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A robust guidance law is presented which renders zero 
miss distance (ZMD) against deterministically or randomly 
maneuvering targets for all missile parametric uncertainties. Since 
the resulting guidance controller is a phase-lead network, i t  is 
mainly suitable for systems characterized by moderate glint levels 
such as electro-optical missiles. The structured uncertainties in 
missile dynamics are modeled by interval transfer functions. It 
is first shown that for the nominal case, when the total missile 
transfer function is positive real, ZMD can be obtained. When 
uncertainties are considered, the problem becomes design of a 
guidance controller which renders a family of transfer functions 
positive real. A new algorithm for the design of such controllers is 
proposed. An example illustrating a typical design procedure for a 
nonlinear real-life missile model is given, showing the simplicity 
and effectiveness of the proposed robust guidance. The main 
conclusion of this work is that the newly developed guidance law 
performs well against highly maneuvering targets and may be a 
suitable alternative to optimal guidance laws in low-glint systems. 
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Modem missiles operate over a wide range of 
flight conditions, which vary with altitude, Mach 
number, angle-of-attack, and engine thrust. The 
mechanical characteristics of the airframe, such as 
the center of gravity, change as well. In addition to 
these changes, missile aerodynamic and mechanical 
properties for a given flight condition are often 
uncertain to some extent. An engineering effort 
is usually made to incorporate these uncertainties 
into the aerodynamic and meclhanical models and 
compensate the dynamical beh,avior of the missile 
using both a robust autopilot and a robust guidance 
law. This work focuses on the latter issue. This 
stems mainly from the fact that, eventually, the main 
objective is to achieve small miss distance. This 
stresses the importance of synthesizing a simple robust 
guidance methodology aimed at achieving small miss 
distance given the model of uncertainty. We discuss 
structured parametric uncertainties of the interval type. 
This uncertainty model is the most useful from the 
engineering practice standpoint. 

Previous attempts to synthesize robust guidance 
laws for missiles with parametric uncertainties were 
reported in the literature. In some cases, only a single 
uncertain time constant was considered [l ,  21. This, 
of course, constitutes a considerable simplification of 
the problem, since real-life models include high-order 
transfer functions having mulliple poles and zeros. 
Others have employed H, theory assuming either 
nonlinear kinematics [3] or, again, simplified linear 
models [4]. The resulting guidance laws obtained 
in [3, 41 were complex, giving little engineering 
insight. Thumb-rules, aimed at modification of 
linear-quadratic optimal guidance to account for 
parametric uncertainties were also considered [5] .  The 
latter approach requires estimation of target maneuver 
and time-to-go, which by themselves deteriorate the 
overall robustness of the guidance law. A discussion 
on robustness of linear quadratic optimal guidance can 
be found in [23-261. 

An alternative approach is, proposed here to 
the synthesis of robust guidance. The suggested 
methodology is based upon recent works, that have 
utilized the method of adjoints [6] and the small 
gain theorem [7] to prove that when the overall 
linearized missile dynamics is positive-real (PR), 
zero miss distance (ZMD) can be obtained against 
targets performing any (bounded) deterministic or 
random maneuver. References [6, 71 have adopted the 
linearized time-varying framework of proportional 
navigation guidance (PNG) to prove the main 
result. Hence, the resulting guidance law was called 
ZMD-PNG. In this study, we expand the ZMD-PNG 
law to deal with parametric uncertainties associated 
with any arbitrary order m i d e  dynamics. 
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To this end, we use some important theoretical 
results that establish PR of interval transfer functions 
[SI. Based on theses results, a new algorithm 
rendering a given family of interval transfer functions 
robustly PR is proposed. The most powerful outcome 
of this methodology is a robust ZMD-PNG guidance 
law, i.e. a guidance law that achieves ZMD for any 
(bounded) target maneuver even when the missile 
transfer function contains parametric uncertainties, 

A thorough performance analysis of the newly 
developed robust guidance law is provided using 
a realistic, nonlinear stochastic model of an electro- 
optical missile. The performance of the robust 
ZMD-PNG is compared with an optimal guidance law, 
showing promising performance with moderate levels 
of glint. 

The paper is organized as follows. In 'Section 
11, some mathematical preliminaries are presented. 
Section I11 presents the guidance model and associated 
uncertainties. Section IV derives the robust guidance 
law. Section V proposes an algorithm for the 
design of robust PR transfer functions. Section VI 
considers an illustrative example. In Section VII some 
conclusions are drawn. 

II. MATHEMATICAL PRELIMINARIES 

The purpose of this section is to present some 
mathematical preliminaries that are utilized in the 
sequel. First, the concept of PR functions is defined. 
Then, the mathematical formulation of parametric 
uncertainties is explained. 

Consider the rational transfer function 

H ( s )  = N(s) /D(s)  

where 
m 4 .  

D(s) = N ( s )  = E d $ ,  N ( s )  = c n i s i ,  
i=O i=O 

n,,di E ?rz 
DEFINITION 1 The transfer function H ( s )  is PR if 

Re[H(s)] 2 0 V Re[s] 2 0. 

