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Force and Moment Blending Control for Fast
Response of Agile Dual Missiles

This paper presents a blending principle of tail fins and reaction
jets to achieve a fast response for a dual-controlled missile under a
slew-rate limit. The blending principle can be categorized as
controlling either the net force or the net moment according to how
the two actuators cooperate with each other. When compared with
controlling the net moment, controlling the net force of aerodynamic
lift and jet thrust allows direct control of the acceleration, thus
enabling a much faster response but at the expense of large control
effort. In this work, for the initial transient period a force controller
is designed to achieve fast response under the slew-rate limit, then
the transition control is proposed, which begins with force control
and makes a transition to moment control to reduce the control
usage. This transition does not involve switching from one controller
to the other. Rather, the angle of attack is properly shaped
corresponding to the desired moment, allowing a smooth and stable
transition from force control to moment control. The smooth
transition by the proposed strategy from force control to moment
control is demonstrated with nonlinear missile dynamics. The
proposed approach shows a very fast response, while its input usage
is almost same as the conventional moment control.

NOMENCLATURE

Fx, Fz Force (N) in the x- and z-directions
My Pitch moment (N·m)
m Total missile mass (kg)

Iyy Pitch moment of inertia (kg·m2)
VT Total missile velocity (m/s)
Q Dynamic pressure (kg/ms)
S Reference area (m2)
D Reference length (m)
lt Reaction-jet distance from center of gravity

(m)
Tz, Tzc Reaction-jet thrust (N) and control input

(N)
δq, δqc Fin deflection (rad) and control input (rad)
τ q, τ z Time constants (s) of tail fin and reaction

jet
α Angle of attack (rad)
q Pitch rate about body axes (rad/s)

α̂, q̂ Estimation of angle of attack (rad) and
pitch rate (rad/s)

Az Acceleration in the z-direction (m/s2)
Azd Acceleration command (m/s2)
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Fig. 1. Blending principles of dual missile. (a) Moment control.
(b) Force control.

qd Pitch-rate command (rad/s)
Myd Pitch-moment command (N·m)
�i Lumped uncertainties in the missile

dynamics
Kp, Kd, Ki Gains for defining pitch-moment command

K1, K2 Sliding-mode control gains
λi Gains for defining sliding surfaces

ηi, γ i Gains for sliding-mode observer
ρ1, ρ2 Gains for defining pitch command

um, uf, u Control laws for moment, force, and
transition control

I. INTRODUCTION

Agility, rather than maximum maneuvering capability,
is considered a main factor that determines miss for antiair
missiles [1]. However, it is often difficult to achieve a
sufficiently fast response if the missile is controlled only
by aerodynamic fins, because the effectiveness of the tail
fins depends highly on the dynamic pressure, especially at
high altitude [2–4]. Moreover, tail-fin-only missiles have
nonminimum phase characteristics which cause a large
undershoot [5]. For these reasons, agile missiles usually
combine reaction jets with aerodynamic fins to improve
their speed [6–10]; such missiles are often referred as dual
missiles. Although dual missiles have redundant moment
and force produced from the reaction jet, there still exist
physical limitations on the actuators, such as on the slew
rate of the tail fin. Therefore, without systematically
considering the effective cooperation between the tail fin
and reaction jet, sufficient response speed cannot be
achieved [11–14].

The blending principle of dual missiles can be
categorized as controlling net moment or net force
according to how the two actuators cooperate with each
other. Both blending principles have merits and demerits
from the point of view of response speed and control-input
usage. In the blending principle of controlling net
moment, aerodynamic force and jet thrust cooperate to
generate a desired moment. This control scheme is
referred as moment control [15, 16]. However, the
direction of the aerodynamic force induced by the tail fin
is in the opposite direction to the desired acceleration, as
shown in Fig. 1a. This reduces the efficiency of control
and may also result in nonminimum phase [17]. Moreover,
the slew rate of the tail fin is large in moment control,
which physically constrains the response speed of the
missile. This will be examined in Sections II and IV.

On the other hand, a dual missile can also be
controlled by pure force when the reaction jet is located in
front of the center of gravity of the missile. In this strategy,
control inputs are used to generate force directly to track
the acceleration command, as shown in Fig. 1b. This
control scheme is referred as force control [15, 16]. In
force control, it has been shown that the transfer function
from force to acceleration is nearly constant [15]. This
implies that force inputs translate directly to acceleration.
Force control can have a sufficiently fast response by
reducing the slew rate of the tail-fin deflection by up to
half compared with moment control. However, force
control uses large inputs, because acceleration is
maintained from actuator forces directly rather than from
the lift force generated from the angle of attack.

