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Nonlinear Robust Disturbance Rejection Controllers for Rotating
Stall and Surge in Axial Flow Compressors

Wassim M. Haddad, Alexander Leonessa, Vijaya-Sekhar Chellaboina, and Jerry L. Fausz

Abstract—In this paper we develop globally stabilizing robu-
st/disturbance rejection controllers for rotating stall and surge
in axial flow compressors with uncertain system dynamics
and exogenous disturbances. Specifically, using the nonlinear-
nonquadratic disturbance rejection optimal control framework
for systems with bounded energy (square-integrable)L2

disturbances developed in [15] and the nonlinear-nonquadratic
robust optimal control framework for systems with nonlinear
structured parametric uncertainty developed in [16], a family of
globally robustly stabilizing controllers for jet engine compression
systems is developed. The proposed controllers are compared
with the locally stabilizing bifurcation-based controllers of
[17]–[20] and the recursive backstepping controllers of [21].

Index Terms— Compression systems, disturbance rejection,
globally stabilizing control, parametric uncertainty, robust
control, rotating stall, surge.

I. INTRODUCTION

T HE desire for developing an integrated control system-
design methodology for advanced propulsion systems

has led to significant activity in modeling and control of
flow compression systems in recent years (see, for example,
[1]–[14] and the numerous references therein). However, un-
avoidable discrepancies between compression system models
and real-world compression systems can result in degra-
dation of control-system performance including instability.
In particular, jet engine compression systems with poorly
modeled dynamics and exogenous disturbances can severely
limit jet engine compression system performance by inducing
the compressor aerodynamic instabilities of rotating stall and
surge. Rotating stall is an inherently two-dimensional local
compression system oscillation which is characterized by
regions of flow that rotate at a fraction of the compressor
rotor speed while surge is a one-dimensional axisymmetric
global compression system oscillation which involves axial
flow oscillations and in some cases even axial flow reversal
which can damage engine components and cause flameout to
occur.

Rotating stall and surge arise due to perturbations in stable
system operating conditions involving steady, axisymmetric
flow and can severely limit compressor performance. The tran-
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Fig. 1. Schematic of compressor characteristic map for a typical compression
system (— stable equilbria, - - - unstable equilibria).

sition from stable compressor operating conditions to rotating
stall and surge is shown in Fig. 1 representing a schematic
of a compressor characteristic map where the abscissa cor-
responds to the circumferentially averaged mass flow through
the compressor and the ordinate corresponds to the normalized
total-to-static pressure rise in the compressor. For maximum
compressor performance, operating conditions require that the
pressure rise in the compressor correspond to the maximum
pressure operating point on the stable axisymmetric branch
for a given throttle opening. In practice, however, compression
system uncertainties and compression system disturbances can
perturb the operating point into an unstable region driving
the system to a stalled stable equilibrium, a stable limit cycle
(surge), or both. In the case of rotating stall, an attempt to
recover to a high pressure operating point by increasing the
flow through the throttle traps the system within a flow range
corresponding to two stable operating conditions involving
steady axisymmetric flow and rotating stall resulting in severe
hysteresis.

To avoid rotating stall and surge, traditionally system de-
signers allow for a safety margin (rotating stall or surge
margin) in compression system operation. However, to ac-
count for compression system uncertainties such as system
modeling errors, in-service changes due to aging, etc., and
compression system disturbances such as compressor speed
fluctuations, combustion noise, etc., operating at or below
the rotating stall/surge margin significantly reduces the effi-
ciency of the compression system. In contrast, active control
can enhance stable compression system operation to achieve
peak compressor performance. However, compression system
uncertainty and compression system disturbances are often
significant and the need for robust disturbance rejection control
is severe.
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Disturbances having the largest destabilizing effect in com-
pression systems include system transients, circumferential
distortion, planar turbulence, and combustion [14]. Transient
disturbances can be characterized by system initial condi-
tions. Circumferential distortion involves nonaxisymmetric
flow disturbances generated by boundary layer separation
caused by high angles of attack at the jet engine inlet.
Planar turbulence involves axisymmetric disturbances in the
flow field caused by wake ingestion. Finally, combustion
disturbances involve unsteady back-pressure perturbations to
the compressor from the combustor. Alternatively, uncertain-
ties having the largest destabilizing effect in compression
systems include system modeling errors, in-service changes
due to aging, manufacturing quality variations, and unmodeled
system dynamics. System modeling errors such as uncertainty
in the compressor performance pressure-flow characteristic
map, in-service changes due to aging, and manufacturing
quality variations can be captured as structured parametric
uncertainty. Parametric uncertainty refers to system errors that
are modeled as real (possibly nonlinear) parameter uncertainty.
Unmodeled system dynamics such as truncated system modes,
system time delays, and unmodeled actuator-sensor dynamics
can be captured as unstructured nonparametric uncertainty.
Nonparametric uncertainty refers to uncertain operators that
may be modeled as nonlinear arbitrarily time-varying opera-
tors.

