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Abstract

A separation result for some kind of global stabilization via output feedback of a class of nonlinear systems, under the form of some
stabilizability by state feedback on the one hand, and some unboundedness observability on the other hand is presented. They allow to
design, for any domain of output initial condition, some dynamic output feedback controller achieving global stability. It is also highlighted
how disturbance attenuation can further be achieved on the same basis. As an example, the proposed conditions are shown to be satis7ed
by the class of so-called Euler–Lagrange systems, for which a tracking output feedback control law is thus proposed.
? 2003 Published by Elsevier Science Ltd.
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1. Introduction

It is well known that for linear systems, separate possi-
ble designs of a stabilizing linear state feedback controller
on the one hand, and an asymptotic linear state observer
on the other hand, always result in a stabilizing linear output
feedback controller. However, such a so-called separation
principle does not systematically hold for nonlinear systems
and for this reason di;erent studies towards a generalization
of such a result to speci7c classes of nonlinear systems have
been proposed. Among them, it has in particular been shown
that (semi-)global state feedback stabilizability together
with uniform complete observability result in semi-global
output feedback stabilizability (Khalil & Esfandiari, 1993;
Teel & Praly, 1994). Moreover, it has been underlined
that beyond basically quadratic nonlinearities in the un-
measured states, no global output feedback stabilization
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can be achieved, due to the lack of unboundedness observ-
ability (UO) (Mazenc, Praly, & Dayawansa, 1994): roughly
speaking, for any initial condition and bounded input, any 7-
nite escape time of the state trajectory can be observed from
the output or, which is the same, a bounded output implies
that the state has no 7nite escape time.
For a class of systems which are a7ne in the unmea-

sured states, a global separation result has been proposed in
Battilotti (1996), requiring stabilization via state feedback
(SSF), on the one hand, and via output injection (SOI) on
the other hand: this is not in contradiction with the coun-
terexamples given in Mazenc et al. (1994), since linearity
in the unmeasured states plus SOI implies UO. On the other
hand, for the considered class of systems, SOI is equiva-
lent by Sontag and Wang (1997) to the Output to State
Stability (OSS): roughly speaking, the state trajectories are
bounded whenever the output is bounded (state bounded-
ness) and go to zero as the output goes to zero (which means
some detectability). A 7rst attempt to extend the result of
Battilotti (1996) to a broader class of systems can be found
in Battilotti, Lanari, and Ortega (1997), and more recently
in Battilotti (1999). However, while the obtained results
allow to put in the framework of a separation result the
existing contributions on the set point control of a class of
nonlinear systems, including for instance Euler–Lagrange
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systems (EL systems), they are not suGcient to globally
solve the output tracking problem. This problem for EL sys-
tems has been motivating quite a lot of research especially
during the last few years (see e.g. Loria, 1996; Lefeber
& Nijmeijer, 1997; Battilotti et al., 1997; Besan*con, 1998;
Loria & Panteley, 1999 and references therein). Recently,
an interesting solution for rigid robots has been proposed in
Zhang, Dawson, de Queiroz, and Dixon (1997): although
the design procedure in this paper is constructive, very little
insight is given into the tracking problem in its generality.
Moreover, the proposed controller very tightly relies on the
initial value of the output tracking error, and for this rea-
son is not global in the usual sense. In the present paper, we
consider the problem of output feedback stabilization for a
class of time-varying systems roughly quadratic in the un-
measured states, which in particular includes EL systems.
Since a tracking problem for a system can be reformulated
as a stabilization problem for the time-varying error sys-
tem, our results in particular gives a solution to the tracking
problem for EL systems.
First, we prove that if SSF holds together with OSS, sub-

ject to the constraint that the output stays for all time
in some set � (�-OSS), then given any set Ky contain-
ing the initial output, stabilization can be achieved via dy-
namic output feedback as long as the dynamic controller
is suitably chosen w.r.t. Ky and �. Since the controller
design requires the knowledge of Ky for the measured out-
puts, our stability result can be said to be global w.r.t.
the unmeasured states and semiglobal w.r.t. the measured
outputs.
Secondly, we prove that, by restricting the class of sys-

tems considered (but still including EL systems), one can
still achieve stabilization via output feedback if�-OSS is re-
laxed to some property (�-UO) which, by the recent charac-
terization given in Angeli and Sontag (1999), is equivalent,
for the considered class of systems and for � compact, to
UO. The restriction on the structure of the system is needed
to remedy to some extent to any lack of detectability, which
the �-UO cannot guarantee by itself.
The basic ingredient to prove our results is an output con-

straining technique. This allows to design output tracking
controllers in such a way that the output evolution of the
closed-loop system is contained in some set � for all times
and this is guaranteed by using a candidate Lyapunov func-
tion which goes to in7nity as the output gets closer to the
boundary of � (see Zhang et al., 1997; Besan*con, Battilotti,
& Lanari, 1998; Besan*con, 2001 for comparisons).
It is further underlined how one can get a result which is

also global w.r.t. the measured outputs under some addi-
tional boundedness requirements.
Finally, we point out how to extend our procedure and

de7nitions to the problem of disturbance attenuation for the
same class of systems.
Section 2 formulates the problem and presents the main

results, while Section 3 presents an application to the prob-
lem of tracking control of EL systems.

