for stability in the presence of un-
structured additive uncertainty is [8]

real (13)

where denotes the controller transfer function matrix,
and the argument has been dropped for convenience.
The following two conditions are also sufficient:

real (14)

real (15)

The control objectives are to stabilize the unstable rigid
mode, and to obtain a crisp pitch-angle step response to
elevator step input. In addition the controller must be robust to
unmodeled aeroelastic modes, and if possible, should increase
the damping of the aeroelastic modes that are included in the
design model. The design process, which has been used in
the past for flexible spacecraft control [6], is summarized as
follows.

1) Select design parameters, , , and to obtain
a nominal LQG controller for the design model, that
gives satisfactory closed-loop eigenvalues and frequency
response.

2) Apply the robustness test in the presence of additive un-
certainty. If the test fails, adjust the weighting matrices
and go back to Step 1).

3) Repeat until satisfactory performance and robustness are
obtained.

[A systematic procedure, based on an analytical expression
for -norm sensitivity, was presented in [11] for reducing
the left-hand term in (13). This procedure can be used to per-
form Step 2]. Two different controller designs were performed.
The first (fourth-order) controller was based on a design model
consisting only of the four rigid-body state variables, with all
the flexible modes lumped into an “additive uncertainty.” The
second (eighth-order) controller consisted of the rigid-body
states and the four state variables corresponding to two most
significant flexible modes.

A. Fourth-Order Controller

In this case, is equal to and and are defined
accordingly. Fig. 3 shows the singular value plot (or-
plot) of the flexible mode transfer function containing all 18
flexible modes. The following scalar transfer function, whose

Fig. 3. Uncertainty envelope for fourth-order controller.

magnitude plot “envelopes” the uncertainty, was obtained by
trial and error: (See Fig. 3)

(16)

While attempting a nominal LQG controller design, it was
found to be difficult to increase the closed-loop frequency
of the phugoid-like mode while simultaneously moving the
unstable short period mode deeper into the left half plane.
Despite several trials, it was not possible to find LQR weights
which gave suitable pole locations. However, it was known
that a proportional plus integral (PI) control law developed
in [2] gave satisfactory closed-loop pole locations. Therefore,
an inverse LQR problem was formulated and solved, which
gave the corresponding matrix (with ) for the “rigid-
only” design model. (A discussion of the inverse LQR problem
can be found in [12].) The set of closed-loop poles of the
design model, which is the union of the LQR and KBF
poles, governs the closed-loop system’s speed of response
(bandwidth). Therefore the initial and were chosen to
obtain closed-loop pole KBF pole locations close to those for
the LQR.

The initial LQG controller failed to satisfy the robustness
condition of (15), and it was necessary to reduce the controller
gain by reducing appropriate elements of and . After
a few iterations involving weight adjustments for the LQR
and the KBF, the robustness condition was satisfied (Fig. 4).
The controller, whose frequency response is shown in Fig. 5,
is unstable, although the closed-loop system is stable and
robust to unmodeled flexible modes. The closed-loop LQR
and KBF eigenvalues are shown in Table III, and the closed-
loop eigenvalues of the complete 40th-order system are given
in Table IV. The phugoid-like mode’s closed-loop frequency
(for both LQR and KBF) shows substantial improvement as
compared to the open-loop value. There is no significant
change in the flexible mode frequencies and damping ratios.
This controller, although robust to unmodeled flexible modes,
was found to give a poor response to step input in the elevator.
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Fig. 4. Robustness test for fourth-order controller.

Fig. 5. Frequency response of fourth-order controller.

In particular, it had a 136% overshoot and a settling time of
nearly 150 s. (We define settling time as the time beyond
which the step response remains within 10% of its final
value). In order to improve the controller, the LQR weighting
function was modified by the addition of the term , where

is a constant. It was found that only small performance
improvement was possible without violating the robustness
test (15).