For the purpose of fast response while using small
control inputs. a blended strategy of the two—i.e.,
moment control and force control—could be a good
solution. However, blending the two control strategies is a
nontrivial task, because a change in the direction of the tail
fin is required [18]. Moreover, it is not simple to choose a
criterion to activate the transition between force and
moment control in a nonlinear setting.

Previous works on dual missiles have commonly
focused on controlling the moment of the missile in order
to achieve a desired acceleration by the aerodynamic lift
after the angle of attack has been generated, as shown in
Fig. 1a [1, 19, 20]. In [19], the blending principle of the
dual missile is addressed to ensure that the normal
acceleration is principally maintained by angle of attack
using the feedback-linearization technique. In [20], the
angle of attack is chosen as a controlled output to achieve
sufficient moment for lift. In [1], the possibility of
achieving the desired interceptor time constant with a
combination of aerodynamic and lateral-thrust control is
studied. The lateral jet is used to produce moment rapidly
in addition to the moment produced from the tail fin to
achieve a fast response. In these works, the desired lift
force is achieved by utilizing the reaction jet in addition to
the tail fin for high-altitude operations, where the tail fin
becomes ineffective due to low air density, rather than
designing a blending principle for agility considering the
slew-rate limit or input magnitude.

In this paper, a blending principle of tail fin and
reaction jet is proposed to achieve a fast response with a
given slew-rate limit of the tail fin while using small
control inputs. The former is addressed by force control,
and the latter is obtained by smooth transition from force
control to moment control in an efficient manner. This
control strategy is referred as transition control in this
paper. The control allocation between the tail fin and
reaction jet is achieved by generating an additional
command. The additional command is derived to shape
the angle-of-attack response so that it converges to that of
the moment-control case after starting from the
force-control mode. For convenience of analysis and
design, the reaction jet is treated as a continuous variable
[15, 18, 19].
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The rest of the paper is organized as follows. In
Section II, the dual-missile model and properties are
presented. In Section III, the blending strategy for the
transition from force control to moment control is
developed. In Section IV, the nonlinear dynamic system of
a dual missile is numerically simulated to verify the
performance of the proposed controller. Finally,
concluding remarks are given in Section V.

II. MISSILE MODEL AND PROPERTIES

The missile configuration considered in this paper
includes both tail fins and reaction jets, which produce
redundant moments and forces on the missile.
Furthermore, a dual missile can be controlled by either
forces or moments when the reaction jet is located in front
of the center of gravity of the missile. Longitudinal
dynamics for a dual missile are represented in Section
II-A, and its properties are explored in Section II-B.

A. Missile Model

Assuming constant mass and inertia, the longitudinal
equation of the motion is written

u̇ = −wq + Fx

/
m

ẇ = uq + Fz

/
m

q̇ = My

/
Iyy,

(1)

where u, w, and q are the x-direction body velocity,
z-direction body velocity, and body pitch rate, respectively.
The quantities Fx, Fz, and My are the forces in the x- and
z-directions and the pitch moment, described by

Fx = −QS
(
CA0 + CAα

+ CAφ′ + CAδ

)+ Tx

Fz = QS
(
Czα

α + Czδ
δq

)+ Tz

My = QSD

(
Cmα

α + Cmq

D

2VT
q + Cmδ

δq

)
− ltTz,

(2)

where Q, S, D, lt, VT, q, and Tx are, respectively, the
dynamic pressure, reference area, reference length,
reaction-jet distance from center of gravity, total missile
velocity, pitch rate, and thrust; δq and Tz are the fin
deflection and the reaction-jet thrust; and CA0 , CAα

, CAφ′ ,
CAδ

, Czα
, Czδ

, Cmq
, Cmδ

, and Cmα
are the aerodynamic

coefficients given by a database constructed
experimentally.