The following theorem provides necessary and 
sufficient condition for PR. 
THEOREM 1 
only if 

The transferfunction H ( s )  is PR if and 

a) H ( s )  is a stable transferfunction. 
b) The poles of H ( s )  on the imaginary axis are 

distinct and the associated residues are real and 
nonnegative. 

The class of PR functions will be denoted { P R } .  Note 
that a useful property of PR functions is as follows. 
PROPERTY 1 A necessary conditionfor H ( s )  to be PR 
is that the relative degree r = 1q - m( does not exceed 1. 

c) Re[h(jw)] 2 0 Vw 2 0. 

We deal hereafter with structured parametric 
uncertainties of the interval type; that is, it is 
assumed that both N ( s )  and D(s) constitute interval 
polynomials. To this end, we introduce interval 
polynomials and some related notation. 

polynomials 
An interval family of polynomials P is a set of 

P 

A(s) = (4) 
i=O 

where the coefficients vector S = [So, SI,. . . ,SPIT 
belongs to a given uncertainty hyperrectangular 
domain B, in the coefficient space, 

B, = {S E ?rzP+l : St: 5 Si 5 ST, i = 0,1, ..., p } .  (5) 
The parametric uncertainties of the transfer function 
H(s)  (see (1)) are modeled by an interval family of 
proper plants 'H, given by 

H(s;n ,d )  = N ( s ; n ) / D ( s ; d )  (6)  

where N(s;  n)  and D(s; d )  are interval polynomials 
with coefficient vectors n = [no,nl,. . . ,n,IT, d = 
[do,d, ,  . . . ,dJT (m 5 q) lying in hyperrectangular 
domains B, and Bd, as defined in (5),  in the numerator 
and denominator coefficient spaces, respectively. 

DEFINITION 2 An interval family of proper plants 7-L 
(6) is robustly PR if any member of 7-L is PR. 

We conclude the mathematical preliminaries by 
introducing four important polynomials of the interval 
family P,  known as the Kharitonov polynomials [9]. 
These polynomials constitute a subset of the corner 
polynomials associated with B,, and are defined as 
follows: 

I l l .  GUIDANCE MODEL AND ASSOCIATED 
UNCERTAINTIES 

The derivation of the suggested robust guidance 
law requires the presentation of the intercept 
kinematics and associated assumptions. To this end, 
the framework of the well-known PNG is adopted. 
The general formulation of a three-dimensional PNG 
is rather complicated; however, by assuming that 
the lateral and longitudinal maneuver planes are 
decoupled by means of roll control, one can deal with 
the equivalent two-dimensional problem in quite a 
realistic manner. Thus, it is assumed hereafter that 

GURFIL: ROBUST GUIDANCE FOR ELECTRO-OPTICAL MISSILES 45 1 



LOS 

\ 

t 

Reference Line 

Fig. 1.  Intercept geometry. 

the geometry is two-dimensional. This assumption 
renders the planar interception missile-target geometry 
depicted in Fig. 1. This figure describes a missile 
employing PNG to intercept a maneuvering target. 

Based on Fig. 1, a linearized model of the 
guidance dynamics can be developed. Such a model is 
widely used in the analysis of PNG [lo-141. A block 
diagram describing the linear model is given in Fig. 2. 
In this linear time-varying system, missile acceleration 
aM is subtracted from target acceleration aT to form 
a relative acceleration y. A double integration yields 
the relative vertical position y (see Fig. l), which at 
the end of the engagement t = t f ,  is the miss distance 
y ( t f ) .  By assuming that the closing velocity V, is 
constant, the relative range is given by 

R(t) = V, . t,, (8) 

where tgo is the time to go, defined as tgo 
Dividing the relative vertical position y by the range 
. given in ( S ) ,  yields the geometric line-of-sight (LOS) 
angle A. The missile seeker is represented in Fig. 2 
as an ideal differentiator with an additional transfer 
function G, (s), representing the LOS measurement 
and noise filtering dynamics. The seeker generates 
a LOS rate command &, which is multiplied by 
the proportional navigation (PN) gain N' . V, to 
form a commanded missile maneuver acceleration 
a,, with N' being the effective PN constant. 

tf - t .  

The flight control system, whose dynamics are 
represented by the transfer function GI@),  attempts to 
adequately maneuver the missile to follow the desired 
acceleration command. 

the so-called total guidance transfer function, defined 
The transfer functions G,(s) and G2(s) constitute 

as 
(9) 

Based on the linear PNG model, recent studies have 
utilized the method of adjoints [6] and the small 
gain theorem [7] to rigorously prove the following 
important theorem. 
THEOREM 2 Let the missile maneuver acceleration aM 
and be limited, laMl 5 aMm,, and the target acceleration 
be bounded, [aT[ 5 aTm. Denote po = aMm,/aT,,. If 
there exists a transfer function ,K(s), called the guidance 
controller, such that K(s)H(s)  E: {PR}, and in addition 
N' L 2p0/(p0 - l), then y ( t f )  = 0 '~ ' t f ,  b'laTl I a,". 

