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- analysis & control of dynamical systems

- dynamics/motion

- models/mathematical models

- prediction/simulation

- linearity

- time-invariance

- feedback control scheme: principle and example

some concepts from the last lecture

this lecture

- models: from differential equations to state space representation

- input & output choice

- state

- similar transformations
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x(t) state

u(t) input

y(t) output

general mathematical model

linear time invariant (LTI) 
dynamical system (continuous time)

ẋ(t) = Ax(t) +B u(t)

y(t) = C x(t) +Du(t)

x(0) = x0

x 2 Rn

u 2 Rm

y 2 Rp

multi input (if m = 1, single input)

multi output (if p = 1, single output)

A dynamics matrix (nxn)
B input matrix (nxm)

C output or sensor matrix (pxn)
D feedthrough matrix (pxm)

state space representation

SISO system: B (nx1) and C (1xn)
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block diagram representation

Z

A

B C

D

+

+

+

+u(t) y(t)x(t)ẋ(t)

simulation model
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mathematical model

statex(t)

u(t)

input

y(t)

output

the system transforms an input signal into an output signal

ẋ(t) = Ax(t) +B u(t)

y(t) = C x(t) +Du(t)

• the state evolution is influenced by the initial condition and the input

• the output displays the measurable effect of such state evolution (and 

potentially may also depend directly on the input when D is non-zero) 

system
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m

v(t)

F(t)

system as a signal transformer

v(t)

F(t)

input output

model
(system representation)

t t

(cause) (effect)

no friction case
and v0 = 0

mass 
system

v̇(t) =
1

m
F (t)

<latexit sha1_base64="Li4wXECE5a3wXZVuL9pOtOyaV5E=">AAACBnicbVDLSgMxFM3UV62vUZciBItQN2WmCroRCoK4rGAf0A4lk2ba0GRmSO4UytCVG3/FjQtF3PoN7vwb03YW2nrgwuGce5N7jx8LrsFxvq3cyura+kZ+s7C1vbO7Z+8fNHSUKMrqNBKRavlEM8FDVgcOgrVixYj0BWv6w5up3xwxpXkUPsA4Zp4k/ZAHnBIwUtc+7vQiwKMSnOFrjDuBIjR1J6mc4Fujde2iU3ZmwMvEzUgRZah17S/zHk0kC4EKonXbdWLwUqKAU8EmhU6iWUzokPRZ29CQSKa9dHbGBJ8apYeDSJkKAc/U3xMpkVqPpW86JYGBXvSm4n9eO4Hgykt5GCfAQjr/KEgEhghPM8E9rhgFMTaEUMXNrpgOiIkCTHIFE4K7ePIyaVTK7nm5cn9RrFazOPLoCJ2gEnLRJaqiO1RDdUTRI3pGr+jNerJerHfrY96as7KZQ/QH1ucPUNeXGw==</latexit>

no friction
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m

F(t)

mass model with viscous friction

v(t)

model is updated as
(system representation)

with friction force Fd (t)

v̇(t) = �µ v(t) +
1

m
F (t)

<latexit sha1_base64="wf6UUSXaNN0hlN96J9rsNtDvEyo=">AAACFXicbVDLSgMxFM3UV62vUZdugkWoWMtMFXQjFARxWcE+oFNKJs20ocnMkNwplKE/4cZfceNCEbeCO//G9LHQ6oHAyTn33uQePxZcg+N8WZml5ZXVtex6bmNza3vH3t2r6yhRlNVoJCLV9IlmgoesBhwEa8aKEekL1vAH1xO/MWRK8yi8h1HM2pL0Qh5wSsBIHbvodSPAwwIc4yuMTz2ZYK84u59gL1CEpu44lWN8Y6SOnXdKzhT4L3HnJI/mqHbsTzOeJpKFQAXRuuU6MbRTooBTwcY5L9EsJnRAeqxlaEgk0+10utUYHxmli4NImRMCnqo/O1IitR5J31RKAn296E3E/7xWAsFlO+VhnAAL6eyhIBEYIjyJCHe5YhTEyBBCFTd/xbRPTBRggsyZENzFlf+SernknpXKd+f5SmUeRxYdoENUQC66QBV0i6qohih6QE/oBb1aj9az9Wa9z0oz1rxnH/2C9fEN52Kbig==</latexit>

we add a viscous friction force Fd (t), acting on the mass, which can be 
considered proportional to the velocity and acts in the opposite direction 

