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The problem of controlling flexible space structures in

the presence of significant uncertainties using only position

measurements is considered. Adaptive controllers, which are

capable of controlling partially known dynamical systems

and delivering good performance by providing a time-varying

compensation on-line, are desirable for such systems. We present

an adaptive controller which can globally stabilize a class

of flexible structures. This controller is applicable whether

position measurements, rate measurements, or combinations

thereof are available, as well as for colocated and noncolocated

actuator-sensor pairs that are sufficiently close. The improvement

in performance generated using such controllers is demonstrated

using two practical structural systems.
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I. INTRODUCTION

It is well known that the control of flexible space
structures is a difficult task [1—3], which is mainly
due to the intrinsic dynamic characteristics of these
structures such as low damping and the presence of
several and often densely packed modal frequencies.
The difficulty in controlling them is exacerbated
because of uncertainties present, which may be due to
structural modifications, failure of system components,
or changes in the operating environment. In the
context of space structures, significant differences may
exist between the dynamics exhibited by structures
during on-ground tests and when deployed in space.
Hence, control designs based on identification models
which are typically derived using ground-based
measurements are often highly sensitive to inaccuracies
in the design model parameters and especially elastic
modal frequencies. As pointed out in [4], even for
a 1% error in the dominant mode frequency, the
modeling error could be as large as the contribution
of the mode itself. In addition, active control methods
based on finite-dimensional techniques invariably lead
to errors in both modal frequencies and mode shapes
[5]. Not only does this introduce uncertainties in the
modal frequencies and the modal shapes but also
since different modes may be excited during different
operating conditions, the total number of dominant
modes in any given problem may also be unknown.
For all of these reasons, an adaptive controller, which
can function adequately in the presence of parametric
uncertainties and deliver the required performance, is
of considerable interest and importance for the control
of flexible space structures.
The field of adaptive control has evolved over

the past thirty years and grew out of attempts to
control systems that are partially known. A significant
part of this field has addressed dynamic systems
that have parametric uncertainties. The adaptive
control of linear time-invariant plants with unknown
transfer functions has been studied at length and is
currently well understood [6]. A key requirement
for its implementation is that the order of the plant
must be known. In addition, the stabilizing controller
is correspondingly complex with an order twice as
large as that of the plant. Requiring that the order of
the system be known is quite a restrictive condition,
especially in the context of flexible structures. Even if
this number is known, it tends to be quite large, and
as a result, it is not feasible to implement the requisite
controller.
Linear time-invariant plants have been shown to

be adaptively controllable if the order, the relative
degree, and the sign of the high frequency gain of
the underlying plant transfer function are known,
and if the plant zeros are in C¡. The relaxation of
these assumptions has been attempted by several
researchers (for example, [7, 8], where the focus was
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in determining if the above assumptions were indeed
necessary for adaptive stabilization. Of particular
relevance is the work of Morse in [7] which addresses
adaptive stabilization of plants with unknown order.
However, it does not deal with robustness behavior
in the presence of disturbances or control objectives
such as vibration suppression or tracking, which are
the desired goals in the context of flexible structures;
neither the issues of complexity of the requisite
controller nor the resulting performance in specific
examples are addressed.
Adaptive control of flexible structures has been

considered elsewhere in [9—11]. The approach that has
been used in these papers is based on what is termed
as the Command Generator Tracking (CGT) method
[12, 13]. For adaptive control based on the CGT
method to result in global stability, several assumptions
have to be satisfied [14]. Of these, the most restrictive
one is that the outputs used for feedback must include
rate measurements. In almost all test beds used for
emulating the performance of large and complex
flexible space structures, such as the ASCIE [15], the
Large Spacecraft Control Laboratory (LSCL) [16], and
a solar optical telescope model developed by CSDL
[17], position information is readily available. If the
underlying algorithm must use rate measurements
thereby leading to differentiation of position data,
it obviously leads to spikes in the presence of noise.
Also, if rigid body modes are present, pure velocity
feedback leads to unstable pole-zero cancellations. In
[10], this difficulty was avoided by adding an inner loop
control gain matrix to alter the modal characteristics
of the plant and to convert the rigid body modes into
finite frequency modes. However, since there can be
destabilizing interactions between rigid body modes
and the flexible modes of a structural system, this
matrix cannot be implemented without having accurate
knowledge of the plant.
In this work, we consider a class of flexible

structures whose mode shapes, modal frequencies,
and number of dominant modes are unknown. We
present a new adaptive controller which is simple
and of low order and requires no knowledge of the
order of the underlying dynamic model. Using this
controller, we establish that stable adaptive control
can be realized using only position measurements in
flexible structures. Whether on ground, or in space, it
enables a strain-based sensing approach and allows the
use of piezo-electric materials as active members for
control actuation and displacement sensing [18, 19].
Using this controller, vibration suppression and shape
controller are shown to result. We show that these
objectives are realizable even when rigid body modes
are present which makes the approach especially
suitable for flexible structures in space. Adaptive
control strategies are also presented for the case
when only rate measurements, or both velocity and
position measurements are available. We establish that

satisfactory performance can be achieved not only with
colocated actuator-sensor pairs, but also with a class of
noncolocated actuator-sensor pairs that are sufficiently
close.
The paper is organized as follows. In Section II,

we discuss the underlying dynamics of a flexible space
structure. We consider a linear finite-dimensional
model, whose parameters correspond to the modal
frequencies and the mode shapes. We then derive
the input-output representations of the flexible
structure, and discuss the relation between the dynamic
models and the locations as well as types of actuators
and sensors. In Section III, we show that vibration
suppression and shape control can be established
using the new controller when position measurements,
rate measurements, or a combination of both, are
available. Finally, in Section IV, the performance
of these controllers is evaluated in two applications,
an experimental control facility at Jet Propulsion
Laboratory (JPL) [16], which has 30 modes whose
frequencies lie between 0.1 and 5 Hz, and a flexible
space station with 2 rigid body modes and 4 flexible
modes [10], using simulation studies.