The guidance law derived from Theorem 2 has 
been called ZMD-PNG. When the parameters of 
H ( s )  are known exactly, a suitable controller K ( s )  
can be designed such that K(s )H(s )  E {PR} and the 
ZMD-PNG law yields indeed small miss distance [7]. 
However, in the bulk of practical applications, system 
parameters lie within some prcspecified interval. This 
uncertainty affects the performance of ZMD-PNG, and 
prevents the attainment of ZMD. In the next section, 
a robust ZMD-PNG law is derived, such that ZMD is 
obtained for interval uncertainties. 

IV. DERIVATION OF ROBUST ZMD-PNG 

Assume that the total guidance transfer function 
H(s )  (eq. (9)) and its associated parametric 
uncertainties, constitute a family of proper interval 
plants 7i, defined as in (6). For the synthesis of 
a robust ZMD-PNG law, it is required to find a 
guidance controller K ( s )  such that the family 7iK, 
defined by 

HK(s;f i ,& = K(s )N(s ;n ) /D(s ;d )  = k(s;k)/b(s;& 

miss=y(t, 1 .................. ~ ........................ ~ ......., 

Missile 
Acceleration Kinematic Kinematic Kinematics [ .._.._....._.__.._... se&e:~.~a~!CS~ P.N. Gain 

Traget Tracking Loop Integrator Integrator 
Y M  

I 
Flight Control 

System 

Fig. 2. Linearized PNG model block diagram. 
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is robustly PR (see Definition 2). The problem of 
robust PR has been addressed in many studies [8, 
15, 161. The most up-to-date result states that robust 
PR of 3-1, can be inferred by PR of eight extremal 
transfer functions of the family [8]. This result is 
summarized in the following theorem. 

THEOREM 3 An interval family X K  of proper transfer 
functions is PR i f  and only if the following eight 
transfer functions are PR: 

H,(s) = k+-(s) /D--(s) ,  

H,(s) = k++(s) / f i+- (s) ,  

f q s )  = @-+(s)/b++(s),  

f q s )  = k - ( s ) / b - + ( s ) ,  

A 

H2(s) = f i - - (s) /h+-(s)  

H4(S) = 2+&/fi++W 

H,(S) = ~++(s ) / f i , _+(s>  

H&) = k + ( S ) / L ( S ) .  

(1 1) 

(12) 

(13) 

(14) 

The following corollary [8] simplifies the conditions 
for PR of low-order interval families. 

COROLLARY 1 
transfer functions, 

implies PR of the entire family. 

(12) implies PR of the entire family. 

(1 1)-( 13) implies PR of the entire family. 

Thus, our objective is to design a guidance controller 
K ( s )  such that the conditions for PR stated in 
Theorem 1 are satisfied. Given an interval family X K  
as in (lo), such a controller might be 

Given an interval family ‘HK of proper 

a) I f  q = 2, PR of the two transfer functions (1 1) 

b) If q = 3, PR of the four transfer functions (1 l), 

c) If q = 4, PR of the six transfer functions 

q-m-1 

K ( s )  = (cis + 1), ci > 0 b’ i. (15) 
i= 1 

Selection of a controller of the form (15) stems from 
a practical standpoint. First, it is assured that (15) 
is a Hurwitz polynomial; thus controllers rendering 
right-half plane zeros (which prevents from 7-lK to 
be robustly PR) are not considered. This property is 
important when performing a parametric optimization 
controller design as suggested in the next section, 
since it reduces the number of iterations required to 
derive an appropriate solution. Second, this controller 
is merely a cascade of proportional-derivative (PD) 
prefilters, that can be easily implemented, without 
changing the existing predesigned dynamic properties 
of G,(s) and G2(s). For practical purposes, it may be 
required to add a high-frequency roll-off. This issue 
and its effect on the robustness properties is discussed 
in Section VI. 
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Notice that due to Property 1, the order of 
the controller (15) should be q - m - 1.  This is 
because G,(s) and G2(s) represent the closed-loop 
dynamics of the seeker and flight control system, 
respectively, and are thus strictly proper. In order 
for Property 1 to hold, it is necessary to design a 
controller which yields r[K(s)G,(s)G,(s)] = 0 and 
r[K(s)G,(s)G,(s)/s] = r[K(s)H(s)] = 1 (when ruling 
out design of nonproper transfer functions). In the 
next section, an algorithm for designing a robust PR 
controller is suggested. 

V. ALGORITHM FOR THE DESIGN OF ROBUST PR 
TRANSFER FUNCTIONS 

Several results concerning the design of robust PR 
transfer functions have been reported in the literature 
[ 17-19]. However, the design procedures suggested 
in these studies have some major flaws. The most 
significant one is that usually only denominator 
plants were considered. This means that these 
algorithms do not offer a suitable solution to a general 
dynamics having multiple zeros and multiple poles. 
Furthermore, the sufficient conditions derived for 
designing PR transfer functions often result in a linear 
programming problem, which requires a numerical 
solution [ 171. Moreover, to simplify the treatment, 
the existing studies [15, 18, 191 offered controllers 
that render a given transfer function robustly PR with 
r[K(s)H(s)] = 0 which is not suitable for our case 
(r[K(s)H(s)] = 1). Consequently, we might as well 
solve this problem using numerical methods to begin 
with, instead of going through a tedious analytical 
study. We thus propose a simple algorithm for the 
design of robust PR transfer functions. This new 
algorithm is essentially a constrained direct parameter 
optimization procedure, which can be easily solved 
using numerical optimization techniques. 