B. Eighth-Order Controller

In order to improve the rigid-body response and the flexible
mode damping, an eighth-order design model was next con-
sidered, which consists of four rigid-body states and four state
variables corresponding to flexible modes 1 and 4, which have
the largest -norms. Fig. 6 shows the-plot of modes 1 and
4 only, as compared to the-plot of all 18 flexible modes. It
can be seen that modes 1 and 4 capture the highest peaks of
the complete flexible dynamics. The-plot for the remaining
elastic modes 2, 3, and 5–18, is shown in Fig. 7. The system

TABLE III
REGULATOR AND ESTIMATOR EIGENVALUES FOR FOURTH-ORDER CONTROLLER

TABLE IV
CLOSED-LOOP EIGENVALUES FOR FOURTH ORDER CONTROLLER

matrix for the eighth-order design model is given by

(17)

For this model, the following was chosen as the
uncertainty envelope:

(18)

To obtain the 8 8 matrix for the design model, the
4 4 matrix used in the initial iteration of the fourth-
order controller design was augmented by adding weights
corresponding to the flexible mode states. The weights in the
second 4 4 diagonal block of were adjusted to increase
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Fig. 6. �-plot of flexible modes.

Fig. 7. �-plot of modes 2, 3, and 5–18.

the flexible mode damping and frequencies.was held at
unity. The KBF weights were selected to obtain closed-loop
estimator eigenvalues with magnitudes roughly equal to those
for the LQR. The initial controller did not satisfy the additive
uncertainty robustness condition; hence iterative loop shaping
was performed until the condition was satisfied. For this
case, it was possible to increase the phugoid-like mode’s
closed-loop frequency to 0.85 rad/s (for LQR) and 0.7 rad/s
(for KBF), which represents nearly 100% improvement over
the fourth-order controller. In addition, the (LQR and KBF)
damping ratios for flexible mode 1 increased to over 0.1 as
compared to its open-loop value of 0.07. The damping ratio
for mode 4 increased to 0.076 for the LQR and 0.041 for the
KBF, as compared to its open-loop value of 0.014. The LQR
and KBF eigenvalues are given in Table V. The closed-loop
eigenvalues of the complete (40th-order) evaluation model are
given in Table VI. The closed-loop eigenvalues are somewhat
different from the LQR and KBF eigenvalues, but still

TABLE V
REGULATOR AND ESTIMATOR EIGENVALUES FOR EIGHTH-ORDER CONTROLLER

TABLE VI
REGULATOR AND ESTIMATOR EIGENVALUES FOR EIGHTH-ORDER CONTROLLER

indicate significantly superior performance than the fourth-
order controller. Fig. 8 shows the final additive uncertainty
robustness test. The controller frequency response is shown
in Fig. 9. As in the case of the fourth-order controller, the
eighth-order controller is itself unstable, although the
closed-loop system is stable as well as robust to unmodeled
flexible modes. The response to a step input in the elevator
was significantly better than that of the fourth-order controller.
Figs. 10 and 11 show the (normalized) pitch angle and rate
at gyro location 1 resulting from a step input in the elevator.
The settling time is nearly 100 s and the overshoot is 36%. It
was not possible to significantly improve the response without
violating the condition in (15). The effect of the flexible modes
is seen in the pitch rate response (Fig. 11). The improvement
in the damping (for modes 1 and 4) was rather small, and any
attempts to further improve the damping by increasing the
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Fig. 8. Robustness test for eighth-order controller.

Fig. 9. Frequency response of eighth-order controller.

weights resulted in the violation of the robustness condition.
The results indicate that it is difficult to improve aeroelastic
mode damping using the elevator as the only input.

V. ROBUSTNESS TOPARAMETRIC UNCERTAINTIES

The controllers designed in the previous section offer robust
stability in the presence of unmodeled flexible modes. Further-
more, uncertainties in the unmodeled dynamics are tolerated
without instability as long as the magnitude plot
lies below the uncertainty envelope . However, the
designs assume perfect knowledge of the design model param-
eters, which may also have significant uncertainties. Therefore
it is important to investigate the robustness of the controllers in
the presence of parametric uncertainties in the design model.