II. DYNAMIC MODEL

For a flexible space structure with small
displacements, the linear dynamic equations describing
the system are given by [3]

r̈+diag(2³i!i)_r+diag(!
2
i )r = Bau+Bdº

y =

264 Hp 0

®Hc Hc

0 Hv

375·r
_r

¸ (1)

where r is the vector of n modal coordinates, and
!i and ³i are the natural frequency and damping
ratio of the ith mode, respectively. u 2 Rna is a
vector of actuator inputs, º 2 Rnd is a vector of
external disturbances, and y 2 Rnp+nc+nv is a vector
of position, velocity plus scaled position, and velocity
sensor outputs. The input matrices are given by
Ba = [b1, : : : ,bn]

T, Bd = [d1, : : : ,dn]
T, where bi 2 Rna ,

di 2 Rnd , i= 1, : : : ,n, are the mode shapes evaluated at
the na actuator locations, and nd disturbance locations,
respectively. The output matrices are defined as
Hp = [hp1, : : : ,hpn], Hc = [hc1, : : : ,hcn], Hv =

£
hv1, : : : ,hvn

¤
where hpi 2 Rnp , hci 2 Rnc , hvi 2Rnv , i= 1, : : : ,n, are
the mode shapes at the np position sensor locations,
nc position + velocity sensor locations with ® > 0 as
the scaling factor, and nv velocity sensor locations,
respectively. It is assumed that the system parameters
in (1) as well as the number of modes n are unknown,
and that an arbitrarily small but non-zero amount of
modal damping ³i is present.
Depending on the number, the locations, and

the types of actuators and sensors used, numerous
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input-output representations of the system in (1) can
be derived. For instance, if the actuators and sensors
are colocated,1 it follows that

hxi = bi 8 i= 1, : : : ,n (2)

where the subscript x= p, c, or v, depends on whether
position, scaled position + velocity, or velocity
measurements are used. On the other hand, if the
actuators and sensors are noncolocated but sufficiently
close, the mode shapes at these different locations are
similar. In such a case, the relation

hxi = (k+ ²i)bi where

k+ ²i > 0 8 i= 1, : : : ,n
(3)

may be satisfied. In such a case, i.e., if the locations
are such that (3) is satisfied, we define the actuators
and sensors to be proximally located. The results
developed here are applicable for both colocated
and proximally located actuator-sensor pairs. We now
derive the underlying input-output representations and
their properties.
A single-input single-output (SISO) model:

Assuming that there is a single actuator-sensor
pair fu,yg, and a scalar disturbance º at the
actuator location, and nc modes are controllable and
observable, the input-output representation of the
model in (1) is given by

y(t) =Wp(s)u(t) +Wd(s)º(t): (4)

Throughout this work, the variable s is used to denote
the differentiation operator d=dt. Lemma 1 is useful in
determining the properties of Wp(s) and Wd(s).

LEMMA 1 Let

W(s) =
nX
i=1

Ki
s2 +2³i!is+!

2
i

¢
=

nX
i=1

Wi(s) =K
p(s)
q(s)

where Ki, ³i, and !i are positive for i= 1, : : : ,n. Then the
zeros and poles of W(s) are in C¡, the open left half of
the complex plane.

PROOF Let ® <mini(2³i!i), i= 1, : : : ,n. Then the
transfer functions (s+®)Wi(s) are strictly positive real
for all i= 1, : : : ,n. As a result,

W(s) =
nX
i=1

(s+®)Wi(s) is SPR:

Hence, the zeros and poles of (s+®)W(s) are in C¡,
which in turn implies that p(s) and q(s) are Hurwitz
polynomials.

1As in [20], by colocated sensors and actuators, we mean that sensors
and actuators are placed not only at the same physical positions but
also along or about the same axis.

Case 1. Position Measurements: When y
corresponds to a position measurement, the transfer
function Wp(s) is given by

Wp(s) =
ncX
k=1

hpkbk

s2 +2³k!ks+!
2
k

: (5)

We note that Wp(s) is of order nc · n, and has relative
degree (number of poles–number of zeros) two. From
Lemma 1, it follows that the zeros of W(s) are in
C¡. For both colocated as well as proximally located
actuator-sensor pairs, from (2) and (3), it follows that
the numerator gain hpkbk > 0 for all k = 1, : : : ,nc.
Hence, it follows that in both cases, all zeros of Wp(s)
are in C¡.
Case 2. Scaled Position+VelocityMeasurements:

When y corresponds to a scaled position+velocity
measurement, with a scale factor ® > 0, the transfer
function Wp(s) is given by

Wp(s) =
ncX
k=1

hckbk(s+®)
s2 +2³k!ks+!

2
k

:

Once again, Wp(s) is of order nc, but has a relative
degree unity. As in Case 1, if the input-output pair
is colocated or proximally located, we have that the
numerator gain hckbk > 0. Since ® > 0, the zeros of
Wp(s) are in C

¡.
Case 3. Velocity Measurements: When y

corresponds to a velocity measurement, the transfer
function Wp(s) becomes

Wp(s) =
ncX
k=1

hvkbks

s2 +2³k!ks+!
2
k

:

As in the previous case, Wp(s) is of order nc, and
has relative degree unity. Even though hvkbk > 0
for colocated and proximally located pairs, this only
implies that all but one of the zeros of Wp(s) are in C

¡,
with one zero at s= 0.
In all the three cases, the transfer function Wd(s)

between the disturbance and the output is given by

Wd(s) =
ncX
k=1

hxkbkp(s)
s2 +2³k!ks+!