Since the angle of attack and total velocity are defined
as α = tan−1(w/u) and VT = √

u2 + w2, the time
derivative of angle of attack is

α̇ = ẇu − wu̇

u2 + w2
= 1

VT
(ẇ cos α − u̇ sin α) . (3)

Substituting (1) and (2) yields

α̇ = q + cos α

mVT
QS

(
Czα

α + Czδ
δq

)+ cos α

mVT
Tz + dα (4)

q̇ = QSD

Iyy

(
Cmα

α + Cmq

D

2VT
q + Cmδ

δq

)
− lt

Iyy

Tz, (5)

TABLE I
Missile Model Parameters

Parameter Description Value

D Reference length 0.3 m
S Reference area 0.707 m2

m Total missile mass 200 kg
Iyy Pitch moment of inertia 450 kg·m2

lt Reaction-jet distance from center of gravity 1.2 m
ωn Natural frequency of the tail fin 30 Hz
ζ Damping ratio of the tail fin 0.7
τ z Time constant of reaction jet 0.001 s

where dα = −Fx sin α/(mVT) can be viewed as a
disturbance term. The output of the system is z-direction
acceleration, defined as

Az = 1

m
QS

(
Czα

α + Czδ
δq

)+ 1

m
Tz. (6)

The response speed of the dual missile is usually
constrained by the tail fin, rather than the reaction jet. The
deflection limit of the tail-fin actuator is 30 deg and its rate
limit is 450 deg/s. In order to synchronize the tail fin and
reaction jet, the actuator dynamics are considered as

δq = ωn
2

s2 + 2ζωns + ω2
n

δqc (7)

Tz = 1

τzs + 1
Tzc, (8)

where Tzc and δqc are control inputs of the reaction-jet
thrust and tail-fin deflection from a controller, and Tz and
δq are the input signals from the actuators. The variables ωn

and ζ are the natural frequency and the damping ratio of the
tail fins, and τ z is the time constant of the reaction jet. The
missile parameters used in this paper are shown in Table I.

B. Dual-Missile Property Analysis

The longitudinal dynamics (4) and (5) and the output
(6) of the dual missile can be rewritten using small
angle-of-attack approximations as

α̇ = q + Zαα + Zδδq +
(

1

mVT

)
Tz

q̇ = Mαα + Mδδq + Mqq −
(

lt

Iyy

)
Tz (9)

Az = ZαVTα + ZαVTδq +
(

1

m

)
Tz,

where

Zα = QSCzα

mVT
Zδ = QSCzδ

mVT

Mα = QSDCmα

Iyy

Mq = QSD2Cmq

2VTIyy

Mδ = QSDCmδ

Iyy

.

(10)
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Fig. 2. Step responses under open-loop control.

Using (9), the open-loop transfer functions of the dual
missile from the tail fin and reaction jet to acceleration are

Az

δq

= VT

[
Zδs

2 − ZδMqs + (MδZα − ZδMα)

s2 − (Zα + Mq

)
s + (ZαMq − Mα

)
]

(11)

Az

Tz

=
(

1
m

)
s2 − ( 1

m
Mq

)
s −

(
lt
Iyy

ZαVT + 1
m
Mα

)
s2 − (Zα + Mq

)
s + (ZαMq − Mα

) .

Also, the open-loop transfer functions of the dual missile
from virtual controls consisting of the moment and the
force are

Az

δM

= 1

Iyy

[
ZαVT

s2 − (Zα + Mq

)
s + (ZαMq − Mα

)
]

Az

δF

= 1

m

[
s2 − Mqs − Mα

s2 − (Zα + Mq

)
s + (ZαMq − Mα

)
]

,

(12)

where δM = (QSDCmδ
δq − ltTz) and

δF = (QSCzδ
δq + Tz) are the moment and force virtual

control inputs, respectively.
Applying dual-missile model parameters to these

transfer functions yields

Az

δq

= −72.74
(s + 13.037)(s − 12.864)

(s + 0.19966 ± 6.8014j )
, (13)

Az

Tz

= 0.005
(s + 0.086837 ± 12.424j )

(s + 0.19966 ± 6.8014j )
, (14)

Az

δM

= −0.4505
1

(s + 0.19966 ± 6.8014j )
(15)

Az

δF

= 0.005
(s + 0.086837 ± 6.8014j )

(s + 0.19966 ± 6.8014j )
. (16)

Fig. 2 shows responses with open-loop controllers,
which are just constant gains to make the transfer
functions of (13)–(16) become one in the steady state.
Here, the response of δF is much faster than the others
(i.e., δq, Tz, δM) and nearly constant. This implies that the
force input translates directly to acceleration, which is
naturally suitable for acceleration control. Additionally,
this characteristic will significantly reduce the required
slew rate of the tail-fin deflection, as compared with the
moment control. That will be shown in Fig. 4e in
Section IV.

