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outline

* study a particular response, the step response, to a unit step as input

* final value theorem

* characterize the asymptotic and transient response on the step response
- position of poles in the complex plane
- definition of quantities on the step response in the time domain

e define the long term, asymptotic, behavior (steady-state) of a response and understand
when it exists

e compute the steady-state response for different test inputs
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step response

The forced response to a step input is referred as step response

w(t) = 6_1(t) — U(s) = é L Xu(s) = H(s)U(s) = H(s)% state
w0 =0 Ys(s) = W(s)U(s) = W(s)é output

* in %, integral property of the Laplace transform

é )
t t
rs(t) = / h(T)dr Ys(t) = / w(T)dT
0 0
\_ W,
state step response the (output) step response is equal to the

integral of the (output) impulse response
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step response

W(S) — N(s) distinct poles

Let S be asymptotically stable H?—l ( s _ pi) (for ease of exposition)

* explicit response from s from ¢

distinct

Ni(s 1  denominator roots RO n R.

Yi(s) = W(s)U(s) = mp?) 1 v = Fo g B
Hi:l(s o p’b) S fraction expansion S i—1 S — Di

| |
input system

contribution contribution
(" )

step response

ys(t) = | Ro+ » Rie" | 6_1(t)

i=1 \
_ Y,

\

these terms decay since
S is asymptotically stable Re[pi;] < 0

(distinct poles)
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step response

* explicit response directly in ¢ (alternative solution)

forced response (convolution integral + direct term)
t
ys(t) = / Ce =7 Bu(1)dr + Du(t)
0
t
= C/ e~ Bdr + D
0

t
= C/ e’ Bdo + D
0

— C([A'e*B]7_ + D

= CA'e"B + D-CA™'B
——— S———

constant
(transient) (steady-state)
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step response

for an asymptotically stable system xog =0
n 1 , 4 N ;

ys(t) = | Ro+ » RieP" | 6_1(t) ==> > W(s) ‘t .

1=1 5_1(t) \_ y, ys(t)
the response can be conceptually split in two parts: transient and steady state

A Ysg (t)

| GOGLEECEETEELEET P PLEEEPEPEEEEES RRETLTTLELEEE PP PCELEE Ry unit step input

2 different step transient L steady state
Y\ : Y ~ (asymptotic behavior)

responses :
(2 different systems) \ ~ Ro constant value

with similar behavior
as time increases

\

conceptual t
frontier

do not confuse transient/steady state with free/forced response
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step response: transient + steady state

let’s clarify the separation between the transient and steady state contributions

ys(t) Yss(t)
steady state

transient

yi(t)

transient
response

Ys(t) = Y (t) + yss(2)

steady-state
response
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for the step response the
steady state is the constant
value at which the output
asymptotically tends to,
from the response
expression this is

Rod_1 (1)



Laplace transform: initial value theorem

for an asymptotically stable system (distinct poles) Ys(t) = (RO + Z Riepit) d_1(t)

1=1
Ys (t) 1

step ~
response ¢

T

v 4
.

. e

/ :

\ 4

e what is the value at ¢t = 07 yS(O):Ro+ZR¢: ? < t=20
i=1
true for any
Initial value theorem lim f(t) = lim sF(s) asymptotically
t—0t §—>+00 stable system

1 D W(s) proper
therefore ys(0) = ligrn sWi(s)— = ligrn Wi(s) = <
s— 400 S s— 400 0

if W(s) strictly proper
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Laplace transform: final value theorem

e what is the behavior at steady state (t = )7

4 )
Final value theorem tlggo f(t) = ;1_13(1) sF(s) general result
g J
provided the limit on if s F(s)|is analytic (all the roots of the denominator of sF{(s)
the left exists in the open left half-plane)
| W (s) ! ically stabl
S) =
example T 1 asymptotically stable system
1 I 1
ur(t) = 0-1(¢) Ui(s) = P sY1(s) :\S\(s n 1)\g\ ok
1 1 1
us(t) = td_1(t) Us(s) = = sYa(s) :\SXS 1) 2 no
. W 1 W
usz(t) = sin wt Us(s) = 21 sY3(s) = S(s 1) (2 1 w2 no
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step response: steady-state