2
k

where the subscript x= p, c, or v, and p(s) = 1,
(s+®), or s depends on whether position, scaled
position+velocity, or velocity measurements are used.
Therefore, the order and the relative degree of Wd(s)
are equal to those of Wp(s).
When rigid body modes are present in the flexible

structure, we can express the transfer function
Wp(s) =Wr(s)+Wf(s) where Wr and Wf represent the
contributions due to rigid body modes and flexible
modes, respectively, at the ith output. If a position
sensor is used, then Wr(s) = (Kr=s

2), and

Wf(s) =
ncX
k=1

hpkbk

s2 +2³k!ks+!
2
k

¢
=Kf

Nf(s)

Df(s)
:
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Hence

Wp(s) =Kr
Df(s)+ (Kf=Kr)s

2Nf(s)

s2Df(s)
:

From case 1, it follows that Kf > 0, and Df(s) and
Nf(s) are polynomials with roots in C

¡, of degrees 2n
and 2n¡ 2, respectively. This implies that an arbitrarily
small constant k > 0 exists such that

the zeros of Wp(s) has roots in C
¡ 8 Kf

Kr
< k:

(6)

Thus, when a position-controlled dynamic system
with rigid body modes satisfies (6), the underlying
transfer function has relative degree two, with zeros
in C¡. A similar property can also be derived when
scaled position+velocitysensors are used for a system
containing rigid body modes. However, the use of
velocity sensors in the presence of rigid body modes
leads to undesirable pole-zero cancellations and,
hence, is avoided. For a given flexible structure, the
smallness of (Kf=Kr) depends on the sum total of the
contributions from all flexible modes relative to that
of the rigid body mode at the ith location. If this is
small, which is the case for most flexible structures, the
above discussion indicates that the underlying transfer
function is minimum phase. For the class of flexible
structures considered in this work, we assume that if
rigid body modes are present, they satisfy (6).

REMARK 1 In all the above cases, except when the
output corresponds to a pure velocity measurement,
Wp(s) is a minimum phase transfer function. This
property follows since 1) each mode is assumed to
have non-zero damping, 2) the numerator gain of the
ith mode hxibi is positive, and 3) the contributions
from any existing rigid body modes are relatively
large. All flexible structures have a certain amount
of passive damping which justifies 1). Colocated
actuator-sensor pairs automatically satisfy 2), whereas
noncolocated actuator-sensor pairs satisfy 3) provided
that the pair is proximally located. This is quantified
in (3). Theoretically, as the number of modeled
modes for any system represented by two nonidentical
actuator-sensor locations becomes sufficiently large,
Wp(s) can become nonminimum phase [21]. However,
for a given number of modes, nc, a finite non-zero
number of noncolocated actuator-sensor locations can
be found for which the input-output transfer functions
retain the minimum phase property.

A decoupled model: An obvious extension to
the SISO model in (4) is a decoupled model with m
actuator-sensor pairs fui,yig, i= 1, : : : ,m, which include
np position sensors, nc scaled position+velocity
sensors, and nv velocity sensors, with m= np+ nc+np.
This can be expressed as

y(t) =Wp(s)u(t) +Wd(s)º(t) (7)

where y(t) = [y1, : : : ,ym]
T, u(t) = [u1, : : : ,um]

T, and
º(t) = [º1, : : : ,ºm]

T is a disturbance vector, and the
locations of the actuators, sensors, and disturbances
are such that

Wp(s) = diag(Wpi(s)),

Wd(s) = diag(Wdi(s)):
(8)

The transfer function Wpi(s) of the ith subsystem
between ui and yi therefore satisfies all the properties
discussed in the SISO case depending on the type
of sensor at the ith location, for all i= 1, : : : ,m. The
same holds for Wdi(s) as well. Such a decoupled
system can be achieved by choosing the m locations
in such a way that the ni modes present in each Wpi(s)
are controllable and observable only through the
corresponding input-output pair fui,yig, i.e., the mode
shapes at the m locations are orthogonal to each other.
In summary, the class of flexible structures that is

considered in this work is of the form of (7), where
Wp(s) and Wd(s) satisfy (8) and the following properties
hold.

P1) The order ni · n.
P2) The relative degree of Wpi(s) is equal to

one for colocated as well as proximally located
actuator-sensor pairs with either a pure velocity
measurement, or a velocity+ scaled position
measurement.
P3) The relative degree of Wpi(s) is equal to

two for both colocated and proximally located pairs
when the output measurement corresponds to a pure
position measurement.
P4) In cases 1 and 2, all zeros are in C¡; in case 3,

one zero is at s= 0 and the remaining are in C¡.
P5) If a rigid body mode is present, it is assumed

that its contribution is large relative to those of the
flexible modes, i.e., (6) is satisfied.
P6) If a disturbance is present, the relative degree

of (Wdi(s))¸ relative degree of (Wpi(s)).
Statement of the problem: With the model

of the flexible structure given by (7) and (8), the
problem is to design a control input u such that when
a disturbance º is present, or if there is an initial
deflection on the structure, the displacements at
various points on the structure settle down to zero as
quickly as possible, i.e., limt!1 y(t) = 0.
We also consider the problem of static shape

control where it is required that the position response
at different points on the structure are displaced by
a finite amount [22]. As discussed in Section IV, this
problem can be posed so that the output y follows a
desired trajectory ym, where the latter is specified as
the solution of a homogeneous differential equation

_xm = Amxm ym =H
T
mxm

where Am is any stable matrix in R
nm£nm . For simplicity,

we assume that Am has a block diagonal structure so
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that

_xmi = Amixmi ymi = h
T
mi
xmi

xm = [xm1 , : : : ,xmnm ]
T, ym = [ym1, : : : ,ymm]

T
(9)

where Ami are stable matrices in R
nmi£nmi , i= 1, : : : ,m.

If the output error is defined as e1, where e1 = y¡ ym,
our aim is to choose the control input u so that
limt!1 e1(t) = 0.

III. ADAPTIVE CONTROL STRATEGIES FOR A
FLEXIBLE STRUCTURE

In Section II, the dynamic models that describe
the behavior of a flexible structure were discussed
at length. It was seen that these structures have high
order, low damping, unknown modal frequencies
and/or modal shapes, and even an indeterminate
number of dominant modes. The control of these
structures has to therefore be carried out in the
presence of such uncertainties. We develop a new
adaptive controller and show that it leads to vibration
suppression and shape control. In each case, we show
that satisfactory control is achievable whether 1) only
position measurements are available, 2) a combination
of position and velocity measurements are available,
or 3) only velocity measurements are available. Also,
we show that these objectives are attainable using
colocated as well as proximally located actuator-sensor
pairs.