2. Main results

2.1. Output feedback stabilization

Consider systems which can be represented as follows:

ẏ = A12(y; t)z; y; z ∈Rn;

ż = f(y; z; t) + B2(y; t)u;

y =measured output; (1)

where ‖A12(y; t)‖6 a12(y); ∀y; t, andA12; f; B2 are smooth
functions.
The control problemwhich is studied here is that of output

feedback stabilization, in the sense of 7nding a dynamic
controller only using the measured output:

�̇ = S(y; �; t); u= U (y; �; t) (2)

such that the origin of the closed-loop system (1)–(2) is uni-
formly asymptotically stable. Classically, the stabilization is
global if the stability of (1)–(2) holds for any initial condi-
tion. If for any compact setK ⊂ R2n there exists a compact
set K� and a controller (2) making the closed-loop system
asymptotically stable for initial conditions (y(0)T z(0)T)T

in K and �(0)∈K�, then the stabilization is semiglobal
(Teel & Praly, 1995). In fact, in the present note, being
given any compact set Ky ⊂ Rn, we provide a controller
achieving asymptotic stability of the closed-loop system for
any initial condition z(0)∈Rn, any y(0)∈Ky, and any
�(0)∈K� for some compact K�. In this sense, the sta-
bilization is semiglobal w.r.t. y and global w.r.t. z. This
enlarges previously available semiglobal separation results
(e.g. as in Teel and Praly (1995)), insofar as here no pre-
speci7ed compact set is considered for z. The result becomes
global under additional boundedness conditions.
Notice that the study of output feedback stabilization of

the time-varying system (1) is motivated in particular by the
fact that, for example, the output tracking of a time-invariant
system of the form ẏ= z; ż=f(y; z) + B2(y)u, with y the
measured output, can be easily reformulated as the stabiliza-
tion problem for a system of form (1).
In the case of linear systems, namely when A12; B2 do

not depend on y and f is linear w.r.t. y; z in (1), it is well
known that the existence of a state feedback controller and,
separately, a state observer, ensures some possible output
feedback control design. This so-called separation principle
can also be formulated as the existence of a stabilizing state
feedback controller on the one hand, and the existence of a
stabilizing “full output injection” on the other hand, namely
some output function acting on the whole state dynamics of
the autonomous system, and making it asymptotically stable.
Recently, a generalization of such a formulation to the

case of systems a7ne in the unmeasured states, roughly of a
(time-invariant) form (1) with f(y; z; t)=A21(y)+A22(y)z,
has been proposed in Battilotti (1996) in terms of Lyapunov
functions. Here, we propose separate conditions in the same
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spirit, but now with quadratic-like nonlinearities:

f(y; z; t) = A21(y; t) + A22(y; t)z + Q(y; z; z; t);

with Q quadratic w:r:t: z (3)

and highlighting the relationship with the notion of “un-
boundedness observability”:

(SSF) (i) There exist a C∞, proper, positive de7-
nite function V :Rn → R and a C∞ function
� :Rn × R → Rn such that �(0; t) = 0 for all t,
(@�=@y)(y; t) and �(y; t) are bounded w.r.t. t,
and

∀y �= 0; ∀t;−@V
@y

(y)A12(y; t)�(y; t)6−a(y);

for some positive de7nite function a;

(ii) For any t and y, 0¡b1 Id6B2(y; t)6
b2(y) Id (Id denotes the identity matrix).

(�-OSS) There exists aC∞, proper, positive de7nite func-
tion W (y; z; t)= 1

2 zTP(y; t)z+ zT�(y)+�(y) s.t.
∀t; y; 0¡p1 Id6P(y; t), (@�=@y)A12(y; t)6
− k Id¡ 0, P; (@P=@y) are bounded w.r.t. t, and

@W
@t

+
@W

@(y; z)

(
A12(y; t)z

f(y; z; t)

)

6− �W (y; z; t) +  (y)

for  s:t: lim
‖y‖→∞

‖ (y)‖=∞ (4)

for all t; z; and y∈� = {y∈Rn: ‖�(y)‖6 !}
for some ! and �¿ 0 (independent of !):

(5)

Remark 2.1. The 7rst condition means some global stabi-
lizability by state feedback (use backstepping). It can also
easily be seen that, whenever � is compact, (4) implies that
if y is in� and bounded then the state is bounded with expo-
nential decay, and by Sontag and Wang (1997) it is equiv-
alent to OSS, modulo the special structure required for W .
Finally, it can be noticed that (4) is independent of any out-
put injection (vT1 ; v

T
2 )

T satisfying ‖v1‖6p1�1=p3; �1 ¡�.

