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Abstract. In this paper we explore the effects of locality on the per-
formance of paging algorithms. Traditional competitive analysis fails to
explain important properties of paging assessed by practical experience.
In particular, the competitive ratios of paging algorithms that are known
to be efficient in practice (e.g. LRU) are as poor as those of naive heuris-
tics (e.g. FWF). It has been recognized that the main reason for these
discrepancies lies in an unsatisfactory modelling of locality of reference
exhibited by real request sequences.

Following [14], we explicitely address this issue, proposing an adversarial
model in which the probability of requesting a page is also a function
of the page’s age. In this way, our approach allows to capture the ef-
fect of locality of reference. We consider several families of distributions
and we prove that the competitive ratio of LRU becomes constant as
locality increases, as expected. This result is strengthened when the dis-
tribution satisfies a further concavity/convexity property: in this case,
the competitive ratio of LRU is always constant.

We also propose a family of distributions parametrized by locality of
reference and we prove that the performance of FWF rapidly degrades
as locality increases, while the converse happens for LRU.

We think, our results provide one contribution to explaining the be-
haviours of these algorithms in practice.

1 Introduction

Paging is the problem of managing a two-level memory consisting of a first
level fast memory or cache and a second level slower memory, both divided into
pages of equal, fixed size. We assume that the slow memory contains a universe
P = {p1,...,pm} of pages that can be requested, while the cache can host a
fixed number k of pages. Normally, M > k.

The input to a paging algorithm is a sequence of on-line requests o =
{o(1),...,0(n)}, each specifying a page to access. The i-th request is said to
have indezx i. If the page is in main memory the access operation costs nothing.
Otherwise, a page fault occurs: the requested page has to be brought from main
memory into cache in order to be accessed. If the cache is full, one of the pages
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in cache has to be evicted, in order to make room for the new one. When a page
fault occurs, the cost of the access operation is 1. Each page has to be served
before the next request is presented. The goal is minimizing the total cost, i.e.
the number of page faults. We use |o| to denote the length of o.

Given a sequence o, the cache state C(o) is the set of pages in cache after
o has been served. The output of a paging algorithm corresponding to request
sequence o is the sequence C(01),...,C(0,) of cache states, with o1 = o(1) and
0; = 0;—10(1) for i > 1.
Paging algorithms. The core of a paging algorithm is the strategy according
to which pages are evicted in the presence of faults. In this paper we analyze the
performance of two well known heuristics for page eviction, namely LRU (Least
Recently Used) and FWF (Flush When Full). The former is the best known algo-
rithm for virtual memory management in operating systems [18] and has found
application in web caching as well. The latter has mostly theoretical interest.
For the sake of the analysis we are also interested in the off-line optimum. A
well known optimal algorithm for paging is LFD (Longest Forward Distance).
These algorithms are described below.

— Longest Forward Distance (LFD): Replace the page whose next request
is latest. LFD is an optimal off-line algorithm and was proposed in an early
work by Belady [2].

— Least Recently Used (LRU): When a page fault occurs, replace the page
whose most recent request was earliest.

— Flush When Full (FWF): Assume the cache is initially empty. Three
cases may occur by a request: i) the page requested is in cache: in this case
the request is served at no extra cost; ii) a page fault occurs and the cache
is not full: in this case the page is brought into cache, no page is evicted; iii)
a page fault occurs and the cache is full: in this case, all pages in the cache
are evicted, i.e. the cache is flushed. Note that both in case ii) and iii) the
cost incurred by the algorithm is 1.

Both LRU and FWF belong to the class of marking algorithms. Roughly
speaking, marking algorithms try to keep recently requested pages in cache,
under the assumption that pages that have been requested in the recent past are
more likely to be requested in the near future. Many marking algorithms have
been proposed in practice, the most prominent ones are described in [3, 18].

Contribution of this paper. Theory shows that LRU and the naive FWF
heuristic have the same competitive ratio, practice provides pretty different re-
sults [20]: LRU’s performance is almost optimal on most instances of practical
interest, whereas FWF often behaves poorly, as intuition suggests. This dis-
crepancy is a consequence of the worst case approach followed by competitive
analysis, which fails to capture the phenomenon of locality [18].