A. Vibration Suppression

In Section II, it was shown that the input-output
representation can be expressed as

y =Wp(s)u+Wd(s)º (7)

where y,u,º : R+!Rm, and that the locations of the
m actuator-sensor pairs can be chosen in such a way
that the transfer matrices Wp(s) and Wd(s) are diagonal.
It was also seen in Section II that each diagonal entry
Wpi(s) satisfies properties P1—P5 for i= 1, : : : ,m. The
control objective is to choose an input u in (7) so that
the displacements in various locations on the structure
settle down to zero as quickly as possible, even when
Wp(s) and Wd(s) are unknown. In Theorem 1, we
describe the adaptive controller which ensures global
stability as well as vibration suppression in all the
modes that can be controlled through the m actuators
in (7). For ease of exposition, we choose m= 1. The
exact nature of the controller structure for multiple
actuator-sensor pairs is elaborated in the next section.

THEOREM 1 Let a flexible structure be described by
(7) which satisfies properties P1—P5. 1) If y corresponds
to position measurements, the controller is of the

form

_!(t) =¡zc!(t) + u(t) zc > 0

u(t) = μ0(t)y(t) +p(t)!(t)¡ y(t)(y2(t)+!2(t))
_μ0(t) =¡°y(t)y(t) ° > 0

_p(t) =¡°py(t)!(t) °p > 0

y(t) = (Wa(s))y(t) !(t) = (Wa(s))!(t)

Wa(s) =
1

s+ a
a > 0:

(10)

2) If y corresponds to either velocity, or velocity+ scaled
position measurements, the controller is chosen as

u(t) = μ0(t)y(t)

_μ0(t) =¡°y2(t) ° > 0:
(11)

In both cases, global boundedness of all signals follows
and limt!1 y(t) = 0.

PROOF Case 1 Position Measurements: The
input-output relation for each component in (7) can
be expressed as

y =Wp(s)u+Wd(s)º: (12)

Properties P1—P5 imply that each diagonal entry
Wp(s) has relative degree two, minimum phase, with
a positive high frequency gain. We show below that the
controller in (10) leads to global boundedness in two
steps.
Step 1 Let the disturbance º ´ 0. We establish the

existence of a stabilizing control input u of the form

u(t) = (zc¡pc)!1(t)+ μ0cy(t)+ r(t)

_!1(t) =¡zc!1(t)+ u(t) zc > 0
(13)

where zc, pc, and μ0c are constants. Equation (13) can
also be written as

u=
μ
s+ zc
s+pc

¶
[μ0cy+ r]:

The plant output y then becomes y(t) =Wm(s)r(t)
where

Wm(s) =
kZ(s)(s+ zc)

R(s)(s+pc) + kμ0c(s+ zc)Z(s)
:

Let p¤c be defined as

p¤c = zc+
nX
k=1

(pk)¡
n¡2X
j=1

(zj) + ± (14)

where ± is any arbitrary positive constant, and pk
and zj are the real parts of the kth pole and the jth
zero of Wp(s), respectively. The poles of Wm(s) for
different values of μ0c can be determined by studying
the root-locus of

Wmo(s) = μ0c
k(s+ zc)Z(s)
(s+pc)R(s)

: (15)
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Since Wmo(s) has relative degree two, there are two
asymptotes with a centroid ¾A given by

¾A =
¡pc+

P
k(pk)¡

P
j(zj) + zc

2
:

From (14), it follows that ¾A > 0 8pc ¸ p¤c. Therefore,
a scalar μ¤0 exists such that 8μ0c ¸ μ¤0 and 8pc ¸ p¤c,
(n¡ 1) poles of Wm(s) become arbitrarily close to its
(n¡ 1) zeros, while the remaining 2 poles approach
the asymptotes and hence have a real part »¡(±=2).
Hence, when r(t)´ 0, the control input in (13)
stabilizes the plant in (7).
Step 2 With a disturbance º present, we choose

the control input as in (13) but with time-varying
parameters as

u(t) = μ0(t)y(t)+p(t)!1(t)

_!1 =¡zc!1(t)+ u(t), zc > 0:
(16)

Defining μ(t) = [μ0(t),p(t)]
T, Á(t) = [μ0(t)¡ μ¤0,

p(t)¡p¤]T, and !(t) = [y(t),!1(t)]T the closed-loop
system can be expressed as

y(t) =Wm(s)[Á
T(t)!(t)+ º(t)]:

Since Wm(s) is of relative degree two, it cannot be
shown to be strictly positive real. In order to generate
a stable adaptive law, an additional signal _μT! has to
be added to the control input as [6, Sect. 5.4.3]

u(t) = μT!(t) + _μT!(t) (17)

where ! = [1=(s+ a)]!. Equation (17) can be
simplified further as

u= μT(_!+ a!)+ _μT! = [s+ a](μT!) (18)

since s= d=dt, the differential operator. Equation (18)
has the following two important implications.