Let 
The algorithm comprises the following stages. 

c = [c, ,c2,. . ., Cq+1IT. (16) 

Also, define 

[h,(.,C)li = Re { r g 1 ( C l i .  + 1) 1 1  H , ( h J )  9 

i = 1,2, ..., 8 (17) 

with the extremal transfer functions given in 
(11)-(14). 

The objective is to find 

c* = argmincTc (18) 
c 

subject to 

min[hK(w,c)li 2 0, i = 1,2 ,..., 8 (19) 
W 

where the constraints (19) are based on the necessary 
and sufficient conditions for robust PR stated in 

,ES 45 3 



Theorem 2. The number of constraints can be reduced 
for low-order dynamics (Corollary 1). 

The selection of the quadratic cost function (1 8) 
stems mainly from the following reasoning. The 
purpose is to design a robust PR transfer function 
with the minimal phase lead possible. Thus, problems 
associated with high-bandwidth control, such as 
amplification of measurement noise, are reduced. 
Thus, since 

q-m- 1 

argW(jw)l = arg n (CijW + 1) [ i = l  I 
q-m-1 

= arg(qjw + 1) (20) 
i= l  

a minimization of each parameter ci (subject to (19)) 
is required in order to obtain the minimal phase lead. 
This consideration establishes the particular selection 
of the quadratic cost (18). An example illustrating the 
design of a robust guidance law for a real-life missile 
model using the suggested algorithm is considered 
next. 

Finally, note that minimization of (1 8) subject to 
(19) may reach a local minimum; however, it is not 
the purpose of the algorithm nor the goal of the robust 
guidance method to find the global minimum. The 
key point is that any solution, even a local optimum, 
suffices. This is due to the fact that in order to find 
a robust guidance controller, which renders the total 
dynamics robustly PR, only the constraints (19) 
should be satisfied. The cost functional (18) was 
added merely to find a candidate solution that gives 
small phase lead, not necessarily the smallest phase 
lead. The noise filtering system should be designed 
separately. 

VI. ILLUSTRATIVE EXAMPLE 

In the previous sections, a robust guidance 
law, ZMD-PNG, was synthesized. The purpose 
of this section is to investigate the performance 
of ZMD-PNG when implemented in a real-life 
canard-steered electro-optical missile. Furthermore, 
a detailed comparison between ZMD-PNG, optimal 
guidance law (OGL), and the classical PNG is given. 
The comparison includes both deterministic simulation 
runs and a Monte-Carlo analysis. 

The missile models used here are believed to 
constitute a faithful representation of a large family 
of electro-optical guided missiles. The real-life 
models include a detailed flight control system, 
described in Appendix A, which consists of an 
aerodynamic model, fin actuators and sensors, and an 
electro-optical tracking loop, which includes a detailed 
model of the seeker and tracker. Both the flight 
control system and the tracking loop include nonlinear 
effects such as state saturation and field-of-view 

(FOV) limits. Exogenous disturbances such as fin 
bias and measurement noise are modeled as well. 
It should be stressed that due to the inherent phase 
lead, the proposed guidance method is mainly suitable 
for electro-optical missiles, where the glint noise is 
usually range independent and more moderate than in 
RF systems. 

A. Guidance Law Synthesis 

In order to design a robust ZMD-PNG law, 
transfer functions of the flight control system, G2(s) = 
aM(s)/ac(s) ,  and the tracking loop, G,(s) = x m / x ,  are 
required. These transfer functions can be found in two 
steps. First, the nonlinear terms are left out. Second, 
the resulting high-order linear models are reduced 
using state truncation method such as balanced 
realization. It is important to stress that this procedure 
is used for the guidance design only, not for the 
overall performance evaluation of the missile, where 
the complete, detailed nonlinear stochastic models are 
used. 

We start with model reduction of the complex 
flight control system, describe:d in Appendix A, which 
has 9 zeros and 13 poles. Using balanced realization 
state truncation, and the parameter values given in 
Appendix C, the following reduced-order transfer 
function is obtained 

T;!S + 1 G2(s) M - 
s2/w,2 + 2(s/w, + 1 

with the parameters lying in the intervals 

0.3 5 r2 :I 0.4 

30 5 w, 5 4 0  (22) 
0.2 5 C 5; 0.4. 

The simplified model (21) constitutes an adequate 
approximation to the overall -€light control system 
dynamics, both in the frequency and time domains. 
It is subsequently used for ZIVLD-PNG design. 