A 7rst separation result can then be stated as follows:

Theorem 2.1. Under assumptions (SSF) and (�-OSS),
system (1)–(3) is stabilizable by output feedback globally
w.r.t. z and semiglobally w.r.t. y, in the sense that for any
compact setKy ⊂Rn there exist a controller (2) with some
compact K�, such that for any z(0)∈Rn, any y(0)∈Ky,
and any �(0)∈K�, the solutions y(t); z(t); �(t) of (1)–(2)
satisfy

lim
t→∞ ‖y(t)‖= lim

t→∞ ‖z(t)‖= lim
t→∞ ‖�(t)‖= 0:

The proof is given in Appendix A: it provides an explicit
solution for the output feedback control law, and it is based

on an output constraining technique, in the sense that the
controller is designed such that some output-dependent vari-
able of the closed-loop system stays for all times in some
set �. In particular y remains constrained w.r.t. Ky.

More precisely, it is shown how ∀Ky, ∃VOF(y; z; �; t)C∞

proper and positive de7nite s.t.:

• VOF;1(y; z; �)6VOF(y; z; �; t)6VOF;2(y; z; �)
∀y; z; �; t for some C∞ proper and positive
de7nite VOF; j’s; (6)

• VOF(y; z; �; t) remains bounded at any time; (7)

• V̇OF6− &OF(y; z; �) ∀t¿T
along trajectories of (1)–(2); and for some T¿ 0;
some positive de7nite &OF; and any z(0)∈Rn;
y(0)∈Ky: (8)

Notice that the proof uses the property that the state cannot
escape in 7nite time as long as it remains in some set, which
results from (�-OSS). Let us show how one can actually
still achieve stabilization via output feedback if �-OSS is
relaxed to such an �-unboundedness observability property
(�-UO), namely the property that subject to the constraint
that y(t)∈�;∀t, bounded output guarantees a state with
no Anite escape time:

(�-UO) There exists a C∞, proper and positive de7nite
W (y; z; t)= 1

2 z
TP(y; t)z+ zT�(y)+�(y) such that

p1 Id6P(y; t) with P(y; t); @P=@y(y; t) bounded
w.r.t. t, and

@W
@t

+
@W

@(y; z)

(
A12(y; t)z

f(y; z; t)

)

6 �W (y; z; t) +  (y);

for  s:t: lim
‖y‖→∞

‖ (y)‖=∞ (9)

for all t, z and y∈� as in (5) for some ! and
�¿ 0 (dependent of !).

If � is compact, by the recent characterization given
in Angeli and Sontag (1999) one can actually check that
this property implies UO, modulo the special structure of
W . It can be noticed that (9) is independent of any out-
put injection (vT1 ; v

T
2 )

T with ‖v1‖ bounded. If in addition
A12(y; t)¿ a Id¿ 0 for all y and t, it is easy to prove that
�-UO implies �-OSS (just add to W of �-UO a term of the
form −zTKy + H (y), for some K ¿ 0 and H (y) positive
de7nite, depending on ! and �, so as to make (4) satis7ed
with the new function). The condition A12(y; t)¿ a Id¿ 0
obviously preserves the state feedback stabilizability prop-
erty, which can consequently be formulated as

(RSF) A12(y; t)¿ a Id¿ 0 and 0¡b1 Id6B2(y; t)6
b2(y) Id for all y and t.
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We thus have the following separation result:

Theorem 2.2. If (RSF) and (�-UO) hold, system (1)–
(3) is stabilizable by output feedback globally w.r.t. z and
semiglobally w.r.t. y, in the sense that for any compact set
Ky ⊂ Rn there exist a controller (2) with some compact
K� such that for any z(0)∈Rn, any y(0)∈Ky, and any
�(0)∈K�, the solutions y(t); z(t); �(t) of (1)–(2) satisfy

lim
t→∞ ‖y(t)‖= lim

t→∞ ‖z(t)‖= lim
t→∞ ‖�(t)‖= 0:

Notice that the restriction A12(y; t)¿ a Id¿ 0 actually
compensates any lack of detectability, which is not guar-
anteed by the (�-UO) property by itself. More generally,
(�-UO) together with (SSF) and some detectability condi-
tion should result in the same output feedback stabilizability
property.
Notice also that (RSF) actually guarantees usual

semiglobal stabilizability (Teel & Praly, 1995), but here
(�-UO) further allows to obtain global stabilizability w.r.t.
unmeasured states. It can actually be seen from the proof
of Appendix A, that if the functions depending on y are
uniformly upper bounded w.r.t. y, then the stabilization
can be also made global w.r.t. the measured states:

Corollary 2.1. If (RSF) and (�-UO) hold with A12, A22,
P; @P=@y; @�=@y bounded w.r.t. y; t and ‖Q(y; z; z; t)‖6
q‖z‖2 ∀y; t, then system (1)–(3) is globally stabilizable
by output feedback, in the sense that there exist a con-
troller (2) with some compact K� such that ∀z(0)∈Rn,
∀y(0)∈Rn, and ∀�(0)∈K�, the solutions y(t); z(t); �(t)
of (1)–(2) satisfy:

lim
t→∞ ‖y(t)‖= lim

t→∞ ‖z(t)‖= lim
t→∞ ‖�(t)‖= 0:

The additional conditions for this result, though quite restric-
tive, are for instance satis7ed by the class of EL systems, as
underlined in Section 3 below.

2.2. Disturbance attenuation

We conclude this section by spending few words on
the problem of disturbance attenuation with stability via
dynamic output feedback for systems (1) a;ected by
disturbances w:

ẏ = A12(y; t)z with y the measured output;

ż = f(y; z; t) + B2(y; t)u+ B1(y; t)w; (10)

where w is a square Lebesgue integrable d-dimensional
function over [0; T ].
Given ,¿ 0 (a rate of attenuation) and ’ :R2n → Rq,

a C∞ function vanishing at the origin (a penalty variable),
the problem roughly consists in 7nding a C∞ proper and
positive de7nite function VOF as in (6) and a controller (2)

such that (7) holds and now

V̇OF + ‖’(y; z)‖2 − ,2‖w‖26− �(y; z; �) (11)

along the trajectories of (10)–(2) for all w and for some
positive de7nite �. This basically means some attenuation
of the e;ect of w on the penalty variable ’.
With respect to a stabilization problem (8), in (11) we

further have to cope with the term

1
4,2

@VOF

@(y; z)
B1(y; t)BT

1 (y; t)
@V T

OF

@(y; z)
+ ‖’(y; z)‖2:

If this term can be decomposed according to (A.4)–(A.9)
and dominated as in the proof of Theorem 2.1, then distur-
bance attenuation with internal stability can be achieved via
output feedback. In particular, this is feasible if ’(y; z) =√

yT (y) + zT/(y)z, with  vanishing at the origin s.t.
yT (y)¿ 0, and if (RSF) holds together with the condition:

There exists a C∞, proper and positive de7nite
W (y; z; t) = 1

2 z
TP(y; t)z + zT�(y) + �(y) such that p1

Id6P(y; t) with P(y; t); (@P=@y)(y; t) bounded w.r.t. t, and

@W
@t

+
@W

@(y; z)

(
A12(y; t)z

f(y; z; t)

)

+
1
4,2

@W
@(y; z)

B1(y; t)BT
1 (y; t)

@W T

@(y; z)
+ ‖’(y; z)‖2

6 �W (y; z; t) +  (y);  as in (4) (12)

for all t, z and y∈� as in (5) for some ! and �¿ 0
(dependent of !).

3. Example: Euler–Lagrange systems

In this section, it is shown how Theorem 2.1 applies for
the so-called EL systems. This provides an output feed-
back tracking controller comparable to those of Zhang et
al. (1997), Besan*con et al. (1998), but not depending any
more on the exact value of y(0). It can even be noticed that
Corollary 2.1 applies, giving a global output feedback.
EL systems are classically described by: D(q) Sq +

C(q; q̇)q̇+G(q) = 3, where q denotes the generalized posi-
tions in Rn assumed to be measured, D the inertia matrix,
C(q; q̇)q̇ Coriolis and centrifugal forces, G(q) the gravita-
tion, and 3 the control forces. As usual, it is assumed that
∀q: Ḋ = C(q; q̇) + CT(q; q̇), 0¡d1 Id6D(q)6d2 Id,
‖C(q; q̇)‖6 4‖q̇‖ and C(q; q1)q2 = C(q; q2)q1 (Spong &
Vidyasagar, 1989).
Let us now consider some twice di;erentiable trajectory

qd(t) to be tracked, with ‖q̇d(t)‖6Qd, and u= 3− 3d with
3d=D(q) Sqd+C(q; q̇d)q̇d+G(q). Then q̃ := q−qd satis7es