1) When μ(t)´ μ¤
¢
=[μ¤0,p

¤]T,

u(t) = [s+ a](μ¤T)
·
1

s+ a

¸
!(t) = μ¤T!(t)

which implies that the results of step 1 are unaffected.
2) With u as in (17), the plant output is given by

y =Wp(s)[μ
T!+ _μT!+ º]:

Since y decays exponentially to zero when μ = μ¤, we
obtain that

y =W(s)[ÁT!+ _ÁT!+ º]

neglecting exponentially decaying initial conditions.
Using (18), we obtain that

y =Wm(s)(Á
T!+ º) (19)

where º(t) = [1=(s+ a)]º(t) and Wm(s) =
Wm(s)(s+ a). Since º 2 L2, º 2 L2. By the choice of

a and Wm(s), Wm(s) is SPR. From the results of
Lemma 2, it follows that if the parameter error Á is
adjusted as

_Á=¡¡y! ¡ = ¡T > 0

and we have the result that

y(t) and Á(t) are bounded 8 t¸ t0, and y 2 L2:
Since the state variables corresponding to Wm(s)
are bounded and since the signal in the reference
model corresponding to !1 is bounded, it follows that
!1 2 L1. Therefore,

lim
t!1y(t) = 0 if º 2 L2 \L1

which proves Case 1.
Case 2 Velocity+ Scaled Position Measurements:

In this case, since the output is proportional not only
to position but also velocity, it follows that Wp(s) has
relative degree unity, while all the other assumptions
remain the same as in case 1. Hence, a control input
of the form

u(t) = μ0cy(t)

results in a closed-loop transfer function Wm(s) which is
asymptotically stable, minimum-phase, and has relative
degree unity. Using root-locus arguments as above, it
can be easily shown that Wm(s) is strictly positive real
8μ0c ¸ μ¤0. Proceeding in a manner similar to case 1, if
the control input is of the form of

u(t) = μ0(t)y(t)

the closed-loop system can once again shown to be of
the form of (19). The controller in (11) together with
the results of Lemma 2 lead to the proof of case 2.
Case 3 Velocity Measurements: In contrast to both

the above cases, when only velocity measurements are
available, as mentioned in Section II, Wp(s) has one
zero at s= 0 while the remaining ones are in C¡. As a
result, if the controller in (11) is used, the underlying
transfer function Wm(s) can no longer be shown to be
minimum phase. We therefore use a different approach
to establish regulation.
The state-variable description can be expressed in

the form [21]

_x= Ax+ bu+ dº

y = hTx

where A= diag(Aj), h= [h
T
1 , : : : ,h

T
n ]
T, b = [bT1 , : : : ,b

T
n ]
T,

Aj =
·
0 1

¡!2j ¡2³j!j

¸
,

bj =
·
0

bj

¸
,

hj =
·
0

hj

¸
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and bj and hj are the system parameters
corresponding to the jth mode. Expressing the control
parameter μ0(t) = μ¤0 +Á0(t), the closed-loop system
equations corresponding to the control input in (11)
are given by

_x= Ax+ b(ÁT!+ º)

y = hTx
(20)

where A= diag(Aj), and

Aj =
·
0 1

¡!2j ¡2³j!j + μ¤0bjhj

¸
:

Let k = 2μ¤0, and M0 = qq
T, where q= [qT1 , : : : ,q

T
n ]
T, and

qj = [0,2
q
³j!j(c+ ²j)]

T. Then a matrix P of the form

P = diag(Pj) where

Pj =
·
!2j (c+ ²j) 0

0 (c+ ²j)

¸
is the solution of

A
T
P+PA =¡khhT¡M0

Pb = h:

Stability can be shown along very similar lines to that
of Lemma 2 by considering a scalar positive-definite
function V(x,Á) and showing that it is bounded, where
x corresponds to the state variables of the closed-loop
system.

The adaptive controller suggested in this
work is applicable to the control of a class of
flexible structures described by (7) which is a
decoupled, linear, finite-dimensional multiple-input
multiple-output (MIMO) model, with rigid body modes
as well as flexible modes. As is seen in Theorem 1, the
controller requires at most two adjustable parameters
for vibration suppression, irrespective of the number of
rigid body and flexible modes.
A special case: Often in many flexible structures,

the damping characteristics are such that the poles and
zeros of Wp(s) satisfy the relationX

k

(pk)¡
X
j

(zj)< 0 (21)

where pk and zj are the real parts of the ith pole
and the jth zero. For instance, when there is uniform
modal damping, using simple extensions of the result
in [18], it can be shown that

pi < zj < pi+1 8 i,j = 1, : : : ,n¡ 1
which in turn implies (21). Similarly, when all modes
have a uniform settling time, it follows that the real
parts of the (2n¡ 2) zeros are identical to that of
2n¡ 2 poles which once again leads to the relation
in (21). In such cases, the parameter p(t) can be fixed

as p(t)´ pc = zc+ ±, ± > 0. This simplifies the control
input in (10) as

u(t) =Gc(s)[μ0(t)y(t)¡ y(t)y2(t)] (22)

where Gc(s) = [(s+ zc)=(s+pc)]. Without loss of
generality, the compensator Gc(s) can be modified as

Gc(s) = kc

μ
s+ zc
s+pc

¶
kc > 0:

In the examples discussed in Section IV, it is seen that
such a control input leads to good performance with
reasonable values of μ0.
The controller in Theorem 1 can be modified to

include a proportional adjustment. For instance, in
case 2, the control input can be modified as

u(t) = μ0(t)y(t)

μ0(t) = μ0p(t)+ μ0(t)

μ0p(t) =¡y2(t)
with μ0 adjusted as in (11). A similar adjustment can
be made for position measurements and velocity
measurements as well. The proof of stability can be
established in all cases along very similar lines to that
in Theorem 1.
The global stability in Theorem 1 follows provided

the disturbance º 2 L2. If on the other hand, º 2 L1,
this result no longer holds. To ensure boundedness in
such a case, modifications to the adaptive law have to
be introduced [22, 23]. For instance, the adaptive laws
in (11) in Theorem 1 have to be modified as