The tracking loop overall transfer function G,(s)  
is obtained in a similar manner. Using the numerical 
values of Appendix C, neglecting the FOV saturation 
and the pure tracking delay, we have 

(23) 

with rl = 0.1. 
In (23), we neglected the influence of the seeker 

natural frequency uncertainty on the uncertainty of T~ 

due to the fact that 2 . Cseeker/wnmke, >> rl. The overall 
transfer function of the guidance loop is therefore: 

r2s + 1 
H ( s )  = G,(s)G,(s)/s = - s(0.ls + 1) ’ (s’/w,” + 2(s/w, + 1)’ 
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Following ( 1 3 ,  the guidance controller chosen is 

K(s )  = (CIS  + 1)(c2s + 1) (25) 

such that 

n3s3 + n2s2 + n l s  + no 
d4s4 + d3s3 + d2s2 + d,s + do H,(s;n,d) = (26) 

with 
’ 0 . 3 ~ ~ ~ ~  5 n3 5 0 . 4 ~ ~ ~ ~  

clc2 + 0.3(C, + c2) 5 n2 5 c1c2 + 0.4(cl + cz) 

cl + c2 + 0.3 5 n,  5 c1 + c2 + 0.4 

no = 1 

0.0000625 5 d, 5 0.0001 11 (27) 
0.0016 5 d3 5 0.0031 

0.11 5 d, 5 0.1267 

d, = 1 

do = 0. 

The parameter optimization problem becomes: 
Find 

[CT, C$ = arg min(c: + ci) (28) 
CI .C2 

subject to (note that only 6 constraints are required) 

min[h,(w,c, ,,*)Ii 2 0, i = 1,2,. . . ,6. (29) w 

The optimal parameters, rendering robust PR, were 
obtained using the MATLAB@ Optimization Toolbox. 
We started with the initial guesses c1 = 0.2, c2 = I 

0.8. After 33 iterations, the optimization converged 
successfully, yielding cl = c2 = 0.2304, that is 

K ( s )  = (0.2304s + 1)2. (30) 

Table I describes the iterative process generated 
by the optimization procedure. Assuming that the 
missile-target maneuver ratio satisfies po = 2, forces 
the choice N‘ 2 4 (see Theorem 2). We chose N‘ = 5. 
In addition, we must use a high-frequency roll-off 
to reject noise. From our experience and as shown 
in the simulations, a small roll-off has no influence 
whatsoever on the robustness of the guidance law. We 
placed the roll-off poles at s = -100, so the overall 
guidance law becomes 

(0.2304s + 1)2 . 
(0.01s + 1)2 

a, = 5 .  V, 

This guidance law will yield (approximately) ZMD for 
the uncertain missile dynamics considered here. 

The performance of the guidance law (31) is 
compared with OGL and the classical PNG. The . 

TABLE I 
Convergence of Parameter Optimization Algorithm 

Iteration # 

1 
7 

10 
14 
17 

’ 20 
23 
26 
29 
32 
33 

C1 

0.2 
0.2169 
0.2643 
0.1360 
0.1981 
0.2219 
0.2313 
0.2316 
0.2312 
0.2304 
0.2304 

c2 

0.8 
0.4 
0.1131 
0.1462 
0.1849 
0.2112 
0.2261 
0.2292 
0.2296 
0.2304 
0.2304 

~~ 

cost 

0.68 
0.2071 
0.0826 
0.0398 
0.0734 
0.0938 
0.1046 
0.1061 
0.1061 
0.1061 
0.1061 

Minimum of 
Constraints 
Vector (20) 

0.02056 
0.05375 

-0.168842 
-0.136303 

-0.043247 
-0.010729 
-0.00 132 
2.61E-06 

-5.43E-07 
-2.19E-06 

0 

commanded OGL maneuver acceleration is [2] 

a, = N ’ ( [ ) [ y  + y?go + 0.5;&, - a,ri(e-( + E - l)]/$,, 

where igo is the estimated time-to-go, 2T is the 
estimated target maneuver, T~ is the so-called “design” 
time constant, and ( = t g , /TD.  Due to the fact that the 
common OGL was originally conceived for first-order 
dynamics, there is a considerable mismatch between 
actual missile dynamics and the OGL. To deal with 
this mismatch, it was suggested [5] to use a “design” 
time constant T~ which is about 1.5 times larger 
than the equivalent time constant of the system. In 
our case, the equivalent time constant is 0.66 s, so 
-rD = 1 s. It is also assumed that the time-to-go is 
estimated exactly, i.e. ig,, = tgo. For the estimation of 
target maneuver, the following model was adopted 
[20]: 

A -  

2T = e-sra .  UT. (33) 

In (33) it is assumed that the target maneuver 
estimator constitutes a pure time delay of T~ seconds. 
We chose ra = 0.2 s, which is a rather optimistic 
value, since often the estimation delay is even larger. 