D(q) S̃q+ C(q; q̇) ˙̃q+ C(q; q̇d) ˙̃q= u: (13)

The problem of output feedback control for this new system
turns to be a problem of tracking control without velocity
measurement for the original EL system. As mentioned in



G. Besanc:on et al. / Automatica 39 (2003) 1085–1093 1089

the introduction, this problem has motivated a lot of recent
work. Here, showing that assumptions (SSF) and (�-OSS)
of previous section are satis7ed by the error system (13)
provides us with a global-like solution (as in Theorem 2.1)
to this problem, and that conditions of Corollary 2.1 actually
also hold, gives a global solution. With y := q̃ measured
and z := ˙̃q, system (13) indeed takes form (1)–(3):

ẏ = z;

ż =−D−1(y + qd)[C(y + qd; q̇d)z

+C(y + qd; z + q̇d)z − u]

=f(y; z; t) + B2(y; t)u:

Let us sketch how conditions (SSF) and (�-OSS) are satis-
7ed:
(SSF) One can simply take V = l

2y
Ty; l¿ 0 and any

function �(y) making yT�(y) positive de7nite (for instance
� = y or, as in (Besan*con et al., 1998), � = tanh) on the
one hand, and notice that here B2 =D−1 classically satis7es
(SSF)-(ii) on the other hand.
(�-OSS) Taking some candidate for W as follows:

W :=
1
2
˙̃qTD(q) ˙̃q− k ˙̃qTq̃+

l
2
q̃Tq̃

=
1
2
zTD(y + qd)z − kzTy +

l
2
yTy

with k ¿ 0, and l large enough so thatW be positive de7nite,
one can check by direct computations that for k ¿4Qd +1,
inequality (4) indeed holds with != d1=24 and �= 1=d2.

From this, Theorem 2.1 applies, and thus one can obtain
an output feedback controller for the tracking error system
(13), as in the proof of Theorem 2.1. Taking for instance,

Vy;z;� =
1
2
(z + D−1�̂ + 6�(y))TD(z + D−1�̂ + 6�(y))

− l
2
log
(
1− yTy

c + 6

)
− 1

2

n∑
i=1

log
(
1− n�̂2

i

62

)

for any � as in (SSF), and any c s.t. ‖y(0)‖26 c, one obtains
(with 9 as in Appendix A):

�̇I =−(�II + 1)k[D−1�̂ + 6�] + �̇IIky

−9−1
[
&�̂ − l

c + 6− yTy
D−1y

]
; �I(0) = 0;

�̇II =− :
(c + 6− yTy)

∏n
i=1(6

2=n− �̂2
i )

�II;

�̂ = �I − (�II + 1)ky; �II(0) =−1;

u=−6D
@D−1

@y
(D−1�̂ + 6� − q̇d)D�

+9−1
[
&�̂ − l

c + 6− yTy
D−1y

]

+ 6D
@�
@y

[D−1�̂ + 6�]− ly
c + 6− yTy

+(�II + 1)k9�̂ + [CT(q; q̇d − D−1�̂ − 6�)

−C(q; q̇d)](D−1�̂ + 6�) (14)

for

k ¿4Qd + 1; &¿ 0; 6
∣∣∣∣
∣∣∣∣@�@y − @D−1

@y
D�
∣∣∣∣
∣∣∣∣

¡
1
2d2

; 6+ 6‖D�‖6 d1

24

when ‖y‖26 c.

Remark 3.1. Notice that here, when constructing u as in
Appendix A, one can take ;= 1, and increase k instead of
reducing 6 and canceling (A.6) by u so as to make V̇ ¡ 0.
Notice then that if � is bounded one can further choose

�II(0) = 0 and �I(0) s.t. |�I(0) − ky(0)|¡6, so as to still
make V̇ de7nite negative. In that case, the achieved stabiliza-
tion is somehow only local w.r.t. y, and the resulting con-
troller coincides with that of Besan*con et al. (1998) (see also
Zhang et al., 1997).
Finally, notice that here boundedness conditions of Corol-

lary 2.1 are clearly satis7ed, and thus by modifying the con-
trol law as suggested in Appendix A (e.g. taking � = tanh
and �̇II =−:(1+y2)�II=

∏n
i=1(6

2=n− �̂2
i )) one ends up with

an output feedback tracking controller which is global w.r.t.
the whole state.