_μ0(t) =¡¾μ0(t)¡ y2(t), ¾ > 0

which can be shown to result in boundedness of all
solutions. A similar modification to the adaptive
laws in (10) will assure boundedness when n¤ = 2
as well.
The main contribution of this work is that vibration

suppression (and shape control, as shown in the
next section) is possible in flexible structures using
only position measurements. This is achieved by
making explicit use of the fact that, in this case, the
relative degree of the plant transfer function is two
and the fact that colocated and proximally located
actuator-sensor pairs yield zeros in C¡. In the adaptive
control literature, when n¤ = 2, a stabilizing controller
has been derived for SISO linear time-invariant plants
[24]. However, the requisite controller requires the
order of the plant to be known explicitly, unlike the
one presented here. As mentioned in the introduction,
relative degree information has been used in the
past for stabilizing plants [7, 25]. But the robustness
properties of such controllers and their performance
in the context of a practical application have not
been established heretofore. In contrast to these, we
present a low-order controller, consider regulation
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and model-following in the context of flexible
structures, and establish its robustness with respect
to disturbances in L2 and L1. In the next section, we
discuss two illustrative examples of space structures,
their properties, the applicability of the proposed
controller to their control, and the resulting simulation
studies on their dynamic model. It should also be
mentioned that in [26], this controller is also shown
to be robust with respect to unmodeled dynamics that
are sufficiently small.
The algorithm developed in Theorem 1 obviously

is applicable to only decoupled models of flexible
structures. When multiple actutator-sensor pairs are
used, such an assumption requires that the mode
shapes occurring at the actuator and sensor locations
be orthogonal. Usually, this can be ascertained from
the symmetries present in the structure. Also, in
general, translational and rotational motion are
often decoupled in structures [16, 27], resulting in
orthogonal mode shapes. For instance, in the first
example discussed in Section IV, it is shown that two
separate locations can be determined on the structures
for placing two colocated actuator-sensor pairs based
on the geometry of the structure, leading to a 2£ 2
decoupled dynamic model. It is obvious that extensions
to strongly coupled MIMO plants as well as to plants
with arbitrary zeros need to be established to increase
the scope the application of our algorithms. Our
preliminary investigations indicate that the controller
suggested here results in boundedness even for these
extensions [28]. In fact, the examples discussed in
Section IV illustrate that superior performance
can be obtained using this controller not only for
decoupled plants but also for strongly coupled MIMO
plants.

B. Shape Control

We now consider the problem of shape control
where it is required that the displacements at various
points on the structure have to achieve certain
steady-state values so as to obtain a static shape.
The desired values for the various points can then
be represented as ym, the output of a homogeneous
differential equation, as in (9). The problem is then
posed as the choice of u in (7) so that yp follows ym
asymptotically. With only a slight modification of the
proof in Theorem 1, we show that an additional term
μTmxm in the control input leads to trajectory following,
where xm is as defined in (9), and μm is a time-varying
parameter that is adaptively adjusted. For ease of
exposition, we assume that (21) is satisfied by the
flexible structure.

THEOREM 2 Let the dynamic model in (7) denote the
input-output relation of a flexible structure, and (9)
specify the desired response ym. We define e= y¡ ym,
μ = [μ0,μ

T
m]
T, and ! = [y(t),xTm(t)]

T. 1) If the output

Fig. 1(a). New adaptive controller (n¤ = 1).

Fig. 1(b). New adaptive controller (n¤ = 2).

corresponds to a position measurement, the control
input u are chosen as [Fig. 1(b)]

u(t) =Gc(s)[μ
T(t)!(t)¡ e(t)!T(t)!(t)]

_μ(t) =¡¡e(t)!(t) ¡ > 0

!(t) = (Wa(s))!(t)

Gc(s) = diag
μ
s+ zc
s+pc

¶
,

Wa = diag
μ

1
s+ a

¶
0< zc < pc 0< a < 2(pc¡ zc):

(23)

2) If y corresponds to a velocity+ scaled position or
a pure velocity measurement, the input is of the form
[Fig. 1(a)]

u(t) = μT(t)!(t)

_μ(t) =¡¡e(t)y(t) ¡ > 0

_μm(t) =¡¡me(t)xm(t) ¡m > 0:

(24)

In both cases, global boundedness of all signals follows,
and limt!1 e(t) = 0.
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Fig. 2. Plan view of LSCL structure with actuators and sensors.

PROOF The results of Theorem 1 imply that when
ym(t)´ 0, then boundedness follows and limt!1 e(t) =
0. The latter therefore has to be established when ym(t)
satisfies (9). This is accomplished by the introduction
of an additional term μTm(t)xm(t) in u and appropriate
adjustment of μm(t). We show the proof below for
case 2.
A constant μ¤m exists such that if

u= μ¤0y+ μ¤Tm xm (25)

then e(t) approaches zero asymptotically. This follows
since the matrix corresponding to the closed-loop
system is given by

S =

"
Ap+bpμ

¤
0h
T
p bp

hTp 0

#

where Wp(s) = h
T
p(sI¡Ap)¡1bp, S is invertible, with

transmission zeros in C¡, from the results of [12, 13].
Replacing the constant parameters μ¤0 and μ¤m in

(25) by μ0(t) and μm(t) and proceeding as in the proof
of Theorem 1, it can be shown that the underlying
error equation is of the form

e=Wm(s)[Á
T!+ º]

where Wm(s) is the transfer function corresponding to
S and is SPR. Therefore the adaptive laws in (24) and
Lemma 2 lead to the proof of Theorem 2.

IV. ILLUSTRATIVE APPLICATIONS

The discussions in Sections II and III indicated
that provided the flexible structure can be modeled
using (7) and (8), the adaptive controllers delineated
in Sections IIIA and IIIB ensure that vibration
suppression and shape control are possible,
respectively. In this section, we present two flexible
structures and their performance using the adaptive
controllers in Section IIIA. The first is an experimental
facility called the Large Spacecraft Control Laboratory
(LSCL) developed jointly by JPL and AFAL, which
replicates the main properties of a flexible space
structure that are most relevant when implementing
active control methods. The second is a flexible
space station with a two-panel configuration. In
both cases, we discuss the dynamic model, choose
the actuator-sensor locations, their number, and the
type of sensors. We incorporate the new controller
proposed in this work, and present the resulting system
performance through simulation studies. In each case,
we discuss whether the assumptions under which the
proposed controller is stable are indeed satisfied by the
structures.
1) The LSCL [16]: The structure is a large, 20

ft diam, 12 rib circular antenna-like flexible structure
with a gimballed central hub and a long flexible
feed-boom assembly (see Fig. 2 for a plan view of the
structure with sensor and actuator locations). The ribs
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Fig. 3. Adaptive control for LSCL structure with two colocated actuator-sensor pairs using position feedback (refer to Fig. 2 for
actuator-sensor locations).