Note that the transfer function from the tail fin to
acceleration has a nonminimum phase property due to a

Fig. 3. Control strategies of dual missile. (a) Control strategy with
control allocation. (b) Control strategy with command generator.

zero with the positive real part. Transfer functions from
the moment and force to acceleration are minimum phase,
which implies that the reaction jet removes the
nonminimum phase of the tail fin in the dual missile
whether the missile is under the force or moment control.
This could be an additional advantage of using both the
tail fin and reaction jet.

III. CONTROLLER DESIGN

The requirement for control allocation arises from the
capability of using more than one set of control effectors
on a dual missile [15, 21]. Since conventional missile
guidance usually gives the acceleration command Azd to
the missile autopilot, there are one acceleration command
and two actuator commands, and the control allocation
selects values for δq and Tz from various solution sets to
track a given acceleration command (as shown in Fig. 3a).
In this step, a criterion is needed for distributing among
multiple actuators while tracking a given acceleration
command. Pseudoinverse is one of the control-allocation
methods which has a criterion of energy minimization.
But the control-allocation problem may become more
complex as more design specifications are needed, such as
zero jet usage in steady state.

In this paper, we address this allocation task by using a
command generator for the dual missile as shown in Fig.
3b. Since control inputs are calculated in a multi-input,
multioutput manner, the coupling effect of two actuators is
automatically considered. The desired moment Myd in
addition to the given acceleration command Azd is
determined as a distributing criterion from the
command-generator block, and then the corresponding
values of δq and Tz are computed by the controller.
Because the two control inputs are uniquely solved once
Myd is computed, the command-generator block executes
control allocation. By properly shaping Myd, the blending
logic that decides the contribution from the two actuators
is designed to achieve a specific purpose, such as
implementing force control, moment control, and
transition control. Therefore, designing Myd is the most
important task in our setting.

In Section III-A, we describe force control and
moment control as a preliminary and how the additional
command Myd is shaped to implement force control or
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moment control. Section III-B presents a transition control
which can generate a smooth transition from force control
to moment control.

A. Preliminary

Here, force control and moment control are briefly
described. In our approach, an additional command has to
be derived to determine the blending strategy of control
inputs, as shown in Fig. 3b, for both force control and
moment control. First, force control is designed for a fast
response. The main feature of force control is that
moments produced by tail fins and reaction jets cancel
each other out. In this point of view, the additional
command is determined as the desired moment, defined as

Myd = −Kpα − Kdα̇, (17)

where Kp and Kd are positive constant values. From (2)
and (4)–(6), assuming a small α, the angle of attack and
pitch-angle dynamics are expressed as

α̇ = q + Az

VT
(18)

q̇ = My

Iyy

. (19)

If Az follows the desired acceleration Azd, and My

follows Myd, then (18) and (19) with (17) give

α̇ = q + Azd

VT
(20)

q̇ = −Kpα − Kdα̇

Iyy

. (21)

From (20) and (21),

α̈ = −Kpα − Kdα̇

Iyy

+ d

dt

(
Azd

VT

)
. (22)

In practice, since the total speed of the missile is very fast,
the last term on the right-hand side of (22) can be viewed
as a small disturbance. Then, (22) can be rewritten with
respect to the angle of attack as

α̈ + Kp

Iyy

α + Kd

Iyy

α̇ = d

dt

(
Azd

VT

)
. (23)

Since (23) is a stable second-order system with
disturbance, the angle of attack is bounded when Ȧzd is
bounded. The angle of attack can be made small at steady
state by choosing Kp and Kd properly. After α becomes
small value, the moment command also approaches a
small value. Therefore, the moment command (17) makes
the dual controller tend to force control with a stable angle
of attack.

To track the acceleration command, the error is defined
as

e1 = Az − Azd, (24)

where Azd is a desired acceleration. After generating the
command, the control law is derived from a sliding-mode

control. Sliding surfaces are defined as

s1 = e1 + λ

∫
e1dt (25)

s2 = My − Myd = My + Kpα + Kdα̇, (26)

where λ ∈ R is a positive constant. Here, s1 is defined to
track the acceleration command and s2 is defined to track
the derived moment. By incorporating s2, the
control-allocation problem is blended in the
control-design problem, and the need to select from many
possible solutions disappears. When the system states are
in the sliding mode, the moment is enforced to be a small
value. The control inputs are used to generate direct forces
to achieve the acceleration command, which can reduce
the slew rate of tail-fin deflection effectively.