In this paper, we extend the diffuse adversary introduced by Koutsoupias
and Papadimitriou [14]. In their model, the adversary is constrained to gener-
ate the input sequence according to a given family of probability distributions.
We extend the work in [14] and [24,22] in the following way: i) We propose a



new framework in which the probability that some page p is requested, con-
ditioned to any request sequence prior to p, also depends on how recently p
was last requested; ii) We prove that, under a very large class of distributions,
LRU’s competitive ratio rapidly tends to become constant as locality increases,
as observed in practice; iii) We assess the poor behaviour of FWF, by propos-
ing a family of distributions parametrized by locality of reference and proving
that FWF’s performance degrades as locality increases. Together with the for-
mer ones, this result sharply discriminates bertween the behaviours of LRU and
FWF, as observed in practice.

Related results. Sleator and Tarjan [17] introduced competitive analysis and
were the first to show that FIFO and LRU are k-competitive. They also proved
that this is the lower bound for any paging algorithm. Successively, Young and
Torng [23,19] proved that all paging algorithms falling in two broad classes,
including FIFO, LRU and FWF, are k-competitive. Torng [19] also proves that
all marking algorithms are ©(k)-competitive!.

A considerable amount of research was devoted to overcoming the apparent
discrepancies between theory and practice. Due to lack of space, we give a non-
chronological overview of research in the field, giving emphasis to contributions
that are closer to our approach in spirit.

The results of [14] where extended by Young [24,22], who proved that the
competitive ratio of a subclass of marking algorithms (not including FWF)
rapidly becomes constant as € = O(1/k), is O(log k) when € = 1/k and rapidly
becomes (2(k) as € = £2(1/k). He also proved that, under this adversary, this is
asymptotically the lower bound for any deterministic on-line algorithm. The role
of randomization was explored by Fiat et al. [9], who proposed a randomized
paging algorithm MARK that is Hy-competitive, a result which is tight.

Borodin et al. [4] assume that pages are vertices of an underlying graph,
called access graph. Locality is modelled by constraining request sequences to
correspond to simple walks in the access graph. The same model was used and
extended in subsequent works [12,10,15,4,15] and it was extended in [8] to
multi-pointer walks in the access graph.

The work of [13] is similar in spirit, although the approach is probabilistic:
the authors assume that the request sequence is generated according to a Markov
chain M. They consider fault rate, i.e. the long term frequency of page faults
with respect to M.

A deterministic approach based on the working set of Denning [7] is proposed
by Albers et al. [1].

Young [20,21] introduces the notion of loose competitiveness. A paging al-
gorithm A is loosely c¢(k)-competitive if, for any request sequence, for all but a
small fraction of the possible values for k, the cost of the algorithm is within
¢(k) times the optimum for every request sequence. The author proves [20] that
a broad class of algorithms, including marking algorithms, is loosely ©(log k)-
competitive.

! Torng’s result is actually more general, but this is the aspect that is relevant to the
topics discussed in this paper.



Finally, Boyar et al. [6] analyze the relative worst order ratios of some promi-

nent paging algorithms, including LRU, FWF and MARK. The worst order ratio
of two algorithms A and B, initially proposed for bin packing [5] is defined as
the ratio of their worst case costs, i.e. their worst case number of faults in the
case of paging, over request sequences of the same length.
Roadmap. This paper is organized as follows: In Section 2 we propose our
model and discuss some preliminaries. In Section 3 we provide a diffuse adversary
analysis of LRU, where the distributions allowed to the adversary are used to
model temporal locality. We prove that LRU is constant competitive with respect
to a wide class of distributions. In Section 4 we prove that, under the same diffuse
adversary, the performance of FWF is extremely poor. For the sake of brevity
and readibility, many proofs are omitted and will be presented in the full version
of the paper.

2 Model and preliminaries

The diffuse adversary model was proposed by Koutsoupias and Papadimitriou
[14]. It removes the overly pessimistic assumption that we know nothing about
the distribution according to which the input is generated, instead assuming that
it is member of some known family A. We say that algorithm A is ¢-competitive
against the A-diffuse adversary if, for every distribution D € A over the set of
possible input sequences,

Ep[A(0)] < cEp[OPT(0)] + b,

where o is generated according to D and b is a constant. The competitive ratio
of A against the A-diffuse adversary is the minimum ¢ such that the condition
above holds for every D € A. In the sequel, we drop D from the expression of
the expectation when clear from context.

The request sequence is a stochastic process. Without loss of generality, in
the following we consider request sequences of length n. Considered any request
sequence o and its i-th request o(i), we call 0(1) ---o(i—1) and o (i +1) - - - o(n)
respectively the prefiz and the postfiz of o(i). We define the following random
variables: If i < n, I'(i) denotes the i-th page requested. If i < n, I'(i) denotes
the prefix of the i-th request.