are very flexible in the vertical, out-of-plane direction,
and are coupled to one another by tensioned wires
which dynamically simulate the coupling effect of a
mesh on a real antenna. The input-output data was
generated using a 10 degree-of-freedom finite-element
model with 30 flexible modes and no rigid body modes
and a uniform modal damping of 0.001. A total of 6
actuators can be placed at the locations H1, H10 (hub
torquers), R1, R4, R7, and R10 (rib root torquers).
Thirty sensors can be placed throughout the structure,
including the 6 actuator locations and 24 locations
on the 12 ribs. An actuator disturbance is introduced
at the hub torquers. The control objectives are to
minimize the displacements at various locations on the
structure, while returning the structure to equilibrium
as quickly as possible.
We present three simulations of the structure

response using the controller in Section IIIA. For
all the three simulations, no knowledge of the modal
frequencies was used. In each case the number as
well as the location of actuators and sensors were
different. In the first case, this corresponded to 2
colocated actuator-sensor pairs. The locations H1
and R1 were chosen to place these two pairs since
the former measures the rotational motion of the
hub about the rib 1—7 axis while the latter measures
the linear displacement of the rib at R1 and hence
correspond to decoupled motions. Therefore the
dynamic model of the structure is in the form of (7)
and (8). Since our goal is vibration suppression, the
algorithm presented in Section IIIA is relevant. The
control input is realized according to (10) or (11)
depending on whether the sensor output corresponds
to position information or a linear combination of
position and velocity. No other information regarding
the actual mode shapes of the structure is needed to

implement the controller. In the second simulation,
we chose 4 actuator-sensor pairs at R1, R4, R7, and
R10. At these locations, we do not have decoupled
motions, and hence, (8) is no longer valid. However,
the responses obtained (Fig. 4) give credence to our
belief that the approach reported here can be extended
to general multivariable systems that occur in flexible
structures [28]. In the third simulation, we placed a
colocated sensor-actuator pair at H1 and proximally
located a second pair with a force-actuator at R1
and a position sensor at LI1. The resulting system is
decoupled for the same reasons as for simulation 1.
These three simulations are described in more detail
below.
Simulation 1: We colocated two actuator-sensor

pairs to generate the input-output measurements, one
at H1, and the other at R1, with the sensor outputs
corresponding to position measurements. Denoting
the input-output variables at these locations as fui,yig,
i= 1,2, a controller of the form

ui =
·
s+0:1
s+500

¸
fμ0iyi¡ yiy2i g

yi =
·

1
s+500

¸
yi

_μ0i =¡°0iyiyi

9>>>>>=>>>>>;
i= 1,2 (26)

was implemented. All initial conditions were set to
zero, and °01 = °02 = 10

6. The adaptive controller for
all cases is turned on after 5 s. The resulting position
responses as well as the actuator inputs at both H1 and
R1 are indicated in Fig 3(a)—(d). Position responses
at other locations (H10, R4, L01, L04) are included in
Fig. 3(e)—(h). The units for the hub sensor responses
(H1, H10), for the rib sensor responses (R1, R4, R7,
R10, LI1—LI12, and LO1—LO12), and the actuator
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Fig. 4. Adaptive control for LSCL structure with four colocated actuator-sensor pairs using position feedback (refer to Fig. 2 for
actuator-sensor locations).

inputs are in radians, meters, and Newton-meters,
respectively. It is seen that the settling time is within
20 s with minimal overshoot.
Simulation 2: Next, we selected four locations R1,

R4, R7, and R10, and we used a controller as in (26),
for i= 1, : : : ,4, where fui,yig correspond to force-input
and position-output measurements at these locations.
The responses using position sensors are presented
in Fig. 4(a)—(h) and are seen to be satisfactory. The
amplitudes of the actuator inputs and the steady-state
feedback gains μ1 and μ2 were in fact slightly lower
than those for case 1, since the burden of control was
spread over 4 actuators, decreasing the requirements
on any one actuator.
Simulation 3: We colocated one actuator-position

sensor pair at H1 and proximally located a second pair
with a force-actuator at R1 and a position-sensor at
LI1 with the resulting 2£ 2 system being decoupled
for the same reasons as described in experiment
1. With °1 = 10

6 and °2 = 10
12, a controller was

implemented as in (26). The resulting responses were
low in amplitude at H1 and LI1, but considerably
larger at all other sensor locations affected by actuator
R1. Similar observations were made when 4 proximally
located actuator-position sensor pairs, R1—LI1, R4—LI4,
R7—LI7, and R10—LI10, were used. This indicates
that the theory developed in this work is applicable
to noncolocated actuator-sensor pairs, but can stand
further improvement.
2) The Flexible Space Station [10]: Various

configurations have been developed by NASA for the
proposed space station. One of them has a two-panel
planar configuration, whose dynamic model consists of
2 rigid modes, and 4 flexible modes between 0.04 Hz
and 0.3947 Hz with a uniform modal damping of
0.005. The problem is to determine a control strategy

to contain the effect of initial condition deflections
on angles ¯1, ¯2, and ¯3, and position z2. The initial
conditions placed on the individual nodes of the
space station were the same as those used in [10].
In addition to being strongly coupled, the underlying
system also has rigid body modes. With the same
adaptive controller structure as in (26), for i= 1, : : : ,4,
the performance when position measurements were
utilized are indicated in Fig. 5(a)—(d) and are seen to
be satisfactory. As in the first application, here too it
is seen that even though at these four locations, the
modes are not decoupled, the controller as in (26)
still leads to satisfactory performance. The presence
of rigid body modes, which is a necessary feature
in all space structures, does not affect the system
performance.