The PNG design is far simpler. The sole 
degree-of-freedom is N’ .  We chose N‘ = 5,  so that 
with PNG we have 

aC =5.VC.X,. (34) 

The target maneuver simulated to test the performance 
of the three guidance laws was a random phase 
sinusoidal maneuver. As noted in recent literature 
[21] one of the most challenging problems faced 
by a homing missile is the interception of ballistic 
missiles on atmosphere reentry. In this case, the 
target performs a so-called barrel-roll maneuver. A 
projection of this maneuver on the plane yields a 
sinusoidal target acceleration time history. In addition, 
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20 ,---- 

time [sec] 

time [sec] 

Fig. 3. Comparison of actual and commanded missile 
acceleration shows that ZMD-PNG requires less maneuver effort 

than OGL and PNG. 

the starting time of the maneuver is unknown; it can 
be initiated at any given time point within the flight 
time of the interceptor. Thus, the target maneuver can 
be described by 

a&) = a% sin(w,t + 4)  (35) 

where U% is the maneuver magnitude, wT is the 
frequency, and 4 is the phase, assumed uniformly 
distributed between 0 and 27r, which is completely 
equivalent to a random maneuver initiation time. In 
this example, the numerical values chosen where 
U% = log and wT = 1.7 rad/s (this frequency is the 
optimal avoidance frequency for N' = 5). 

B. Guidance Law Performance 

The performance of the robust ZMD-PNG, PNG, 
and OGL against the random phase sinusoidal target 
maneuver includes both deterministic simulation runs 
and a Monte-Carlo analysis. 

are kept in their nominal values (see Appendix 
C). The simulation was performed using the full 
nonlinear stochastic models described previously. 
For the deterministic case only, a c0nstan.t flight 
time tf = 5 s, and a constant target maneuver phase 
4 = 0, were chosen. The time histories of the actual 
and commanded accelerations for V, = 1000 d s  are 
depicted in Fig. 3. 

superior performance comparing with PNG. Note that 
with PNG, the actual maneuver acceleration saturates 
1.5 s before impact, which seriously increases 
the miss distance. However, with ZMD-PNG this 
saturation is avoided and the miss distance is much 
smaller. Note also that ZMD-PNG requires a smaller 
maneuver effort than OGL, because the OGL used 

In the deterministic examination, all the parameters 

Evidently, both ZMD-PNG and OGL yield 

here is actually suboptimal due to the high-order 
system dynamics. 

As seen in Fig. 3, the acceleration command 
generated by ZMD-PNG is somewhat noisy. The noise 
level reaches f l g  at f a ,  which is feasible, and has 
no substantial implications on the performance of the 
system. The three guidance laws examined yielded the 
following miss distance: 

~ ( t f ) l Z m - p N G  = --0.108 m 

y(tf)loGL = 0.1 14 m (36) 
y(tf)IpNG = 60.2 m. 

Thus, while ZMD-PNG and OGL render a similar 
miss distance, PNG induces a considerably larger 
miss .  This implies that PNG cannot deal adequately 
with sinusoidal targets, as was also mentioned in 
[ l l ,  211. 

We proceed with a thorough statistical 
examination of the guidance laws performance using 
a Monte-Carlo technique. In each simulation run, 
parameter values, as well as the seed used to generate 
the noise signals, are randomly selected according to 
prespecified probability distribution functions. After a 
large database of simulation runs has been created, the 
results, especially the miss disiance, are statistically 
analyzed. 

parameter values (based upon the data given in 
Appendix C) and a random target maneuver phase. 
For each flight time, 300 simulation runs were 
performed. The procedure was repeated for flight 
times ranging from 2 s to 10 s. In order to evaluate 
miss distance statistics, the mean value of the absolute 
miss distance, defined by 

In this example, each simulation run used random 

(37) 

were examined. In addition, standard deviations of 
m i s s  distance for each flight time was considered. 
The results are depicted in Figs. 4 and 5. Fig. 4 
compares the mean value of absolute m i s s  distance, 
and Fig. 5 compares the standard deviation of miss 
distance. PNG was not considered here because the 
deterministic examination showed that it yielded 
m i s s  distance which was larger than the miss 
obtained with ZMD-PNG and OGL by an order-of- 
magnitude. 

Clearly, ZMD-PNG yields smaller mean and 
rms miss than OGL. This is true for all flight times 
greater than 2 s. Moreover, with ZMD-PNG the 
miss distance is more robust to variations in flight 
times and in missile parameters. These observations 
imply that the newly developed guidance law can 
deal adequately with highly maneuvering targets. 
This merit is achieved with neither estimating target 
maneuver nor estimating time-to-go. 
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Fig. 4. Mean values of absolute miss distance with ZMD-PNG 
smaller than with OGL. 
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Fig. 6 compares the energy expenditure measure, 
E{Ja&} ,  for ZMD-PNG and OGL. Clearly, it is 
seen that ZMD-PNG requires less energy than OGL. 
This means that the induced drag of the missile 
will be smaller and the firing envelope wider. The 
difference between ZMD-PNG and OGL performance 
in this context is due to the fact that the OGL tested 
here is only suboptimal, due to the model mismatch 
previously mentioned. An OGL designed while 
taking into account the real high-order dynamics and 
saturations will out perform ZMD-PNG in terms of 
energy expenditure. 
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VII. SUMMARY AND CONCLUSIONS 

10 

This paper presented a robust guidance law that 
accounted for structured parametric uncertainties of 

.f---300 Monte-Carlo Runs 
1 2  'I ,", 

Flight Time [sec] 

Fig. 5. Standard deviations of miss distance with ZMD-PNG 
smaller than with OGL. 

the interval type. The new guidance law constituted 
an extension to the ZMD-PNG. In the nominal 
case, ZMD-PNG required the design of a controller 
which makes a given system dynamics PR. When 
uncertainties are considered, the controller should 
yield a family of PR transfer functions. An algorithm 
for a design of such a controller was proposed. 