Fd (t)

Fd (t) = µ  v (t)

Newton’s equation
<latexit sha1_base64="0i/gKvmbhIDwgsChe2gsDFUOd2M=">AAACHHicbVDLSgMxFM3UV62vUZdugkWoqGXGB7oRCkJxWcE+oFNKJk3b0GRmSO4USumHuPFX3LhQxI0Lwb8xbUfQ1gOBwznncnOPHwmuwXG+rNTC4tLySno1s7a+sbllb+9UdBgryso0FKGq+UQzwQNWBg6C1SLFiPQFq/q9m7Ff7TOleRjcwyBiDUk6AW9zSsBITftMYq8VAu7n4BBf4xNcbLbG9AgXfxRPxt7xNDBVm3bWyTsT4HniJiSLEpSa9ofZQWPJAqCCaF13nQgaQ6KAU8FGGS/WLCK0RzqsbmhAJNON4eS4ET4wSgu3Q2VeAHii/p4YEqn1QPomKQl09aw3Fv/z6jG0rxpDHkQxsIBOF7VjgSHE46ZwiytGQQwMIVRx81dMu0QRCqbPjCnBnT15nlRO8+5F3rk7zxYKSR1ptIf2UQ656BIV0C0qoTKi6AE9oRf0aj1az9ab9T6NpqxkZhf9gfX5DepYm6U=</latexit>

mv̇(t) = �Fd(t) + F (t) = �µ v(t) + F (t)
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no friction
(different initial velocities)

with friction
(different initial velocities)

velocity when a constant 1 N force from t = 1 sec is applied
(learn how to interpret plots)

suggested problem: 
use only piece-wise constant F(t) = ±F in order to change velocity 
from v1 to v2 (you can switch value at any time) 

mass system - simulations

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
time
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Mass (velocity) with no friction

v0 = -2
v0 = -1
v0 = 0
v0 = 1
v0 = 2
input
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Mass (velocity) with friction

v0 = -2
v0 = -1
v0 = 0
v0 = 1
v0 = 2
input
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signals & systems perspective

MIT OpenCourseware

Lecture 1: Signals and Systems

600.3 - Fall 2011
Signals & SystemsDennis Freeman

analysis & design of systems via their signal transformation properties

system transforms an input signal into an output signal

how: system description (we saw mathematical model)

is independent from physical substrate (e.g., cell phone)

focus: flow of information

abstract, widely applicable, modular, hierarchical
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different systems may have similar models

v̇(t) =
1

m
F (t)

�̇(t) =
1

I
T (t)

ẋ(t) = b · u(t)ẋ(t) = 0 · x(t) + b · u(t)

m

I

v(t)
F(t)

!(t)

T(t)

• linear motion under the action of a force

• rotational motion under the action of a torque

same 
model structure

x(t) = v(t)

x(t) = !(t)

u(t) = F(t)

u(t) = T(t)

choosing

b = 1/I

b = 1/m
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similar models and similar behavior

ẋ(t) = 0 · x(t) + b · u(t)

m

I

v(t)
F(t)

!(t)

T(t)

• linear motion under the action of a force

• rotational motion under the action of a torque

x(t) = x0 + b

Z t

0
u(⌧)d⌧

v(t) = v0 +
1

m

Z t

0
F (⌧)d⌧

!(t) = !0 +
1

I

Z t

0
T (⌧)d⌧
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Fe(t) elastic force

Fa(t) friction force

Fd(t) disturbance force

F (t) control force

m a(t) = F (t) - Fe(t) - Fa(t) - Fd(t)

mass-spring-damper (MSD)

Newton’s 
second law 
of motion

v(t) = ṡ(t)

a(t) = s̈(t)
s(t) = deviation from rest position

Fe(t) = k s(t) linear spring

Fa(t) = µ v(t) linear viscous friction
modeling 

hypothesis

rest position s

k

µ

F (t)

Fd(t)

Fe(t)

Fa(t)

0

m

rest position: with zero velocity
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spring characteristics

deflection s

load Fe

linear

degressive

progressive

compression s 
w.r.t. rest position

load Fe
example:
progressive spring

fully compressed
(all the coils are in contact)

linear approximation k1s

k1s+ k2s
3cubic approximation

linear
behavior

the (linear) approximation of the spring characteristic is part of the modeling phase
similarly for the friction force