As an example, consider the 2-link robot manipulator of
(Zhang et al., 1997) de7ned by

D(q) =

(
p1 + 2p3 cos(q2) p2 + p3 cos(q2)

p2 + p3 cos(q2) p2

)
;

C(q; q̇) =

(−p3 sin(q2)q̇2 −p3 sin(q2)(q̇1 + q̇2)

p3 sin(q2)q̇1 0

)

with p1 = 3:473; p2 = 0:193; p3 = 0:242, and reference tra-
jectories satisfying

q1d(t) = 1:57 sin(2t)(1− e−0:05t3 );

q2d(t) = 1:2 sin(3t)(1− e−0:05t3 ):

Simulations results, obtained with controller (14) with 6 =
1; k=5 (according to Remark 3.1), l=:=&=5; c=100; �=y,
and initial conditions q(0) = (−5; 2)T; q̇(0) = (2; 10)T, are
illustrated in Fig. 1. It can be seen that the results reWect
the expected asymptotic stability, even for quite large initial
errors on q̇, and for fair values of the controls.

Remark 3.2. Notice that with ’ = (q̃1 tanh(q̃1); : : : ;
q̃n tanh(q̃n), ˙̃q1; : : : ; ˙̃qn)T as the penalty variable, which rep-
resents the tracking error, for any rate of attenuation, a
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Fig. 1. Simulation results.

controller achieving disturbance attenuation on ’ can be
similarly obtained (Besan*con et al., 1998).

4. Conclusions

In this paper, a problem of output feedback control de-
sign for a class of nonlinear systems has been considered.
It has been addressed via the formulation of a separation
result, in the sense that the output feedback controller is
based on some separate properties related to state feed-
back, on the one hand, and Output to State Stability (OSS)
on the other hand. In particular, the OSS condition has
been discussed at the light of the “unboundedness observ-
ability” property (UO). As an example, the conditions have
been shown to be satis7ed for instance by EL systems,
resulting in a control design which actually improves a
technique of Zhang et al. (1997). In particular it gives
some “methodological” interpretation of such an output
feedback controller. Moreover in Zhang et al. (1997) the
controller requires the exact value y(0), while in our ap-
proach for any compact set containing y(0) a controller can
be designed. From this, the proposed controller achieves
semiglobal stabilization only w.r.t. the measured state y
(and globally w.r.t. the unmeasured state z), enlarging pre-
vious results on semiglobal stabilization (e.g. Teel & Praly,
1995). In the case of EL systems, the stabilization can even
be made global w.r.t. the whole state. Finally, it has been
pointed out how our results can also be extended to the
problem of output feedback with disturbance attenuation,
as in Battilotti (1996), in particular recovering the case of
EL systems of Besan*con et al. (1998).

Appendix A. Proof of Theorem 2.1 (and Corollary 2.1)

Let us consider V; � as in (SSF), W as in (�-OSS),
and some compact set Ky for y. For simplicity, compu-
tations will be presented for a time-invariant system (the
time-varying case being similar). Moreover, when there
is no ambiguity, the arguments of the functions will be
omitted, and for any vector r, ri will denote its ith com-
ponent. For some 6¿ 0 to be speci7ed later, and any
x = (x1; : : : ; xn)T ∈Rn, let us denote by 9(x) the diagonal

matrix with 1=(62=n − x2i ), i = 1; : : : ; n as diagonal entries,
and by ‖x‖ the Euclidean norm of x.
Now take c such that {y: V (y)6 c} ⊃ Ky, and set �̂ :=

;[�I + (�II + 1)�(y)] with

�II ∈R; �̇II(t) =−>(t)�II(t)

where > :=
:

(c + 6− V (y))
∏n

i=1(6
2=n− �̂2

i )
and

:¿ 0;

�I ∈Rn; �̇I(t) is to be chosen later;

;¿ 0; (�I(0); �II(0))∈K� (A.1)

for some compact subsetK� of {(�I; �II)∈Rn+1: ∀y∈Ky,
|�̂i|6 6=(2

√
n); i = 1; : : : ; n}. 1

Finally, set �6 := {y; z; �I ∈Rn; �II ∈R:V (y)¡c+ 6 and
|�̂i|¡6=

√
n; i = 1; : : : ; n}. Clearly from the choice of �I(0)

and �II(0), for any y(0)∈Ky and any z(0)∈Rn, the ex-
tended state xe := (yT zT �T

I �II)T starts in �6. Then let us
choose

VOF(y; z; �I; �II) = Vy;z; �̂ + V�II with V�II =
1
2
�2
II and

Vy;z; �̂ =
1
2
(z + P−1�̂ + 6�(y))TP(z + P−1�̂ + 6�(y))

− log
(
1− V (y)

c + 6

)
− 1

2

n∑
i=1

log
(
1− n�̂2

i

62

)
:

(A.2)

Notice that VOF is positive de7nite and radially unbounded
on �6, and ‖�̂‖¡6 on �6.