In this paper we apply the optimality-based disturbance
rejection control framework developed in [15] and the
optimality-based robust nonlinear control framework devel-
oped in [16] to control rotating stall and surge in axial flow
compressors with system parametric uncertainty subjected to
transient disturbances and bounded energy (square-integrable)

disturbances. Specifically, disturbance rejection controllers
are constructed such that the time derivative of the control
Lyapunov function is negative along the closed-loop system
trajectories while providing sufficient conditions for the
existence of asymptotically stabilizing solutions to the
Hamilton–Jacobi–Isaacs equation and guaranteeing that the
closed-loop output system energy is less than the closed-
loop net weighted input system energy at any time.
Thus, our results provide a family of globally stabilizing
disturbance rejection controllers guaranteeing that the closed-
loop nonlinear input-output map from disturbances to
performance variables is nonexpansive (gain bounded).
Furthermore, robust nonlinear controllers are constructed
such that the robust control Lyapunov function provides
sufficient conditions for the existence of asymptotically
robustlystabilizing solutions to the Hamilton–Jacobi–Bellman
equation. Even though the frameworks for robustly stabilizing
nonlinear control and nonlinear disturbance rejection control
developed in [16] and [15], respectively, can be combined
to develop a unified robust disturbance rejection control
framework with parametric robustness and disturbance
rejection guarantees, for simplicity of exposition we consider
the robustness and disturbance rejection problems separately.

The globally stabilizing robust/disturbance rejection con-
trollers presented are predicated on the three-state nonlinear
Moore–Greitzer model [3] involving a one-mode expansion of

the disturbance velocity potential in the compression system
with a nonlinear (cubic) characteristic pressure-flow perfor-
mance map. This simple model, modified to include uncertain
exogenous disturbances and parametric system uncertainty,
captures the nonlinear features of rotating stall and surge [3].
Finally, we compare our globally stabilizing robust/disturbance
rejection controllers to the locally stabilizing bifurcation-based
controllers of Liaw and Abed [17], [18] and Badmuset al.
[19], [20] along with the recursive backstepping controller of
Krstić et al. [21].

II. DISTURBANCE REJECTION CONTROL

FOR ROTATING STALL AND SURGE

In this section we apply the optimal disturbance rejection
backstepping control framework developed in [15] to the
control of rotating stall and surge in jet engine compression
systems with input disturbances. To capture post-stall
transients in axial flow compression systems we use the
one-mode Galerkin approximation model for the nonlinear
partial differential equation characterizing the disturbance ve-
locity potential at the compressor inlet proposed by Moore
and Greitzer [3]. Specifically, invoking a momentum balance
across the compression system, conservation of mass in the
plenum, and using a Galerkin projection based on a one-
mode circumferential spatial harmonic approximation for the
nonaxisymmetric flow disturbances yields [3]

(1)

(2)

(3)

where is the circumferentially averaged axial mass flow in
the compressor, is the total-to-static pressure rise,is the
normalized stall cell amplitude of angular variation capturing
a measure of nonuniformity in the flow, is the mass flow
through the throttle, are positive constant parameters,
and is a given compressor pressure-flow map. The
compliance coefficient is a function of the compressor
rotor speed and plenum size. For large values ofa surge
limit cycle can occur while rotating stall can occur for any
value of . Now, assuming that the compressor pressure-flow
map is analytic, the integral terms in (1)–(3) can be
expressed in terms of an infinite Taylor expansion about the
circumferentially averaged flow to give

(4)

(5)
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Fig. 2. Squared stall cell amplitude versus time.

(6)

The specific compressor characteristic which was consid-
ered in [3] is

(7)

where is a constant parameter. In this case, (4)–(6)
become

(8)

(9)

(10)

to which we have added the external disturbance signals
, , and , , with scaling factors ,

, . The proposed additive disturbance model can
be used to capture combustion noise and compressor speed
fluctuations. Specifically, , might reflect back-
pressure disturbances to the compressor from the combustor
as well as turbine speed fluctuation disturbances.

Our objective is to stabilize the equilibrium ,
, , corresponding to maximum

pressure operation, by controlling the throttle mass flow
which is related to the throttle opening, , by

[3]. To translate the desired equilibrium to the
origin we apply the linear transformations and

. Furthermore, we define the control
variable to be

(11)

yielding the transformed nonlinear disturbed system

(12)

(13)

(14)

Note that (12)–(14) can be written as

(15)

(16)

where , and

To apply Theorem 4.1 of [15] we require a stabilizing
feedback for the subsystem (12), (13) and a corresponding
Lyapunov function such that and

. For the nonlinear subsys-
tem (12), (13) we define the Lyapunov function candidate

(17)

where , and the stabilizing feedback control

(18)

where and . Now, it is straightforward to
show that (17) and (18) satisfy

(19)

Finally, define the weighted performance variable
, where is a weighting constant.