MSD - elastic force

modeling
hypothesis

deflection s
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MSD - friction force

we assumed the viscous friction force Fd (t) to be proportional to the 
velocity and acting in the opposite direction 

a mechanical damper is also called dashpot

we indicate schematically the presence of viscous friction with the symbol 
and we call it a damper

damper
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m a(t) = F (t) - Fe(t) - Fa(t) - Fd(t)

+ modeling hypothesis

ms̈(t) = �k s(t)� µ ṡ(t) + F (t)� Fd(t)

how do we rewrite this linear model in the standard state space form?

we need to
• define the state
• define the input(s) and output(s)
• rewrite this second order differential equation in terms of the state and its derivative

k

µ

F (t)

Fd(t)

Fe(t)

Fa(t)

mhow many ?

input(s) ?

how many ?

output(s) ?state ?

n = ?

can also be seen as a 
signal transformer

MSD - state space representation
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? if yes, how ?

ms̈(t) = �k s(t)� µ ṡ(t) + F (t)� Fd(t)

ẋ(t) = Ax(t) +B u(t)

input: 2 choices

• single (scalar) input u(t) = F (t) - Fd(t) 
(if it is not necessary to distinguish between the control input F (t) 
and the disturbance Fd(t), for example in a pure analysis context)

• two distinctive inputs F (t) and Fd(t) become a unique two 
dimensional input vector u (t)

u(t) =

✓
F (t)
Fd(t)

◆

MSD - state space representation
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from
2 first order 
differential 
equations

to

x(t) =

✓
x1(t)
x2(t)

◆
=

✓
s(t)
ṡ(t)

◆
choosing as state the position displacement and the velocity of the mass 

ẋ1(t) = x2(t)

ẋ2(t) = � k

m
x1(t)�

µ

m
x2(t) +

1

m
(F (t)� Fd(t))

we can rewrite the second order differential equation as

1 second order 
differential 
equation

and matrix form ?

MSD - state space representation



Lanari: CS - Models 18

d

dt

✓
x1(t)
x2(t)

◆
=

✓
0 1

� k
m � µ

m

◆✓
x1(t)
x2(t)

◆
+

✓
0
1
m

◆
(F (t)� Fd(t))

ẋ(t) = Ax(t) +Bu(t)

u(t) = F (t)� Fd(t)

in the form

MSD - state space representation

• single input case

with

A B

• input vector case

d

dt

✓
x1(t)
x2(t)

◆
=

✓
0 1

� k
m � µ

m

◆✓
x1(t)
x2(t)

◆
+

✓
0
1
m

◆
F (t)�

✓
0
1
m

◆
Fd(t)

B1 B2

u(t) =

✓
F (t)
Fd(t)

◆
with B =

�
B1 �B2

�
and
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y(t) = s(t)

y(t) = ṡ(t)

y(t) = s(t)� ⇡ṡ(t)

y(t) = s̈(t)

examples:

we use

feedthrough
term D

s̈ = � k

m
s� µ

m
ṡ+

1

m
u

matrices A and B are characteristics of the given system, 

while C and D   depend upon the particular chosen output

C =
�
1 0

�
D = 0

C =
�
0 1

�
D = 0

C =
�
1 �⇡

�
D = 0

C =
�
� k

m � µ
m

�

no special physical meaning

MSD - state space representation
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high order ODE

z(i)(t) =
diz(t)

dti

z(n) + an�1z
(n�1) + · · ·+ a2z

(2) + a1z
(1) + a0z

(0) = bu(t)

and find (A,B)

dimension of state n = number of initial conditions necessary to 
define a unique solution of the n-th order differential equation

x(t) =

0

BBB@

z(0)

z(1)

...
z(n�1)

1

CCCA

with

we can choose as state

ms̈+ µṡ+ ks = uMSD as a special case

n dimensional
vector
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finding (A,B)

ẋ(t) =

0

BBB@

z(1)

z(2)

...
z(n)

1

CCCA
=

0

BBBBBBB@

0 1 0 · · · 0
0 0 1 · · · 0
...

...
. . .

...
...