Let us now show that for appropriate choices of ;; 6; �̇I

and u, the time derivative V̇OF along the trajectories of
the closed-loop system (1)–(2) can be made negative def-
inite on �6 before the state leaves �6 (and thus the state
always remains in �6 with our initial conditions). To
that end, let us then compute V̇ y; z; �̂ for the closed-loop

1 Notice that one can for instance simply take K�={�I =0; �II =−1}.
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system (1)–(2):

V̇ y; z; �̂ = (z + P−1�̂ + 6�)TP
[
@P−1

@y
(A12z)�̂ + ;P−1

×
(
�̇I + (�II + 1)

@�
@y

A12z + �̇II�
)

+ 6
@�
@y

A12z + f + B2u
]
+ (z + P−1�̂ + 6�)T

× @P
2@y

(A12z)(z + P−1�̂ + 6�)

+
1

c + 6− V
@V
@y

A12z + ;�̂T9(�̂)

×
(
�̇I + (�II + 1)

@�
@y

A12z + �̇II�
)

:

Set X� := �̂ + 6P�. Gathering all terms in z + P−1 X� = z +
P−1�̂ + 6�, we get

V̇ y; z; �̂ = �II(z + P−1 X�)T
[
;

@�
@y

A12

]
(z + P−1 X�) (A.3)

+ (z + P−1 X�)T
([

;
@�
@y

A12 +
@P
2@y

(A12z)
]

×(z + P−1 X�) + P
[
A22z + Q +

@P−1

@y

(A12z) X�
])

(A.4)

+ (z + P−1 X�)TP
[
6
@P−1

@y
A12P−1 (A.5)

× X�P� − 6
@�
@y

A12P−1 X� + ;P−1

×
[
�̇I − (�II + 1)

@�
@y

A12P−1 X� + �̇II�
]

+P−1AT
12

(
1

c + 6− V
@V
@y

+ ;(�II + 1)�̂T9
@�
@y

)T

+A21 + B2u
]

(A.6)

+ ;�̂T9
[
�̇I − (�II + 1)

@�
@y

A12P−1 X� + �̇II�
]
(A.7)

− 6
c + 6− V

@V
@y

A12� − 1
c + 6− V

@V
@y

A12P−1�̂

(A.8)

+ (z + P−1 X�)TP
[
6
@�
@y

A12(z + P−1 X�)

−6
@P−1

@y
A12(z + P−1 X�)P�

]
: (A.9)

Here we need (�-OSS): by reordering (4) w.r.t. z + P−1�,
the left-hand side becomes

(z + P−1�)T
([

@�
@y

A12 +
@P
2@y

(A12z)
]
(z + P−1�)

+P
[
A22z + Q +

@P−1

@y
(A12z)�

])
+ (z + P−1�)T

×M (y; �) + N (y; �) for some M (: ; :); N (: ; :)

depending on W , while the right-hand side is quadratic in
(z + P−1�). Hence, terms in (z + P−1�) of order 3 in the
left-hand side necessarily vanish, and we get

(z + P−1�)T
([

@�
@y

A12 +
@P
2@y

(A12z)
]
(z + P−1�)

+P
[
A22z + Q +

@P−1

@y
(A12z)�

])

=(z + P−1�)T
([

@�
@y

A12 − @P
2@y

(A12P−1�)
]

×(z + P−1�) + P
[
A22(z + P−1�)− Q(y; P−1�;

z + P−1�)− Q(y; z + P−1�);

+
@P−1

@y
(A12[z+P−1�])�

])
+(z+P−1�)T XM (y; �)

6− �(z + P−1�)T
P
2
(z + P−1�)

+ (z + P−1�)T XM (y; �) for ‖�(y)‖6 !;

and XM bounded when �; y are.
Coming back to V̇ y; z; �̂, it follows that if ‖ X�‖6 !, and

if ; is chosen large enough (to compensate the possible
e;ect of ‖�(y)‖6 ! in the above inequality, by using
(@�=@y)A126− k Id and V (y)¡c+ 6), we get that terms
(A.4) can be upper bounded by

− ;�̃(z + P−1 X�)TP(z + P−1 X�) (A.10)

+ (z + P−1 X�)T XM (y; X�); �̃¿ 0: (A.11)

Notice that � and P−1 being bounded on �6, the smaller 6
is chosen, the smaller ‖�̂ + 6P�(y)‖= ‖ X�‖ is on �6. Thus,
we choose 6 small enough so as to ensure ‖ X�‖6 ! on �6,
and consequently we get a 7rst upper bounding term (A.10)
which is negative de7nite in z + P−1 X�. As for the second
term (A.11), it can be gathered with (A.5)–(A.6).
Now choose �̇I so as to cancel (A.7) plus a term

−;−19−1[&�̂ − [1=(c + 6 − V )]P−1AT
12(@V=@y)