Applying Theorem 4.1 of [15] to the system (12)–(14) yields
the family of control laws

(20)

where , and provide flex-
ibility in choosing the control law (20) and minimize a
nonlinear-nonquadratic performance functional. For details
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Fig. 3. Compressor flow and pressure rise versus time.

on constructing (20) see [15]. Next, consider the control
Lyapunov function candidate

(21)

Now must be chosen to satisfy
, which, after some algebraic manip-

ulation, implies must be chosen such that

(22)

A particular admissible choice for satisfying
(22) is given by

(23)

For this choice of the feedback control (20)
becomes

(24)

so that (22) satisfies

(25)

In this case, it follows from Theorem 4.1 of [15] that the
closed-loop system (15), (16) satisfies the disturbance rejection
constraint

(26)

As discussed in [15], in the special case where
, and , (24) specializes to

the controller given in [21]. Alternatively, by varying , and
in the control law (24) we can generate a family of feedback

controllers which guarantee global asymptotic stability along
with the disturbance rejection constraint (26).

III. ROBUST NONLINEAR CONTROL

FOR ROTATING STALL AND SURGE

In this section we apply the optimal robust backstepping
control framework developed in [16] to the control of rotating
stall and surge in jet engine compression systems with uncer-
tain system dynamics. Here, we consider the nominal nonlinear
system (4)–(6) and the nominal compressor characteristic map
given by

(27)

In order to account for system modeling uncertainty in our
nominal model, we introduce structured parametric uncertainty
to the system dynamics (4)–(6). Specifically, we add structured
uncertainty of the form and to (4) and
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Fig. 4. Control effort versus time.

(5). This, for example, can account for compressor pressure-
flow map uncertainty since in actual compressor data [19],
[22] the compressor characteristic map exhibits a noncubic
morphology that can drive the compression system to deep
hysteresis during rotating stall. Hence, in this case, to account
for compressor performance map uncertainties one can assume
that

(28)

where is an uncertain perturbation of a given struc-
ture of the nominal performance characteristic .
Substituting (27) and (28) in (4)–(6), we obtain

(29)

(30)

(31)

where

(32)

(33)

In general, and in (29) and (30) can be
used to capture parametric uncertainty in the nominal system
dynamics (8)–(10) with .

Our objective is to robustly stabilize the equilibrium
corresponding to

the maximum pressure point for the nominal system over a
prescribed uncertainty structure and ,
by controlling the throttle mass flow which, as noted in
the previous section, is related to the throttle opening, ,
by . Once again, we translate the desired
equilibrium to the origin using the transformations given in
Section II yielding the transformed nonlinear uncertain system

(34)

(35)

(36)

Note that (34)–(36) can be written as

(37)

(38)

where , and

Here, we assume that the uncertainty is characterized by

(39)

where and capture the
structure of the parametric uncertainty, and
represents the uncertainty in the system dynamics with

, where satisfies

(40)

and where is a given function such that
. To apply Theorem 4.1 of [16] we require a

robustly stabilizing feedback for the subsystem (34), (35)
and a corresponding Lyapunov function such that

and . For
the nonlinear subsystem (34), (35) we define the Lyapunov
function candidate

(41)
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Fig. 5. Squared stall cell amplitude versus time.

where , and the robustly stabilizing feedback control

(42)

where and is such that
. In this case, it is straightforward to show that (41)

and (42) satisfies

(43)

Applying Theorem 4.1 of [16] to the system (34)–(36) yields
the family of robustly stabilizing control laws

(44)

where , and provide flex-
ibility in choosing the control law (44) and minimize a
nonlinear-nonquadratic performance functional. For details on
constructing (44) see [16]. Next, consider the robust control
Lyapunov function candidate

(45)

Now must be chosen to satisfy
, which implies must

be chosen such that

(46)

A particular admissible choice for satisfying
(46) is given by

(47)

For this choice of the feedback control (44)
becomes

(48)

so that (46) satisfies

(49)

In this case, it follows from Theorem 4.1 of [16] the the closed-
loop system (37), (38) is robustly stable for all . As
discussed in [16], in the special case where

, and , (48) specializes to the controller

given in [21]. Alternatively, by varying , , and in the
control law (48) we can generate a family of controllers which
guarantee global asymptotic stability with respect to nonlinear
system parametric uncertainty.