Robustness to structured parametric uncertainties can be
investigated using the structured singular value (or-) analysis

Fig. 10. Step response (pitch angle at gyro 1).

Fig. 11. Step response (pitch rate at gyro 1).

[13]. The problem with standard-analysis is that it assumes
the uncertainties to be complex-valued rather than real which
usually results in overly conservative estimates of permissible
parametric uncertainty. The development of-analysis and
synthesis methods for real parametric uncertainties continues
to be an active area of research.

Alternative approaches for the estimation of permissible
parametric uncertainty include Kharitonov methods and Lya-
punov methods. A fundamental result by Kharitonov (see
[14]) addresses polynomials with uncertain coefficients which
lie in given intervals, and gives a necessary and sufficient
condition for the roots to be in the open left-half plane
(OLHP). In practice, however, the mapping from the parameter
space to the characteristic polynomial coefficients is not only
highly nonlinear and often intractable, but also results in
the coefficients being interrelated. As a result, the robustness
conditions are usually quite conservative.
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Lyapunov-based methods essentially obtain norm bounds
on the perturbation in the closed-loop system matrices, while
utilizing the information about the structure of the uncertainty
to the maximum extent possible. Consider the system

(19)

where is the nominal system matrix and is the perturba-
tion matrix. is assumed to be stable (as would be the case
if a nominal stabilizing control law is used). Suppose each
element is bounded in an interval

(20)

Let

(21)

Define the matrix as follows:

(22)

That is, denotes the “relative error” matrix. All the elements
of are positive. Suppose is an matrix
and is the symmetric positive positive definite solution of
the Lyapunov equation

(23)

Let denote the “modulus matrix” of

(24)

Let denote the symmetric part of a matrix, i.e.,

(25)

The following sufficient conditions are based on Lyapunov
methods.

Condition 1 (Patel and Toda, 1980 [15]):The perturbed
system is stable for all if

(26)

where and denote the smallest and largest eigen-
values.

If is as in (20), , and

(27)

Then a sufficient condition for stability is

(28)

If all the parameters are equally perturbed, , and
.

Condition 2 (Yedavalli, 1985 [16]):The perturbed system
is stable if

(29)

A. Robustness of Dynamic Compensator

Consider the -input, -output, th-order system:

(30)

(31)

where and denote the perturbations in the
nominal system matrices . Suppose the system
is controlled by an th-order dynamic controller

(32)

(33)

Denoting , the th-order closed-
loop system can be written as

(34)

where

(35)

Let

(36)

The upper bound on is obtained as follows:

For (37)

For

(38)

For

(39)

For (40)

Then and can be defined as in (21) and (22).
Suppose and are positive definite symmetric matrices

such that

(41)

The conditions (26) and (29) can be used to obtain the
robustness bound on. The sufficient condition of (29) is
generally less conservative than that of (26). It should be noted,
however, that both bounds depend on the choice of the
matrix. At present there appear to be no systematic methods
available for choosing .
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If the dynamic compensator is an LQG-type controller
designed for the nominal plant , it can be easily
verified that

(42)

(43)

(44)

where and denote the LQR and KBF gain matrices,
respectively.

B. Robustness Results for the SCRA Model

The Lyapunov-based sufficient conditions were used to
investigate robustness of the eighth-order LQG controller
to parametric uncertainties in the design model. Based on
experience with flexible space structures [6], the parametric
uncertainties most important for stability robustness are those
in the flexible mode frequencies. Therefore the uncertainties in
the frequencies ( and ) of the two flexible modes included
in the design model were investigated. Since no systematic
methods exist for choosing , the value was used
in (41), and the allowable bounds on frequency perturbations
were obtained from Conditions 1 and 2. The maximum permis-
sible perturbation (in both and ) obtained using Condition
1 was 6.9 10 %, while that obtained using Condition 2 was
0.93%, which indicates that Condition 2 is far less conservative
than Condition 1.