The control problem is to asymptotically drive the
missile states to track the desired commands. For
simplicity of derivation, the actuators are simplified as

δ̇q = δqc − δq

τq

Ṫz = Tzc − Tz

τz

,

(27)

where τ q is the time constant of tail fins. The existence of
a sliding mode si = 0 requires ṡi = 0:

ṡ1 = ν1 + b11δqc + b12Tzc

ṡ2 = ν2 + b21δqc + b22Tzc.
(28)

In matrix form,

ṡ = ν + Buf, (29)

where

s = [ s1 s2 ]T ν = [ ν1 ν2 ]T

uf = [ δqc Tzc ]T B =
[

b11 b12

b21 b22

]
.

The control input for the force control is

uf = B−1 (−ν − K1s − K2sgn (s)) , (30)

where K1 and K2 are diagonal matrices which have
positive constant elements.

Next, moment control is described for comparison and
construction of the transition control. For the case of
moment control, Myd is derived as an additional command.
It can be defined from Azd using the techniques developed
in [19], as described in the following.

When the desired acceleration is maintained by the
aerodynamic lift after the angle of attack has been
generated, (6) can be expressed as

Azd = 1

m
QSCzα

α. (31)
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When q follows qd, the simplified angle-of-attack
dynamics (18) can be expressed as

α̇ = qd + 1

VT
Azd. (32)

Combining (31) and (32), assuming that the parameters
such as Q and VT are constants, yields

qd = m

QSCzα

Ȧzd − 1

VT
Azd. (33)

To make the jet usage zero at the steady state after
generating a sufficient angle of attack, qd is adjusted by
using feedback of jet thrust usage as

qc
d = qd − ρ1Tz − ρ2

∫
Tzdt, (34)

where ρ1 and ρ2 are the positive constants. Now from the
pitch dynamics of (1), the additional moment command is
defined as

Myd = Iyyq̇
c
d

= Iyy

[
m

QSCzα

Äzd − 1

VT
Ȧzd − ρ1Ṫz − ρ2Tz

]
. (35)

Because Myd is derived from assuming that the
acceleration is maintained only by the aerodynamic lift
from the angle of attack, this additional command makes
the dual controller tend to moment control.

The control problem is again to asymptotically drive
the missile states to track the desired commands Azd and
Myd. Sliding surfaces are defined as

s1 =
(

d

dt
+ λ1

)∫
e1dt

s2 =
(

d

dt
+ λ2

)∫ (
My − Myd

)
dt,

(36)

where λ1 and λ2 are positive constants. Differentiating the
sliding surfaces yields

ṡ1 = ν1 + b11δqc + b12Tzc

ṡ2 = ξ2 + b21δqc + b22Tzc.
(37)

In matrix form,

ṡ = � + Bum, (38)

where

s = [ s1 s2
]T

� = [ ν1 ξ2
]T

um = [ δqc Tzc

]T
B =

[
b11 b12

b21 b22

]
.

Thus the control input um for the moment control is
defined as

um = B−1 (−� − G1s − G2sgn (s)) , (39)

where G1 and G2 are diagonal matrices which have
positive constant elements.

B. Transition Control

In this section, the transition control is designed that
starts from force control and then makes a transition to
moment control. Even though force control can have a fast
response when the acceleration command is changed
sharply, it uses larger inputs than moment control to
maintain the acceleration command. Furthermore, there
exists a limit for the tail fin for a direct lift response in low
dynamic pressure. Thus for fast response during a large
guidance command, the transition control technique is
highly recommended.

In order to design the transition control, a desired
moment which can implement the transition condition is
derived as

Myd = −Kpα − Kdα̇ − Ki

∫
e2dt, (40)

where Kp, Kd, and Ki are positive constant values and
e2 = q − qc

d .
If Az follows Azd and My follows Myd by the controller,

then (18) and (19) with (40) are

α̇ = q + Azd

VT
(41)

q̇ = −Kpα − Kdα̇ − Ki

∫
e2dt

Iyy

. (42)

From (41) and (42), we have

α̈ = −Kpα − Kdα̇ − Ki

∫
e2dt

Iyy

+ d

dt

(
Azd

VT

)
. (43)

In practice, since the total speed of the missile is very fast,
the last term on the right-hand side of (43) has a small
value and can be viewed as a disturbance. Then (43) can
be rewritten with respect to the angle of attack as

α̈ + Kp

Iyy

α + Kd

Iyy

α̇ = − Ki

Iyy

∫
e2dt + d

dt

(
Azd

VT

)
. (44)