... 1

�a0 �a1
. . . �an�1

1

CCCCCCCA

0

BBB@

z(0)

z(1)

...
z(n�1)

1

CCCA
+

0

BBBBB@

0
0
...
0
b

1

CCCCCA
u

A B u(t)x(t) +=

output example: choose y(t) = z(t)

y(t) =
�
1 0 · · · 0

�
x(t)

C 0 u(t)x(t) += i.e. D = 0

high order ODE
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state
The state of a dynamical system is a set of physical quantities 
(state variables), the specification of which (in the absence of 
external excitation) completely determines the evolution of the 
system (B. Friedland)

Specific physical quantities that define the state are not unique, 
although their number (system order) is unique

Or the minimum set of variables such that their knowledge at 
time t0, together with the knowledge of the external excitations 
(inputs) in [t0,t), allows the complete characterization of the 
system evolution in [t0,t)

t0 t

x(t)

u(t)

x(t0)
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state dimension - examples

ms̈+ µṡ+ ks = u

• first order system

• second order system

z(n) + an�1z
(n�1) + · · ·+ a2z

(2) + a1z
(1) + a0z

(0) = bu(t)

• n-th order system

• 2+1 = 3rd order system

x 2 Rv̇(t) =
1

m
F (t)

x 2 R2

x 2 Rn

a2ẍ1 + a1ẋ1 + a0x1 = ↵u

b1ẋ1 + b0x1 = �u

a2ẍ1 + a1ẋ1 + a0x1 = ↵u

b1ẋ2 + b0x2 = �u

• 2nd order system although one 2nd order + one 1st order ODE

x =

✓
x1

ẋ1

◆
2 R2

x =

0

@
x1

ẋ1

x2

1

A 2 R3

substituting      from 2nd equation ito first: one 2nd order ODE
<latexit sha1_base64="omlBQNQ5VeQ7ovIQdbWJupKbDB4=">AAAB73icbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XBjcsK9gHtUDJppg3NZMbkjliG/oQbF4q49Xfc+Tem7Sy09UDgcM495N4TJFIYdN1vp7Cyura+UdwsbW3v7O6V9w+aJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKzucZxwP6IDJULBKFqp3e3HSJ56Xq9ccavuDGSZeDmpQI56r/xloyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHUsVjbjxs9m+E3JilT4JY22fQjJTfycyGhkzjgI7GVEcmkVvKv7ndVIMr/1MqCRFrtj8ozCVBGMyPZ70heYM5dgSyrSwuxI2pJoytBWVbAne4snLpHlW9S6rF3fnlVotr6MIR3AMp+DBFdTgFurQAAYSnuEV3pwH58V5dz7mowUnzxzCHzifP3vij50=</latexit>

ẋ1
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models of electrical circuits

v

+

-

v

+

-

v

+

-

v

+

-

is

Resistor

Capacitor

Inductor

voltage
source

current
source

v(t) = R i(t)

i(t) = C
dv(t)

dt

v(t) = L
di(t)

dt

i(t) = is(t)

v(t) = vs(t)

i

i

i

vs

elements which store energy state components 
(one for each energy storing element)

<latexit sha1_base64="u7RnTmTQ6SX0/z48U8NJn0gMaCM=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQQUoivjZCoRuXFewDmlAm00k7dPJg5qZQQnZu/BU3LhRx6y+482+ctllo9cCFwzn3ztx7vFhwBZb1ZRSWlldW14rrpY3Nre0dc3evpaJEUtakkYhkxyOKCR6yJnAQrBNLRgJPsLY3qk/99phJxaPwHiYxcwMyCLnPKQEt9cxDpx8BHlfgBN9gx5eEpnaW1jPnFHMt9syyVbVmwH+JnZMyytHomZ/6QZoELAQqiFJd24rBTYkETgXLSk6iWEzoiAxYV9OQBEy56eyODB9rpY/9SOoKAc/UnxMpCZSaBJ7uDAgM1aI3Ff/zugn4127KwzgBFtL5R34iMER4Ggruc8koiIkmhEqud8V0SHQYoKMr6RDsxZP/ktZZ1b6sXtydl2u1PI4iOkBHqIJsdIVq6BY1UBNR9ICe0At6NR6NZ+PNeJ+3Fox8Zh/9gvHxDRe7l4w=</latexit>

v̇(t) =
1

C
i(t)