S asymptotically stable ( Re[p:] < 0) Wi(s) = (distinct poles)

we already found

Ry ~~ R; - .
Y.(s) = — + > ys(t) :@05_1@34— R;er 5_1(t)
KRR T 5"
by the definition of residue Ry these terms
1 decay
Ro= (s, 9lco = W5 =W(0)  steady-seace
s=0

or the application of the final value theorem

: )
1
steady-state A — 1 % T L _ deooni
output ySS( ) 81—I>I(1) S 5(3) 31—I>I(1) SW(S) S W(O) RO c-gain
- J

note that W(()) —D—-CA 1B
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step response: steady-state

Since the output (total) response to a step input is given by

y(t) = y.i(t) +ys(t)

zero-input step
response response

and the zero-input response tends to zero for an asymptotically stable system, we can state that:

4 )
The output of a linear asymptotically stable system W(s) to a unit step

input tends to a constant value given by the system’s gain TW(0)
\ _/

the reasoning is still true for repeated poles (provided the system is asymptotically stable)

Zero-input zZero-state transient steady-state
response  response response  response
do not mix up Y(t) =y () + ys(t) with Ys(t) = ye(t) + yss(t)
step
response
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step response: steady-state

even with non-zero initial condition,
due to the asymptotic stability of S
all the responses tend to the same
constant value

Total output step response with different initial conditions
T

| | | | Yss
ol N ZSR (x,=0) |

s+
B (s +0.5)(s +2)(s + 3)

0 2 4 6 8 10 12
time (sec)

steady-state is independent
from the initial conditions
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the final constant value coincides with
the system gain which can also be zero
(due to the presence of a zero in s = ()

Step response

| Ian'Jt u(t) = '6_1 (t)

step response y, ||

step response Y,

T
-1} B
| | | | 2s
IS Al P Y g
) i i i i i i i i i
0 1 2 3 4 5 6 7 8 9 10
time (sec)
P(0) =0



step response: transient

transient is defined as the forced response minus the steady-state ¥ (t) = ys(t) — yss(?)

() = Rodoa(t) + 3 Rie 61 (0) ! )
Ys(t) = Roo_1(t) + R;e""o_1(t transient - |
i=1 > | ue(l) = Z R;eP"
1=1
Yss (t) — RO ] \_ ),
distinct poles case
alternative

PR

....................
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transient behavior of a system

defined on a particular time response: step response

rise time settling time

tr ls

Lanari: CS - Response characteristics

overshoot

| 4



transient

tr rise time:amount of time required for the signal to go from 10% to 90% of

its final value
Yss steady state value: asymptotic output value

M, overshoot: maximum excess of the output w.r.t. the final value (can be
defined as a percentage of the final value). In a normalized ys(t) /y.s plot the

overshoot is given by the maximum of the normalized output minus one.
tp peak time: time required for the step response to reach the overshoot

ts settling time: amount of time required for the step response to stay within

2% of its final value for all future times
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transient

Quantities related to complex plane position of the poles

X

( =sinv

X—¢ %
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transient

Quantities related to complex plane position of the poles (real poles)

Im Im
A A
-5 -1 -5 -1
X% A >Re X X >Re
W
we need to.“wait” for the slower one
1 5 T T T T T T T 1 5 T T : T T T T T
-
step

—p,--1]| response”’ E—— '

p2 =-5 —_— (p-lipz) = (_1!_5)
| | | | ] 0 | | | | | | | ]
4 5 6 7 8 0 1 2 3 4 5 6 7 8

—

comparison between the response of
the two systems taken separately

—Di

single system with both poles

P1P2

o P(s) =
S pZ
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(s —p1)(s — p2)



transient

quantities related to complex plane position of the poles (complex poles)

+ Tm
x .............................. S 5 | ! ' | ' | | ! | ! _
—
: — B
g —c
: —T1
x ............................ x ....... 1 é ;
- -1 : t
> _ : ; >Re
RS % comparison between four systems with pair
: : of complex poles and unit gain
2
w
P(s) = =
s g (5) $2 4+ 2Cwp s + w?
B0 S, e

explain why X is faster than X even if eigenvalues have same real part
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steady state

the steady state will be also defined for other classes of inputs (not only step)