IV. A CTIVE DISTURBANCE REJECTION CONTROL

OF AN AXIAL FLOW COMPRESSORPROBLEM

In this section we apply the globally stabilizing disturbance
rejection controller developed in Section II to an axial flow
compressor problem. Furthermore, we compare our results to
the backstepping controller developed by Krstić et al. [21] and
the bifurcation-based locally stabilizing controllers developed
by Liaw and Abed [17], [18] and Badmuset al. [19], [20].
Recall that the bifurcation-based Liaw and Abed [17], [18]
controller is given by

(50)

where and corresponds to the throttle opening at the
maximum pressure point, while the proposed Badmuset al.
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Fig. 6. Compressor flow and pressure versus time.

Fig. 7. Control effort versus time.

[19], [20] controller is given by

(51)

where .
Using the initial conditions ,

, with data parameters , ,
, and design parameters , , ,

, , , , and , the
optimal disturbance rejection control law (24), the integrator
backstepping controller given in [21], the Liaw and Abed
control law (50), and the Badmuset al. control law (51) were
used to compare the closed-loop system response of (8)–(10)
with disturbance inputs ,

, and . The squared stall
cell amplitude responses for the controllers are compared in
Fig. 2, the compressor flow and pressure rise responses are
compared in Fig. 3, and the control efforts (throttle flow and
throttle opening) are compared in Fig. 4. This comparison
illustrates that the present framework provides disturbance
rejection control.

V. ROBUST CONTROL OF AN AXIAL

FLOW COMPRESSORPROBLEM

In this section we apply the globally stabilizing robust
controller developed in Section III to an axial flow compressor
problem with the uncertain system dynamics that may arise
due to modeling errors in the pressure-flow map, neglected

viscous effects in the model, etc. Furthermore, we compare our
results to the backstepping controller developed by Krstić et
al. [21] and the bifurcation-based locally stabilizing controllers
developed by Liaw and Abed [17], [18] and Badmuset al.
[19], [20].

Using the initial conditions , ,
, the data parameters , , ,

and design parameters , , , and
, the robustly stabilizing controller (48), the integrator

backstepping controller given in [21] (with ),
the Liaw and Abed control law (50) (with and

), and the Badmuset al. control law (51) (with
, , and ) were used to compare

the closed-loop system response. Here we model the uncertain
system dynamics by

(52)

(53)

where , , are the uncertain parameters
satisfying , , where ,
are given uncertainty bounds. In this case, the bounding
function is given by
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where , and . Here we
set , to the following values:

where and .
The squared stall cell amplitude responses for the controllers

are compared in Fig. 5, the compressor flow and pressure rise
responses are compared in Fig. 6. Fig. 7 compares the control
efforts of all four designs. This comparison illustrates that the
robust nonlinear controller globally stabilizes the maximum
pressure performance point of the nominal system
in the face of system uncertainty, while the controller given in
[21] and the bifurcation-based Liaw and Abed controller [17],
[18] destabilize the system and the bifurcation-based Badmus
et al. controller [19], [20] drives the uncertain system to a
stalled equilibrium.

VI. CONCLUSION

The optimality-based nonlinear disturbance rejection con-
troller framework for systems subjected to bounded energy
disturbances developed in [15] and the optimality-based robust
controller framework for systems with parametric uncertainty
developed in [16] were applied to control rotating stall and
surge in axial flow compression systems with uncertain ex-
ogenous disturbances and uncertain system dynamics,
respectively. The proposed nonlinear disturbance rejection
controllers were compared with the recursive backstepping
controller proposed in [21] and the bifurcation-based con-
trollers developed in [17]–[20]. This comparison illustrates
that the proposed nonlinear controller provides disturbance
rejection while the backstepping controller is unable to re-
ject the disturbance. Similarly, the proposed robust nonlinear
controllers were compared with the recursive backstepping
controller proposed in [21] and the bifurcation-based con-
trollers developed in [17]–[20]. This comparison illustrates
that the proposed robust controller provides robust global
stabilization while the backstepping controller and the locally
stabilizing bifurcation-based controllers drive the system to an
instability or stalled equilibrium in the presence of uncertainty
in the system dynamics.

Finally, we note that there have been several other recur-
sive backstepping controller designs proposed in the litera-
ture for the jet engine compression problem based on lean
backstepping designs [10], [11] that could outperform the
backstepping designs proposed in [21] for the uncertainty
and disturbance models considered here. However, none of
these approachesa priori guarantee robustness or disturbance
rejection to parametric system uncertainty or exogenous dis-
turbances. Furthermore, we stress that the objective of this
paper is not to establish superiority of a given approach, but
rather to demonstrate that compression system uncertainty and

compression system disturbances are often significant and the
need for robust disturbance rejection control in aeroengines is
severe.
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