2.1 Distribution of page references

Similarly to [14] and [24], the family of distributions we consider is completely
defined by the probability P[p| o] that p is requested provided o is the prefix,
for every p € P and for every possible prefix o that satisfies |o| < n — 1. In
particular, we assume that P[p| o] belongs to some family A. The distributions
we consider are intended to model locality of page references. The following
definition will be useful to define some of them.



Definition 1. Consider a monotone, non increasing function f : I — [0,1],
where I = {1,...,N} for some positive integer N. We say that f is concave in
ILif, foralli=2,...,N—-1:f(—1)— f(@) < f(i) — f(i +1). f is convex in
Iif, foralli=2,....N—1:f(i—1)—f@) > f@)— f@i+1).

Assume o is the request sequence observed so far. Provided both pages pj,
and pj, appear in request sequence o, we say that pj;, is younger than p;, if
the last request for p;, in o occurs after the last request for p;,, while we say
that p;, is older than p;, otherwise. The age of any page p; with respect to
o is then defined as follows: age(p;,o) = I, if p; is the I-th most recently ac-
cessed page, while age(p;,o) = oo if p; does not appear in ¢. For the sake of
simplicity, we assume in the sequel that age(p;,o) < oo for every p;. This as-
sumption can be easily removed by slightly modifying the definitions that follow.
This is shown in the full version of the paper, for brevity. We now define, for
every prefix sequence o, a total order F(o) on P by ordering pages according
to their relative ages. More precisely, for any pages pj,, pj,, Pjy <F(s) Pjs if
and only if age(p;,,0) < age(pj,,0). F(o) obviously implies a one-to-one corre-
spondence f, : P — {1,..., M}, with f,(p;) =1 if, given o, p; is the I-th most
recently accessed page. Conversely, P[p|o] may be regarded as a distribution
over {1,..., M} by defining P[z|o] = P[f;!(z)|0], for every z = 1,..., M.
So, for instance, by saying that P[p|o] has average value p, we mean that
= o =
Elz|o] =) ;- 2P[z|0] = p.

2.2 Diffuse adversaries

We next define three families of probability distributions according to which,
given any prefix o, the next page request can be generated.

Definition 2. G(7) is the family of probability distributions over {1,..., M}
that have expected value at most k/2 and standard deviation 7. Dy (resp. D2)
are the families of distributions that are monotone, non-increasing and concave
(resp. convex) in {1,...,M}.

The first property of Definition 2 models the well known folklore that “90 percent
of requests is for about 10 percent of the pages”.

Figure 2.2 shows an example in which P[p|o] € Ds. The y coordinate is
P[z |]o] . Observe that the [-th element along the z-axis represents the I-th most
recently requested page and thus the first k& elements correpond to the set of
recent pages. In the case of LRU these are also the pages in the cache of the
algorithm.

We next describe how the adversary generates request sequences. Assumed
a prefix request sequence o of length i < n has been generated, the adversary
picks a distribution D(%) out of some family A and it chooses the next page to
request (o(i + 1)) according to D(i). Observe that, in general, D(i1) # D(i2) for
i1 # 2. We define different adversaries, according to how D(3) is chosen:
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Fig. 1. This picture represents the case in which P[p| o] € Ds.

Definition 3. An adversary is concentrated (respectively concave and convex)
if D(i) € G(1) (respectively D1 and D) for all i. If D(i) = D1 U Dy U G(T) for
some T and for all i we speak of a general adversary.

Observe that the general adversary resumes all possible subcases.

2.3 Preliminary results

We partition each request sequence into phases in the usual way [3]. In particular,
phases are defined inductively as follows: i) phase 1 starts with the first request
and completes right before the (k + 1)-th distinct request has been presented;
ii) assuming phase i — 1, phase ¢ starts with the (k + 1)-th distinct request after
the start of phase ¢ — 1 and it completes right before the (2k + 1)-th distinct
request after the start of phase ¢ — 1. We point out that the last phase of a
request sequence might contain less than k distinct requests. However, it has to
contain at least one. In the sequel, F' is the random variable that denotes the
overall number of phases.

We say that a page is marked in a phase, if it was already requested during the
phase. Otherwise the page is said unmarked. A marking algorithm never evicts
a marked page when a page fault occurs. Observe that both LRU and FWF are



marking algorithms. As such, they both achieve the best possible competitve
ratio k for on-line paging algorithms [19].