T]; &¿ 0,
which provides −&‖�̂‖2 + [1=(c+ 6−V )](@V=@y)A12P−1�̂.
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Together with (A.8) and (SSF)-(i) we thus get de7nite nega-
tive terms in �̂ and y:−&‖�̂‖2−[6=(c+6−V (y))]a(y). Then
by (SSF)-(ii), one can choose u so as to cancel (A.5), (A.6),
(A.11). Moreover, (A.9) being quadratic in (z+P−1 X�), one
can take 6 small enough so that this term is dominated by
(A.10), i.e. (A:9)+(A:10)6−; X�(z+P−1 X�)TP(z+P−1 X�)
for some X�¿ 0. Finally, with (A.3), we get

V̇ y; z;�I

6− ;(z + P−1 X�)T
(
X�P − |�II|

∣∣∣∣
∣∣∣∣ @�@yA12

∣∣∣∣
∣∣∣∣
)
(z + P−1 X�)

− &‖�̂‖2 − 6
c + 6− V (y)

a(y) (A.12)

with

u=−B−1
2

[
A21 + 6

@P−1

@y
A12[P−1�̂ + 6�]P�

−P−19−1

[
&�̂ − 1

c + 6− V
P−1AT

12

(
@V
@y

)T]

− 6
@�
@y

A12[P−1�̂ + 6�] + P−1AT
12

×
(

1
c + 6− V

@V
@y

+ ;(�II + 1)�̂T9
@�
@y

)T

+ XM (y; X�)
]

�̇I = (�II + 1)
@�
@y

A12[P−1�̂ + 6�] + >�II�

− ;−19−1

[
&�̂ − 1

c + 6− V
P−1AT

12

(
@V
@y

)T]

�̇II =−>�II; >=
:

(c + 6− V (y))
∏n

i=1(6
2=n− �̂2

i )
:

At this point, the idea is to show that V̇ y; z;�I becomes nega-
tive de7nite before the extended state xe can leave �6 (and
thus xe stays in �6 and decays to 0). To that end, notice that

(1) From (�-OSS), z does not have 7nite escape time as
long as y and u are bounded, and from u and �6, this
is true as long as xe is in �6.

(2) From V̇ �II =−>�2
II, �II decreases, and from (A.12), for

xe ∈�6 and �II small enough, V̇ y; z;�I is negative de7nite.

The key point is that > is chosen such that �II becomes
small enough faster than xe can reach the boundary of �6.
This can be seen as follows:
First, >(t)¿ n:=[(c + 6)62]=:>0 ⇒ V̇ �II 6 − >0�2

II ⇒
|�II(t)|6 |�II(0)|e−>0t for any t¿ 0.
Then, if A is such that ‖(@�=@y)A12‖6 A on �6, there

exists a 7nite time t0 such that for all t¿ t0; X�p1 ¿
e−>0tA|�II(0)|. Two cases are to be considered: if neither

y nor �I approaches the boundary of �6 before t0, then
the right-hand side of (A.12) becomes uniformly negative
de7nite after t0, while z remains 7nite, and thus the con-
clusion follows. If either y or �I approaches the boundary
of �6 for t → t16 t0, then by de7nition of >, we have
limt→t1>(t) = +∞. From this, there exists t2 ¡t1 such that∫ t
0 >(3) d3¿ >0t0 for all t¿ t2. By the Gronwall inequal-
ity, we have |�II(t)|6 |�II(0)| exp(−

∫ t
0 >(3) d3) for any

t, and thus for t¿ t2, |�II(t)|6 |�II(0)|e−>0t0 ¡ X�p1=A by
de7nition of t0, which makes the right-hand side of (A.12)
to become uniformly negative de7nite after t2, while z is
7nite, and again the conclusion follows.

If boundedness conditions of Corollary 2.1 are addition-
ally satis7ed, then the priori given set Ky for y is useless
(i.e. the result becomes global w.r.t. y): just choose some
� which is upper bounded w.r.t. y together with @�=@y, and
> := :(1+y2)=

∏n
i=1(6

2=n− �̂2
i ) in (A.1) to obtain the con-

clusion. One can indeed still obtain (A.12) as before, but
with �6 := {y; z; �I ∈Rn; �II ∈R: |�̂i|¡6=

√
n; i=1; : : : ; n},

and notice again that z can escape in 7nite time only if ei-
ther y or �̂ reaches the boundary of �6 in 7nite time. Since
‖A12@�=@y‖ is bounded, it can be shown as above that by
the choice of >, �II becomes small enough to make V̇ y; z; �̂

negative de7nite, before y escapes to in7nity or �̂ reaches
the boundary of �6.
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