Existence
we require
|. the existence of the steady state also for the state (not only for the output)

2. and the independence, of the asymptotic behavior, from the initial conditions z(0)

bein t
° x(t) = e*x(0) —I—/ e Bu(r)dr
0

x(t) will be independent for ¢ — oo from the initial condition iff all the modes are
converging (all the eigenvalues have negative real part)

i.e. the system is asymptotically stable
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steady state

e exists only for asymptotically stable systems
* is independent from the initial state

e depends on the particular input applied to the system

polynomial inputs > polynomial steady state

sinusoidal inputs > sinusoidal steady state

(canonical test signals)
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polynomial input

k 1
let the canonical input (signal of order k) be  w(t) = %5_1(15) with transform U (s) = ]

for an asymptotically stable system with distinct poles, the output is

N(s) 1
[[iz: (s —pi) sF+1

and expanding

R s A "o these give in t
Y(s) — % + 3—122 I Sléi:rl n ; - _Zpi :::;r;(lzugl::ithat
increases
(= R R P
(" )
ik steady state 4k

u(t) = E(S_l(t) > Yss(t) = (Ru + Riot + -+ Ry g1 E) d_1(1)

\ _J

1 d((F+1)—(k+1)) b1

notethat - ikt 1 = [ (G 1) — (kD)) s(FD-GrD)®  gort (S)] _ =PO
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steady state

Zero State response and Input Response to a ramp input
15 T T T T T T T T 3 T T T T T T T T
: Input : : Input u(t) =t
; ; —— 7SR L o _Outputy1 i
1k fh n , ’A , h h ] ‘ Outputy,
0.5} - - |
: k - |
—05 3 N B B 4 2 ‘
3 3 (s+1)(s+2)
10 : ‘v U y y -1 R i
-1 P<S>: 0n o B R | | | | 2s |
s+ 10 P _
: ‘ : : : : : : =15 e 2(87) = .
S R T G D (s+2)
-15 i i i i i i i i i -2 i i i i i i i i i
0 2 4 6 8 10 12 14 16 18 20 0 1 2 3 4 5 6 7 8 9 10
time (sec) time (sec)

Response to a ramp input: gain varies

T T T
Input u(t) = tE)_1 (t)
10+ K =1
p
K =2
P
K =-05
p
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sinusoidal input

pI@t _ p—jat o 5 5
mput ) = s 2] > Uls) = Lsindt = 575 (s +jw)(s — jo)
N{(s
system (asymptotically stable) P(s) = e (—)p ;
N'(s R R
output Y(S) — P(S)U(S) — ( ) 4 1 2

with

rational function P(-jw) = P*(jw)

Lanari: CS - Response characteristics 23



sinusoidal input

asymptotic stability

A=

_ R,
1 ()
L { g E (s—pi)mi’f} — 0 when t — o0

asymptotic behavior (steady-state) is

yss(t)zﬁl{ By }

s —Jw s+ Jw

but being P(j@) = |P(j@)|e’“TU%) with |P(—j@)| = |P(j®)| and ZP(—jw) = —ZP(jw)

P(-jw) = P*(jw)

we have Ys(1) = R + Roe %!
1 .\ @ N\ —j@
= Q—j(P(JW)e‘7 '~ P(—jw)e ")
1 o o
= 5 (1PUS) PO % — | P(—jw)]e P02 i)
J

’P(]‘D)‘ (ej(wt+4P(j@)) o e—j(wt+4P(j@))>

27

= |P(jw)|sin(wt + LP(jw))
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sinusoidal input

the steady-state response of an asymptotically stable system P(s)

to a sinusoidal input wu(t) = sinwt is given by

Yss(t) = |P(jw)| sin(wt + L P(jw))

e steady-state has same frequency than input
* can be

amplified |IP(jw)| > 1

attenuated |P(jw)| <1
* also phase variation

* depends only on the frequency of the input and the system characteristics

P(jw)] LP(jw)

gain curve phase curve
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sinusoidal input
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10° 10°
frequency (rad/s)
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