Considered any phase £ > 1, we say that a page p; is new in £ if it was not
requested during phase £—1. Otherwise we say that p; is old. Also, considered any
point of £, any of the k most recently requested pages is said recent. Considered
any prefix o, we denote by A/ (0) and R(c) respectively the set of new and recent
pages after request subsequence ¢ has been presented. Observe that both A (o)
and R (o) do not depend on the paging algorithm. We say that page p; is critical,
if p; is old but it is not currently in cache. Observe that, considered any prefix o,
the sets of in cache and critical pages depend on the particular paging algorithm
under consideration. In the sequel, for any paging algorithm A, we denote by
Ca(o) and O4(o) respectively the sets of in cache and critical pages. Observe
that C4(0) # R(o) in general. Also, we write C(o) for C4(co) and O(o) for O4 (o)
whenever A is clear from context.

W* and N* are random variables whose values are respectively the number
of requests to critical and new pages during phase £. W¢ = Nt = 0 if no ¢-th
phase exists. A request in phase £ is said distinct if it specifies a page that was
not previously requested during the phase. Note that requests for new pages are
distinct by definition. We denote by D¢ the number of distinct requests during
phase £. Observe that, differently from N* and D¢, W* depends on the paging
algorithm. However, in the rest of this paper the algorithm is always understood
from context, hence we do not specify it for these variables. Finally, considered
any random variable V' defined over all possible request sequences of length n,
we denote by V, its deterministic value for a particular request sequence o. The
following result is due to Young [24]:

Theorem 1 ([24]). For every request sequence o:
1
5 > N.L< OPT(o) < > N..
¢ ¢

In the sequel, we assume that the first request of the first phase is for a new
page. We can assume this without loss of generality, since a sequence of requests
for recent pages does not change the cache state of LRU and has cost 0. This
allows us to state the following fact:

Fact 1 The first request of every phase is for a new page.

The following fact, whose proof is straightforward, gives a crucial property
of LRU:

Fact 2 Cypi(o) = R(o), for every o.

Observe that Fact 2 in general does not hold for other (even marking) algorithms.
Set £(n) = [n/k]. The following fact will be useful in the sequel:

Fact 3 F < {(n) deterministically for request sequences of length n.



3 Analysis of LRU

The main goal of this section is to bound

E[LRU(0)]

E[OPT(0)]’
when ¢ is generated by any of the adversaries defined above. We can can express
the competitive ratio of LRU as stated in the following lemma:

Lemma 1.

BILRU(0)] _ S BW | F>dPF>q

E[OPT(0)] = U™ E[N(|F > (|P[F > ] @

We now introduce the following random variables, for all pairs (¢, ), where
j=1,...,k: i) X{ = 1if there is an £-th phase, there is a distinct j-th request
in the /-th phase and this request is for a critical page, X J" = 0 otherwise (i.e.
no /-th phase exists or the phase is not complete and it does not contain a
j-th distinct request or it does, but this request is not for a critical page); ii)
Similarly, Yf = 1 if the j—th distinct request in phase £ is to a new page, Yf =0
otherwise; a consequence of the definitions above is that we have Ele Xf=wt
and analogously for N¢. Observe, again, that Yf does not depend on the paging
algorithm considered, while X f does. Again, the algorithm is always understood
from context.

The rest of our proof goes along the following lines: intuitively, in the general
case we have that, as P[z|o] becomes concentrated (i.e. variance decreases),
most requests in the phase are for pages in cache, with the exception of a small
number that at some point rapidly decreases with variance. In the other cases,
we are able to bound the expected number of requests for old pages with the
expected number of requests for new pages. We point out that in all cases the
proof crucially relies on Fact 2.

3.1 Convex adversaries

We consider the case in which D(i) € Ds, for every i = 1,...,n. Intuitively, we
shall prove that if the probability of requesting a critical page is more than twice
the probability of requesting a new page, then the former has to be sufficiently
small in absolute terms. For the rest of this subsection, N f is a random variable
that denotes the number of requests for new pages that are presented before the
j-th distinct request of phase £. In particular, N f = 0 if no /-th phase exists
while N = N* if the £-th phase is not complete and it does not contain a j-th
distinct request. We now state the following lemma:

Lemma 2. If the request sequence is generated by a convex adversary and M >
4k,

16(j — 1)

PX!=1|F >/ <2P[Y/=1|F>{ + 2

E[N'|F > {].



Sketch of proof. Observe that the claim trivially holds if j = 1, since no critical
pages exist in a phase before the first new page is requested. For j > 2 we can
write:
j-1
PX!=1|F>{ =) PX{=1|F>{n N/ =z]P[Nj =z|F >1].