Note that e2 represents error between the present and
desired states from the moment control. The closed-loop
angle-of-attack dynamics (44) mimics a second-order
system with an external force (−Ki/Iyy)

∫
e2 dt . This

implies that, because
∫

e2 dt is quite small at first, α, α̇,
and α̈ on the left-hand side of (44) are small. Thus all the
terms on the right-hand side of (40) have small values. As
a result, Myd tends to nearly zero, and the dual missile is
controlled by the force-control mode in the beginning.
After that, the angle of attack is shaped while the term∫

e2 dt exists. In this way, the angle of attack is shaped
like in a moment-control case, after starting from force
control. The choice of Kp, Kd, and Ki will determine the
shaping behavior of the angle of attack.

The control objective is to asymptotically drive the
system states to follow the desired commands. Sliding
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surfaces are defined as

s1 = e1 + λ

∫
e1 dt (45)

s2 = My − Myd = My + Kpα + Kdα̇ + Ki

∫
e2dt,

(46)
where λ ∈ R is a positive constant. By incorporating s2,
the control-allocation problem is blended in the
control-design problem and the need to select from many
possible solutions disappears.

The existence of a sliding mode si = 0 requires ṡi = 0:

ṡ1 = Ȧz − Ȧzd + λe1 = 0

ṡ2 = Ṁy + Kpα̇ + Kdα̈ + Kie2 = 0.
(47)

In order to find a control law that makes ṡi = 0, the terms
Ȧz, Ṁy , and α̈ are needed. They can be obtained by
differentiating (2), (4), and (6) as follows:

Ȧz = �1 + b11δqc + b12Tzc + �1 (48)

Ṁy = �2 + b′
21δqc + b′

22Tzc + �2 (49)

α̈ = q̇ − sin α

VT
Azα̇ + cos α

VT

(
�1 + b11δqc + b12Tzc

)+ �3,

(50)
where

�1 = 1

m
QS

(
Czα

α̇ − Czδ
δq

τq

)
− Tz

mτz

b11 = QSCzδ

mτq

b12 = 1

mτz

�2 = QSD

(
Cmα

α̇ + Cmq

D

2VT
q̇ − Cmδ

δq

τq

)
+ ltTz

τz

b′
21 = QSDCmδ

τq

b′
22 = − lt

τz

.

The terms �i are uncertainties. Substituting (48)–(50) into
(47) yields

ṡ1 = ν1 + b11δqc + b12Tzc + �1

ṡ2 = ν2 + b21δqc + b22Tzc + Kie2 + �2 + Kd�3,
(51)

where

ν1 = �1 − Ȧzd + λe1

ν2 = �2 + Kpα̇ + Kd

(
q̇ − sin α

VT
Azα̇ + cos α

VT
�1

)

b21 = Kd

cos α

VT
b11 + b′

21

b22 = Kd

cos α

VT
b12 + b′

22.

In matrix form,

ṡ = ν + Bu + KIe2 + �, (52)

where

s = [ s1 s2
]T

ν = [ ν1 ν2
]T

u = [ δqc Tzc

]T
B =

[
b11 b12

b21 b22

]

KI = [0 Ki

]T
� = [�1 �2 + Kd�3

]T
.

Then the control input with equivalent control and
switching control can be defined as

u = B−1 (−ν − KIe2 − K1s − K2sgn (s)) . (53)

Here K1 = Diag[K11, K12] and K2 = Diag[K21, K22] are
diagonal matrices with positive constant elements, where
K21 = |�max

1 | + ε1 and K22 = |�max
2 | + Kd |�max

3 | + ε2

with positive constants ε1 and ε2. Since τ q > 0, τ z > 0,
lt > 0, D > 0, and sgn(Czδ

) = sgn(Cmδ
), in this setup

|B| =
∣∣∣∣∣b11 b12

b21 b22

∣∣∣∣∣ = − QS

mτqτz

(
ltCzδ

+ DCmδ

) �= 0. (54)

Therefore, δq and Tz can be uniquely determined by (53).
In actual missile systems, it is difficult to measure the

angle of attack. Therefore, the transition controller is
combined with a sliding-mode observer developed in [22]
to synthesize the transition controller that does not require
full state measurement as follows:

û = B̂−1 (−ν̂ − KIe2 − K1s − K2sgn (s)) (55)

˙̂q = M̂y

Iyy

− η1q̃ − γ1sgn (q̃) (56)