<latexit sha1_base64="huokk51JR+hFQuFFGlGKd+eaxdg=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQQUoivjZCwY0LFxXsA5pQJtNJO3TyYOamUEJ2bvwVNy4UcesvuPNvnLZZaPXAhcM5987ce7xYcAWW9WUUFhaXlleKq6W19Y3NLXN7p6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7ye+K0Rk4pH4T2MY+YGpB9yn1MCWuqa+04vAswrcISvsONLQlM7S28z5xiPtNg1y1bVmgL/JXZOyihHvWt+6gdpErAQqCBKdWwrBjclEjgVLCs5iWIxoUPSZx1NQxIw5abTOzJ8qJUe9iOpKwQ8VX9OpCRQahx4ujMgMFDz3kT8z+sk4F+6KQ/jBFhIZx/5icAQ4UkouMcloyDGmhAqud4V0wHRYYCOrqRDsOdP/kuaJ1X7vHp2d1qu1fI4imgPHaAKstEFqqEbVEcNRNEDekIv6NV4NJ6NN+N91low8pld9AvGxzcklpeV</latexit>

i̇(t) =
1

L
v(t)

or

or
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Kirchhoff’s laws

KCL (Kirchhoff current law):

the algebraic sum of all the currents entering and leaving a node 
must be equal to zero

KVL (Kirchhoff voltage law):

the algebraic sum of all the voltages within a closed circuit loop 
must be equal to zero

X

k

ik = 0

X

j

vj = 0

conservation laws
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series RLC circuit (Resistor, Inductor, Capacitor): 
2 energy storing elements

vL(t) = L
di(t)

dt
vR(t) = Ri(t) vC(t)

vR + vL + vC = v

state 
(one possible choice)

models of electrical circuits (RLC example)

ẋ = Ax+Bvfind (sol.)

d i(t)

dt
= �R

L
i(t)� 1

L
vC(t) +

1

L
v(t)

d vc(t)

dt
=

1

C
i(t)

KVL

x(t) =

✓
i(t)
vC(t)

◆

+

-

i(t) R

L

CvC(t)v(t)
+

-

+

-
vL(t)

vR(t)
+

-

<latexit sha1_base64="cMn9PyjrvEOt8mP18UFu/pJTncM=">AAACGnicbVDLSgMxFM3UV62vUZdugkWoVMqM+OhGKLhx4aKKfUBbSiaTaUMzD5I7hTL0O9z4K25cKOJO3Pg3pu0stPVAyMk593JzjxMJrsCyvo3M0vLK6lp2PbexubW9Y+7u1VUYS8pqNBShbDpEMcEDVgMOgjUjyYjvCNZwBtcTvzFkUvEweIBRxDo+6QXc45SAlrqmfYvbniQ0cXH7BPMCHI8TF8a4eJ8+cREPu3RCrjAe6rtr5q2SNQVeJHZK8ihFtWt+tt2Qxj4LgAqiVMu2IugkRAKngo1z7VixiNAB6bGWpgHxmeok09XG+EgrLvZCqU8AeKr+7kiIr9TId3SlT6Cv5r2J+J/XisErdxIeRDGwgM4GebHAEOJJTtjlklEQI00IlVz/FdM+0UmBTjOnQ7DnV14k9dOSfVE6vzvLV8ppHFl0gA5RAdnoElXQDaqiGqLoET2jV/RmPBkvxrvxMSvNGGnPPvoD4+sHm2Gczg==</latexit>

L
d i(t)

dt
+R i(t) + vc(t) = v(t)Att.: this looks like a

1st order ODE
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series RLC circuit (alternative model)

vL(t) = L
di(t)

dt
vR(t) = Ri(t)

instead of

models of electrical circuits

LC v̈C +RC v̇C + vC = v

z(t) =

✓
vC(t)
v̇C(t)

◆
x(t) =

✓
i(t)
vC(t)

◆

being

state 
(other possible choice)

i(t) = C
dvC(t)

dt

we rewrite the KVL equation as

ms̈+ µṡ+ ks = u

(RLC)

(MSD)

“similar” structure/solution/behavior

LC v̈C +RC v̇C + vC = vnote the similitude
between the two
expressions
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models of electrical circuits

different dynamic matrices but with same characteristics
(e.g., same eigenvalues - see algebra slides)

• with state x we had

series RLC circuit

A =

 
�R

L � 1
L

1
C 0

!
, B =

 
1
L

0

!