The new robust guidance law has several important 
features. First, it assures ZMD for any combination of 
uncertainties against targets performing any bounded 
deterministic or random maneuvers. Second, its 
implementation is simple, since it requires merely a 
cascade of PD controllers. It should be remarked that, 
due to the fact that the proposed controller results in 
high-bandwidth dynamics (which is often the case 
with robust controllers), its performance is limited 
by the electro-optical target tracking noise. Systems 
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Fig. 7. Block diagrams of (a) flight control system and (b) electro-optical target tracking loop. 

having high tracking noise levels, may not constitute 
a suitable platform for the implementation of the 
ZMD-PNG. Future research is aimed at deriving 
suitable robust guidance laws for high-glint and 
accelerating/decelerating systems. 

APPENDIX A. 
SYSTEM 

MODEL OF FLIGHT CONTROL 

The flight control system was adopted from 
[22] and is depicted in Fig. 7(a). This pitch-plane 
three-loop control system comprises a rate loop, a 
synthetic stability loop, and an accelerometer feedback 
loop. 

The input to the accelerometer feedback loop is the 
commanded acceleration a=, which is generated by the 
guidance law. The output is the required acceleration 
uR, which is limited due to aerodynamic or structural 
constraints, to yield the actual acceleration U,. The 
autopilot of this loop is the gain KA. The feedback 
signal (U,), is generated by an accelerometer, 
which is located at the point XAcc, thus sensing the 
following acceleration magnitude: 

(38) 

where Xc ,  is the location of the center-of-gravity and 
0 is the body pitch angle. 

The signal U ,  is the output of the aerodynamic 
transfer function u,/S, with S being the fin deflection 
angle. 6 is also the output of the body pitch rate 
control loop, whose input is the commanded pitch rate 
qc, generated by the synthetic stability loop [22]. The 
autopilot of the pitch rate loop is the gain Kq. This 
gain generates a commanded fin deflection angle S,, 
which constitutes an input to the fin actuators. The 
aerodynamic transfer function uR/6 then yields the 
required output acceleration uR. The values of the 
autopilot gains [22] and the other parameters are given 
in Appendix C .  

The aerodynamic model is obtained assuming a 
short-period approximation. For an axis-symmetric 
missile, this model yields a fair representation of 
missile aerodynamic transfer functions both in the 
pitch and yaw maneuver planes. For illustration, 
we consider the pitch plane. The equation of 
moments is 

S,Qd. [Cm,d/(2V,)q(t) + cm&t> + Cm,4t>l = JyY&O 
(39) 

where Q = pV2/2 is the dynamic pressure, p is the air 
density, V, is missile velocity, S,  is a reference area 
(the area of the missile cross section), d is the missile 
diameter, Jyy is the pitch moment of inertia, q is the 
body pitch rate, a is the angle of attack, and C,,, Cm6, 
Cms are the usual stability derivatives. 

The equation of forces is given by 

- S,  . Q . [c,, . S ( t )  + Cza . a(t)] = mass. V, . y( t )  

(40) 
where mass is the missile mass, y is the path angle, 
and C,,, c,, are the usual force coefficient derivatives 
in body axes. 

Define 
Ma f QSrdCm, I J y  y 

4 
Ax = xCG - x i K C  
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to obtain the following aerodynamic transfer functions 
1221: 

In addition, there are disturbances such as fin 
bias, denoted a,, and fin position measurement noise, 
denoted n6. It is assumed that 6, is a Gaussian random 
constant and that n6 is a zero-mean Gaussian white 
noise. Numerical values are given in Appendix C. 

Our next goal is modeling of the flight control 
sensors. The missile flight control system uses an 
.accelerometer as a feedback sensor located in the 
o%ter acceleration control loop, and a rate gyro in the 
inner rate control loop. The accelerometer is modeled 

uR -(s) = 
6 

-(s) uA 

k l (nI2s2  + rills + 1)  
d12S2 + d,,s + 1 

= k1(n2,s2 + n2,s + 1) (42) 6 d1,s2 + 4 , s  + 1 

k,(n,,s + 1) 
d l 2 s 2 + d l 1 s +  1 

where as follows: 

n , ,  = MqZ6/(MOrZ6 - MGZ,) where wnACC is the accelerometer natural frequency, cAcc is a damping coefficient, KACC is a scale factor, 
( u ~ ) ~  is a measurement bias, assumed a Gaussian 
constant, and na is the measurement noise, assumed 
zero-mean, white, and Gaussian. 