˙̂α = q̂ + cos α̂

mVT
F̂z − η2q̃ − γ2sgn (q̃) , (57)

where

q̃ = q̂ − q

α̃ = α̂ − α

F̂z = QS
(
Czα

α̂ + Czδ
δq

)+ Tz

M̂y = QSD

(
Cmα

α̂ + Cmq

D

2VT
q̂ + Cmδ

δq

)
− ltTz

û = [ δqc Tzc

]T
ν̂ = [ ν̂1 ν̂2

]T
ν̂1 = �̂1 − Ȧzd + λe1

ν̂2 = �̂2 + Kp
˙̂α + Kd

(
˙̂q − sin α̂

VT
Az

˙̂α + cos α̂

VT
�̂1

)

�̂1 = 1
m
QS

(
Czα

˙̂α − Czδ
δq

τq

)
− Tz

mτz

�̂2 = QSD

(
Cmα

˙̂α + Cmq

D

2VT

˙̂q − Cmδ
δq

τq

)
+ ltTz

τz

B̂ =

⎡
⎢⎢⎢⎣

QSCzδ

mτq

1

mτz

Kd

cos α̂

VT

QSCzδ

mτq

+ QSDCmδ

τq

Kd

cos α̂

VT

1

mτz

− lt

τz

⎤
⎥⎥⎥⎦.

(58)
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In order to alleviate chattering, the saturation
function with a boundary layer around the sliding surface
can be adopted in (55). Then the final form of the
transition-control inputs is expressed as

û = B̂−1 (−ν̂ − KIe2 − K1s − K2sat
(
s
/
φ
))

. (59)

C. Stability Analysis

In this section, the Lyapunov theorem is employed to
prove the tracking stability of the closed-loop system
under the transition control. Let us consider the Lyapunov
function candidate

V = 1

2
sTs. (60)

In order to drive the system states toward the sliding
surfaces, the time derivative of the function must be
negative definite. Take the time derivative of (60) and
substitute (52) and (53):

V̇ = sTṡ

= sT (−K1s − K2sgn (s) + �)

= − (K11s
2
1 + K12s

2
2

)− s1 (K21sgn (s1) + �1)

− s2 (K22sgn (s2) + �2 + Kd�3)

≤ − (K11s
2
1 + K12s

2
2

)− |s1|
(
K21 − ∣∣�max

1

∣∣)
− |s2|

(
K22 − ∣∣�max

2

∣∣− Kd

∣∣�max
3

∣∣)
≤ − (K11s

2
1 + K12s

2
2

)− |s1| ε1 − |s2| ε2 ≤ 0. (61)

Therefore, when the control input (53) is employed, the
tracking error asymptotically converges to zero. In order
to achieve finite-time convergence, the following
condition must be satisfied:

V̇ ≤ −κV 1/2, κ > 0. (62)

Separating variables and integrating (62), we obtain

V 1/2 (t) ≤ −1

2
κt + V 1/2 (0) . (63)

Consequently, V(t) reaches zero in a finite time tr as

tr ≤ 2V 1/2 (0)

κ
. (64)

From the final result of (61), we obtain

V̇ ≤ − (K11s
2
1 + K12s

2
2

)− ε1 |s1| − ε2 |s2|
≤ −ε (|s1| + |s2|) ≤ −ε

√
|s1|2 + |s2|2 = −ε

√
2V 1/2,

(65)

where ε = min(ε1, ε2). Consequently, the tracking errors
reach zero in a finite time tr that is bounded by

tr ≤ 2V 1/2 (0)

ε
√

2
. (66)

IV. SIMULATION RESULTS

In this section, numerical results of the proposed
transition control are reported. Results of the transition
control are shown in comparison with the force control
and moment control to illustrate the transition behavior. In
the design procedure, the derivative of the acceleration
command Azd is used as a component of equivalent control
in the sliding-mode control input as in (47). In order to
make the acceleration command continuously
differentiable, a second-order filter is used:

Azd = ω2
cmd

s2 + 2ζcmdωcmds + ω2
cmd

Ac
zd, (67)

where ωcmd = 60 Hz is a natural frequency and ζ cmd =
0.707 is the damping ratio of the filter. In (44), Iyy, Kp, and
Kd will determine the shaping behavior of the angle of
attack. The natural frequency is defined as
Wnα

= √Kp/Iyy and damping is defined as
ζα = Kd/2

√
IyyKp. We choose Kp = 570 and Kd = 2300

to make an overdamped system with ζ α ≈ 2 and Wnα
≈ 1.