• with state z we have

A =

 
0 1

� 1
LC �R

L

!
, B =

 
0
1

LC

!

since these two different representations refer to the 
same RLC circuit, they must share the same important 
system characteristic
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series RLC circuit: 2 different state vectors choice

z(t) x(t)

change of coordinates

z(t) = T x(t)

models of electrical circuits

check T nonsingular

note that x(t) and z(t) are related by a linear nonsingular transformation

T

z(t) =

✓
vC(t)
v̇C(t)

◆
=

✓
vC(t)
1
C i(t)

◆
=

✓
0 1
1
C 0

◆✓
i(t)
vC(t)

◆
= Tx(t)

T nonsingular defines a similarity transformation 
(see algebra slides)
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models of electrical circuits (other example)

+

-

i1

R1

C vCv(t) R2

i2 i3
+

-
x = vC

u = v y = i3

u

x

y
S

ẋ = � 1

C

✓
1

R1
+

1

R2

◆
x+

1

R1C
u

y = �
✓

1

R1
+

1

R2

◆
x+

1

R1
u

D termoutput may depend instantaneously from the input
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feedthrough term D

0 1 2 3 4 5 6 7 8 9 10
0

0.5

1

1.5

2
D = 0

t

 

 

0 1 2 3 4 5 6 7 8 9 10
0

0.5

1

1.5

t

D = 0.5

 

 

step input
output

step input
output

A1 =


0 1
�4 �2

�
B1 =


0
1

�
C1 =

⇥
4 4

⇤
D1 = 0

A2 =


0 1
�4 �2

�
B2 =


0
1

�
C2 =

⇥
2 2

⇤
D2 = 0.5

D2 = 0.5

at time t = 1, the input switches 
from 0 to 1 and instantaneously 
the output switches from 0 to 
D2 u(1) = D2

numerical example

u(t) unit step input from t = 1
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heat flow models lumped capacitance models

Q heat (Joule)

R thermal resistance

T temperature

Q̇ =
1

R
(Te � T )

T

Te ambient temperature

Te

C heat capacity

induces a
change in
temperature

Ṫ = � 1

RC
T +

1

RC
Te first order system

T(t)

t

Te
T(0)

T(0)
if Te constant

C

example: a box placed with 
internal temperature T in an 
ambient at a temperature Te

heat flow (variation of
heat Q, Joule/s) through a
resistance (wall)

rate of change of T of box
(thermal capacitance) is
proportional to heat flow Ṫ =

1

C
Q̇

<latexit sha1_base64="9/uVj3hZ3VAE4gyNx+R2hzllbcs=">AAACBHicbVDLSsNAFL3xWesr6rKbwSK4KkkVdCMUunHZQl/QljKZTtqhk0mYmQglZOHGX3HjQhG3foQ7/8ZpmoW2Hhg4nHMPd+7xIs6Udpxva2Nza3tnt7BX3D84PDq2T047KowloW0S8lD2PKwoZ4K2NdOc9iJJceBx2vVm9YXffaBSsVC09DyiwwBPBPMZwdpII7s0GIcatdAdGvgSk8RNk3qKMrE5sstOxcmA1ombkzLkaIzsLxMkcUCFJhwr1XedSA8TLDUjnKbFQaxohMkMT2jfUIEDqoZJdkSKLowyRn4ozRMaZervRIIDpeaBZyYDrKdq1VuI/3n9WPu3w4SJKNZUkOUiP+ZIh2jRCBozSYnmc0Mwkcz8FZEpNmVo01vRlOCunrxOOtWKe1WpNq/LtVpeRwFKcA6X4MIN1OAeGtAGAo/wDK/wZj1ZL9a79bEc3bDyzBn8gfX5A7zolt8=</latexit>

R
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heat flow models lumped capacitance models

T1 T2

Te

CṪ1 =
T2 � T1

2R
� T1 � Te

R

CṪ2 = q � T2 � Te

R
� T2 � T1

2R

2 similar rooms
C room thermal capacity
R room thermal resistance

2R room thermal resistance 
between rooms
q heat flow source

q

R

2R

writing the variation of heat in each room

if q is an input, the state components could be chosen as T1 and T2

find (A,B) and choose an output of interest (and thus C)

second order
system
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CṪ1 =
T2 � T1

2R
� T1 � Te

R

CṪ2 = q � T2 � Te

R
� T2 � T1

2R

heat flow models

RCC R
2R

q

T1T2

Tecurrent
generator

voltage across second capacitor T2 - Te 
voltage across first capacitor T1 - Te 

same equations
as the following circuit

(prove it)
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vocabulary

English Italiano

linear time-invariant system sistema lineare stazionario

input/state/output ingresso/stato/uscita

mass/spring/damper system sistema massa/molla/smorzatore

state representation rappresentazione nello spazio di 
stato

dynamics matrix matrice dinamica
input (output) matrix matrice di ingresso (uscita)

feedthrough matrix matrice del legame diretto 
ingresso-uscita