=1
The assumption of convexity implies that, if P[X{ = 1|F > £ N Nf = z] >
2P[Y} = 1|F > £ N N} = ], then the former is bounded by 16z*/k*. As a

consequence:

1622
kK2

PIX!=1|F>(NN=2] <2P[Y/=1|F>(n Ni=q] +
We continue with:

j—1
PX!{=1|F>( =) PX{=1|F>{n Nf =z|P[N] =z|F > /]
z=1

j—1

<2P[Yf =1|F >/ +%ZmP[Nf:m|F2E]
z=1
gzp[yfzupzz]+%EW|F24,

where the second inequality follows since < j — 1, while the third inequality
follows since Nf < N* by definition.

We can now write:

k
E[W! | F > (] §2E[N‘3|F2€]+;—SE[NZ|FEZ]Z(]'—1)<10E[N‘|F2£],
j=1

where the second inequality follows from simple manipulations. Recalling Equa-
tion (1) we can finally state the following Theorem:

Theorem 2. If the request sequence is generated by a convex adversary,

E[LRU(0)]
E[OPT(0)] = **

Note that Theorem 2 does not necessarily hold for other marking algorithms,
since the proof of Lemma 2 crucially uses Fact 2.
3.2 Concentrated adversary

In this subsection we consider all adversaries such that D(i) € G(r) for every
i =1,...,n. We can now state the following lemma:
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Lemma 3. If the request sequence is generated by a concentrated adversary then,
for j > 2,

2
PX/=1UY/=1|F>/( < (%T) :

Lemma 3 and Fact 1imply E[W¢|F > €] = E[Zle X! F> E] < (k=1)(27/k)2.
We can therefore conclude with:

Theorem 3. If the request sequence is generated by a concentrated adversary,

E[LRU(0)] _ 872
BlOPTIo)] < k2

3.3 Concave adversaries

In this section we provide an analysis of LRU for the case of concave adversaries.
We start with the following Lemma:

Lemma 4. If the request sequence is generated by a concave adversary and M >
4k,
P[X{=1|F >/ <2P[Y/ =1|F>1].
Corollary 1. If the request sequence is generated by a concave adversary and
M > 4k,
E[W! | F > (]

— - =<
BNV F>q =2

Corollary 1 and Equation (1) immediately imply the first, following Theorem:

Theorem 4. If the request sequence is generated by a concave adversary and
M > 4k,
E[L
[LRU@)] _ o
E[OPT(o)] —
Theorem 4 does not necessarily hold for other marking algorithms, since its
proof crucially uses Fact 2. Observe, also, the interesting circumstance that this
adversary includes the uniform distribution as a special case. For this particular

distribution, the results of Young [22,24] imply a competitive ratio (2(1) as
M =k + o(k), that rapidly becomes 2(log k) as M =k + O(1).

3.4 General adversaries

If D(i) € G(7) UD; UD; for every ¢, the following is a corollary of the results of
Subsections 3.2, 3.3 and 3.1:

Theorem 5. If the request sequence is generated by a general adversary,

E[LRU(0)] )] 872
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4 A lower bound for FWF

We prove that under very general distributions, the performance of FWF de-
grades to {2 (k)-competitiveness as locality increases, while the opposite occurs
for LRU. This behaviour is in line with practical experience (see e.g. [20, 3]). To-
gether with the results of Section 3, this seems to us one theoretical validation of
the great difference observed between the behaviour of FWF and other marking
algorithms (in particuar LRU). We prove the following

Theorem 6. Assume 0 < a < 1 and assume request sequences of length n >
2(k + 1)/« are generated by a diffuse adversary that, for every i < n and for
every o such that |o| =i — 1, satisfies the following constraint

P[I'(i) e R(o)|T(0) =0] =1—a.

Then,
B[FWF() k
E[O T(U)] 2((k—Da+1)
E[LRU(0)] _
BlOPT(0)] = 2k T2

Observe that o measures the amount of locality, i.e. locality increases as « be-
comes smaller. This theorem thus states that the long term competitive ratio
of FWF can be as bad as 2(k) as locality increases, whereas under the same
circumstances the competitive ratio of LRU tends to become constant. As an
example, in the case of a general adversary Theorem 5 implies that this occurs
as the standard deviation becomes O(Vk).

Acknowledgments. The author wishes to thank his colleagues and friends
Stefano Leonardi and Alberto Marchetti-Spaccamela for their suggestions and
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