(43) 
a12 = -Z6/(MoZ6 - M6Za) 

n2, = n,, + AXk,/k,n, ,  = nI2 + A X k J k ,  

n31 = M6/(‘~z6 - Similarly, the rate gyro model is given by 

The numerical values of the aerodynamic coefficients 
are given in Appendix C. The coefficients are 
assumed 

description of the fin actuator control loop. 
The purpose of the fin actuators control loop is to 

track a commanded fin deflection angle 6, to yield an 
actual deflection angle 6. The most commonly used 
fin actuators control loop model assumes second order 
dynamics of the form 

where WnRG is the natural frequency of the rate gyro, cRG is a damping coefficient, KRG is a scale factor, qg 
is a measurement bias, assumed a Gaussian constant, 

white, and Gaussian. Numerical values are given in 
Appendix 

APPENDIX B. 
TARGET TRACKING LOOP 

with mean and standard 
deviation as given in Appendix c* we proceed with a and nq is the measurement noise, assumed zero-mean, 

OF ELECTKMX’TICAL 

- Kservo (44) The purpose of the target tracking loop of an s 
‘C 

_ -  
s2/(wn,,,,)2 + 2 . L r v o  . s/wn,,, + 1 electro-optical missile is to maintain the target within 

where wnservo is the natural frequency, cSe,.,,, is a 
damping coefficient, and K,,, is a scale factor. 

complex. First, the control loop is nonlinear, due 
to acceleration, rate, and position constraints which 
stem from current, voltage, and mechanical limits, 
respectively. These limits are given by 

In practice, the fin actuator control loop is rather 

(45) 

the FOV of a stabilized imaging device, such as a 
CCD camera. The general layout of such a tracking 
loop, depicted in Fig. 7(b), was adopted from [lo]. 
This tracking loop is based upon a rate-gyro stabilized 
platform, where the camera is mounted on gimbals, 
whose movement is (ideally) isolated from the motion 
of the missile. The location of the target within FOV 
limits is measured by an electro-optical tracker, which 
is an implementation of a correlation algorithm that 
utilizes the sequence of images generated by the 
visual motion (the so-called “optical flow”). Thus, the 
tracker generates a measurement E, of the tracking 
error E.  The FOV is a nonlinear saturation effect of 
the following form [lo]: 

where smax. ‘ma are the maximal values of fin 
angle, rate, and acceleration, respectively. Numerical 

The resulting tracking error satisfies 

values are given in Appendix C. & L ( t )  = ~ma,FOV[~m(t)/~m,l. (49) 
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TABLE I1 
Parameter Values for Illustrative Example 

Aerodynamics 

Autopilot 

Fin actuators 

Rate gyro 

Accelerometer 

~ 

Target tracking 
loop 

Seeker 

Parameter/ 
Disturbance Units 

Mean Value Standard 
(nominal) Deviation 

-250 16.7 
280 18.7 
-1.6 0.107 
0.23 0.0153 
-1.5 - 
0.7 - 

500 - 
1000 - 

- 2 

S 0.1534 - 

K, deg.s/m 0.0007804 - 
rads 13.55 - 

K4 

KI 

rads 200 2 
- 0.6 0.01 
- 1 0.0167 
deg 0 0.167 
deg 0 0.0167 

20 - deg 
degls 230 - 
degls2 17000 - 

W nRG rads 300 3 
CRG - 0.65 0.0108 
KUG - 1 0.0267 
9, degls 0 0.0667 
n degls 0 0.0167 

W nACC rad/' 300 3 

(aA), milli-g 0 1 
na milli-g 0 1 

Lee - 0.65 0.0108 
KAC - 1 0.0167 

ms 25 - TT 
128 m a d  0 0.05 

.- deg 1.5 - %ax 
K ,  . 11s 10 - 

rads 150 1.5 "seeker 
W 

(seeker - 0.7 0.0117 
AB degls 0 0.0667 
n i  degls 0 0.0167 

The tracking error E~ is transformed into a 
commanded LOS rate A, by the tracking loop 
controller, which is, in our case, the gain KT (see 
Fig. 7(b)). The commanded LOS rate constitutes 
an input to the seeker that generates a measured 
LOS rate x,. This signal is integrated to yield a 
measured LOS angle A,, which is subtracted from 
the true (kinematic) LOS angle A to yield the tracking 
error E.  Since the electro-optical tracker is merely a 
computational algorithm, it can be best modeled by a 
pure delay: 

~ , ( t )  = e-S7T&(t) + n, (50) 

where T~ is the tracking delay and n, is the tracking 
noise, assumed zero-mean, white, and Gaussian. 
Numerical values are,given in Appendix C. 

The seeker is modeled as follows [lo]: 

where as usual wnseeker is the natural frequency of the 
seeker, Cseeker is the damping coefficient, x, is the 
LOS rate measurement bias, assumed a Gaussian 
constant, and nx is the LOS rate measurement noise, 
assumed zero-mean, white, and Gaussian. Numerical 
values are given in Appendix C:. 

APPENDIX C. PARAMETER VALUES FOR 
ILLUSTRATIVE EXAMPLE 

Table I1 contains parameter values that were used 
in the illustrative example. 
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