V. CONCLUSIONS

In this paper, we considered a class of flexible
structures whose mode shapes, modal frequencies,
and number of dominant modes are unknown, and
has a decoupled dynamic model. We presented a
new adaptive controller which is simple and of low
order, required no knowledge of the order of the
underlying dynamic model or the modal frequencies,
and led to vibration suppression as well as shape
control using colocated and proximally located
actuator-sensor pairs, even in the presence of rigid
body modes. Two illustrative examples including
a ground-based laboratory structure and a space
station were presented to evaluate the adaptive
controller proposed, which indicated that by using
position measurements and colocation, the adaptive
controller can be successfully deployed to get adequate
performance. No knowledge of modal frequencies or
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Fig. 5. Adaptive control for a space station, a strongly coupled MIMO flexible structure with four colocated actuator-sensor pairs using
position feedback.

exact mode shapes was required to implement the
controller. The same results can also be derived using
either only velocity measurements, or velocity + scaled
position measurements.
Complexities of large projects such as the

Space Station Freedom demand that the attitude
control systems should be such that stability and
precise pointing performance is maintained for a
large excursion in system parameters. Since the
adaptive controller proposed here does not require
any knowledge of the parameter values, it can
accommodate typical uncertainties that may occur
in space structures such as changes in the system
parameters due to changes in moments of inertia or
moving mass, or due to variations in stiffness. This
makes the proposed controller especially attractive
in applications where stability and precise pointing
performance needs to be maintained in the presence
of large variations in the system parameters.
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APPENDIX A

LEMMA 2 Let Á(t), !(t) be vectors in Rn, and e1(t)
be a scalar variable, where e1 and ! can be measured
at every instant of time, while Á is unknown but can
be adjusted at every instant. If the underlying system is
given by

e1(t) =W(s)[Á
T(t)!(t) + º(t)] (27)

where º(t) is a scalar signal that arises due to
disturbances, and W(s) is a strictly positive real transfer

function. If the parameter Á is adjusted according to the
rule

_Á(t) =¡¡e1(t)!(t) ¡ = ¡T > 0: (28)

If the disturbance has a finite energy,

º 2 L2) e1(t) and Á(t) are bounded

8 t¸ t0, and e1 2 L2:
If, in addition, !(t) and º(t) are bounded, then

lim
t!1e(t) = 0, lim

t!1e1(t) = 0:

PROOF Since W(s) is strictly positive real, the
Kalman—Yakubovich Lemma assures that a matrix
P = PT > 0 exists such that

ATP+PA=¡Q, Pb = h

where W(s) = hT(sI¡A)¡1b and Q =QT > 0. Also,
(27) can be expressed as

_e= Ae+ b(ÁT!+ º) e1 = h
Te:

To establish boundedness, we choose a positive-definite
function V(e,Á) as

V = eTPe+ÁT¡¡1Á

which leads to a time-derivative _V to be

_V =¡eTQe+2e1º: (29)

When no disturbances are present, i.e., º(t)´ 0, then
_V · 0, and hence, it immediately follows that e1(t) and
Á(t) are bounded for all t¸ t0. We also obtain thatZ 1

t0

_V(¿ )d¿ <1) e 2 L2:
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If !(t) is bounded, then _e 2 L1. Barbalat’s Lemma [5]
ensures that

e, _e2 L1, and

e 2 L2) lim
t!1e(t) = 0,

lim
t!1e1(t) = 0:

When a disturbance º is present, we cannot
proceed as above, since _V is no longer sign-definite.
Boundedness can however still be established by
considering the behavior of V(t) over a time interval
[t0, t]. In what follows, ci, i= 1, : : : ,8, are finite positive
constants. Integrating (29) on both sides from t0 to t,
we obtain thatZ t

t0

_V(¿)d¿ =
Z t

t0

¡eTQed¿ +2
Z t

t0

e1º d¿ or

V(t)¡V(t0) ·¡c1
Z t

t0

kek2d¿

+2c2

·Z t

t0

kek2d¿
Z t

t0

jºj2d¿
¸1=2

(30)

using Cauchy—Schwartz inequality. The state error e
must satisfy either the condition that

a) e 2 L2 or b) e =2 L2:
If e 2 L2, then (30) can be simplified as

V(t)¡V(t0)· 2c3
·Z t

t0

jºj2d¿
¸1=2

· 2c3c4

since º 2 L2. Therefore,
V(t)· c5 8 t¸ t0

which implies that e(t) and Á(t) are bounded for all
t¸ t0.
Let e =2 L2. Since (30) can be expressed as

V(t)¡V(t0) ·¡c1
·Z t

t0

kek2d¿
¸1=2

£
(·Z t

t0

kek2d¿
¸1=2

¡ 2c2
c1

·Z t

t0

jºj2d¿
¸1=2)
(31)

when e =2 L2, for some t1 and 8t¸ t1,Z t

t0

kek2d¿ ¸ 4c24 ¸
Z 1

t0

jºj2d¿:

Hence, from (31), it follows that

V(t)¡V(t0)< 0 8 t¸ t1: (32)

Also, over [t0, t1], since
R t1
t0
kek2d¿ < 4c24,

V(t)· V(t0)+8c2c24 = c6 8 t 2 [t0, t1]: (33)

Equations (32) and (33) imply that V(t), and hence,
e(t) and Á(t) are bounded for all t¸ t0. We now show
that e 2 L2 by contradiction. Let e =2 L2. This implies
that Z t

t0

ke(¿ )k2d¿ !1 as t!1:

Equation (31) can therefore be simplified as

V(t) · V(t0)¡ c7
Z t

t0

ke(¿)k2d¿

·¡c8 < 0 for some finite t: (34)

This contradicts the choice of V(t) which is positive
for all t¸ t0. Therefore e 2 L2. Finally, when !(t)
and º(t) are also bounded, it follows that _e 2 L1.
Since e 2 L2 \L1 and _e 2 L1, we obtain as in the
disturbance-free case that

lim
t!1e(t) = 0:
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