Since Ki amplifies
∫

e2 dt and acts as an external input to
the angle-of-attack shaping dynamics, it should be large
enough and be chosen as Ki = 10 000. Then

�1 ≈ 1

m
QSCzα

Fx sin α

mVT
+ ω1 (68)

�2 ≈ QSDCmα

Fx sin α

mVT
+ ω2 (69)

�3 ≈ sin αAz

VT

Fx sin α

mVT
+ cos α

VT

QSCzα

m

Fx sin α

mVT
+ ω3.

(70)

Here ωi are the residual terms, which contain the
ignored time derivatives of aerodynamic coefficients.
Using the nominal values of our simulation conditions,
we have approximately |�max

1 | ≈ 0.05 + ωmax
1 ,

|�max
2 | ≈ 4.3 + ωmax

2 , and |�max
3 | ≈ 0.0005 + ωmax

3 .
The sliding gains are chosen from our results as
K21 = |�max

1 | + ε1 = 50 and K22 = |�max
2 |

+ Kd |�max
3 | + ε2 = 50. For fast regulation of the sliding

surface we choose K1 = Diag[70, 80] and
λ = 25. The boundary layer φ is set to 0.1. Since the
regulating speed of estimation error of the angle of attack
is proportional to γ2/γ1 as shown in [3], we choose γ 1 =
0.07 and γ 2 = 0.3. Also, the regulating speed of q̃ should
faster than α̃, so we choose η1 = 20 and η2 = 0.7. The
nonlinear model is considered, and an experimentally
constructed aerodynamic database was used.

First, simulation results of force control and moment
control are examined. In Fig. 4a, the force control can
follow the fast guidance command, while the moment
control cannot follow the command, owing to the
slew-rate limit of the tail fin in Fig. 4e (as mentioned in
Section II-B). In Fig. 4b, the angle of attack under moment
control is much larger than under force control, because
the aerodynamic lift to meet the acceleration command is
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Fig. 4. Response of transition control. (a) Acceleration response. (b)
Angle of attack. (c) Tail-fin deflection. (d) Reaction-jet thrust. (e) Slew

rate of tail fin.

generated by the angle of attack under moment control. In
Fig. 4c, the initial direction of the tail fin in force control is
opposite to that in moment control, because the tail fin is
used to generate lift force directly in force control. In
moment control, the tail fin starts in the wrong direction to
achieve the angle of attack, and while it returns to the
correct direction, the slew rate hits the limit as can be seen
in Fig. 4e. Force control uses a large control effort after
achieving fast response to maintain the command.
Therefore, after achieving the command acceleration,
moment control is more effective than force control. For
this reason transition control is developed.

Here, the proposed control demonstrates an
acceleration response as fast as in force control (Fig. 4a)
without hitting the slew-rate limit (Fig. 4e). We can see in
Figs. 4c, 4d that the initial behavior is same as under force
control, and the trend is changed toward moment control.
After the transient period is over, the input usage becomes
small, similar to moment control. This smooth transition is
achieved by shaping the angle of attack like that of
moment control, as shown in Fig. 4b.

In order to demonstrate that the transition is
accomplished regardless of the initial condition under
transition control, the multistep acceleration command is
simulated. In Fig. 5a, we see that the transition control can

Fig. 5. Response of transition control with respect to multistep
acceleration command. (a) Acceleration response. (b) Angle of attack.
(c) Tail-fin deflection. (d) Reaction-jet thrust. (e) Slew rate of tail fin.

follow the fast guidance command despite the changes of
trim condition.

V. CONCLUSIONS

In this paper, a blending principle for a dual-controlled
missile with tail fins and reaction jets is developed,
particularly to achieve fast response under the given
slew-rate limit. The analysis in terms of the force and
moment perspectives shows that force control has a very
fast response in the beginning but uses large inputs to
maintain acceleration. On the other hand, moment control
has a relatively slow response, owing to the slew-rate
limit, but uses small inputs. We developed a blending
strategy which allows the control to start from force
control and then make a transition to moment control. The
key is shaping the angle of attack according to the desired
moment after starting from force control, instead of
switching from one controller to the other. A nonlinear
sliding-mode observer is combined with the transition
controller to estimate the angle of attack that is not
available for measurement. The smooth and stable
transition from force to moment control is demonstrated
by simulation with a nonlinear missile system. The
proposed transition controller has very fast response under
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the given slew-rate limit, while its input usage is almost
same as in conventional moment control.
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