The frequency domain additive uncertainty condition (14)
was next used to investigate the permissible perturbation
bounds in and . For this case, and in the 40th-
order plant were perturbed by certain percentages, and
the additive uncertainty consisted of
both parametric uncertainties and unmodeled flexible modes.
Fig. 12 shows the robustness condition for 3% perturbation in

and 2% perturbation in . The condition was violated for
larger perturbations. Based on these results, the eighth-order
controller can tolerate 3% uncertainty in and 2% uncer-
tainty in . These bounds are better than the Lyapunov-based
bounds despite the fact that the latter utilize the information
about the structure of the uncertainty. To investigate the
degree of conservatism of the frequency-domain bounds, the
eigenvalues of the complete 48th-order closed-loop system
were computed for a large number (about 300) of combinations
of perturbed values of and . The closed-loop system
remained stable well beyond the permissible bounds indicated
by the frequency domain condition. In particular, perturbations
of well over 30% in and were tolerated without
instability, which indicates that the eighth-order controller has
good robustness to these uncertainties.

The results obtained indicate that Lyapunov-based meth-
ods generally yielded conservative bounds for permissible
parametric uncertainty, as compared to the frequency domain
unstructured uncertainty formulation. It should be noted, how-
ever, that the Lyapunov bounds were obtained with an arbitrary
choice of the matrix, and therefore a general conclusion
cannot be drawn regarding the conservatism of the methods. It
may be possible to improve the Lyapunov bounds by optimally

Fig. 12. Robustness test in the presence of uncertainty in!1 and!4.

choosing to maximize the bound. The bounds, however,
are not differentiable; therefore, conventional gradient-based
optimization methods cannot be readily applied. Additional
results were recently reported in [17] in this area, which
can yield less conservative Lyapunov-based bounds, and they
should be investigated.

VI. CONCLUDING REMARKS

Controller design was considered for longitudinal con-
trol of a supersonic transport aircraft model in the pres-
ence of significant aeroelastic modes. Two controllers were
designed using frequency domain loop shaping employing
the LQG method, wherein the unmodeled flexible modes
were represented as additive uncertainty. The first (fourth-
order) controller was designed to control only the rigid-
body modes without destabilizing the flexible modes, while
the second (eighth-order) controller was designed to control
the rigid-body modes and the two most prominent flexible
modes. The fourth-order controller gave poor performance
characterized by excessive overshoot and large settling time. It
was not possible to improve the fourth-order design while still
guaranteeing stability in the presence of unmodeled flexible
modes. The eighth-order controller gave significantly better
performance, which indicates the necessity of including some
of the aeroelastic modes in the design model for controller
design for this class of aircraft. It was not possible to sub-
stantially improve the flexible mode damping ratios without
destabilizing the uncontrolled modes. Based on the design
iterations performed, it appears to be difficult—if not impossi-
ble—to obtain higher performance with only one actuator and
two sensors. The robustness of the eighth-order controller to
uncertainties in the flexible mode frequencies was investigated
using Lyapunov-based methods as well as frequency domain
tests. The Lyapunov-based methods gave more conservative
bounds on the permissible parametric uncertainty as compared
to the frequency domain unstructured uncertainty formulation.
The latter method, which itself is conservative, indicated
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rather small uncertainty tolerance in flexible mode frequencies.
Numerical experimentation, however, demonstrated that the
controller can tolerate over 30% uncertainty in the flexible
mode frequencies without instability. The results indicate that
further research is needed on methods for robust control design
and damping enhancement for such systems. It would also
be highly desirable to investigate methods for reducing the
conservatism of the Lyapunov-based robustness bounds.
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