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preliminaries

• moreover recall that a periodic signal can be expanded in a Fourier series which is an 
infinite sum of weighted sines and cosines

we can compute the steady state response to more complex signals

• system linearity guarantees that
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u(t) =
X

i

Ai sin(!it)
asymptotically stable 

system F (s)

<latexit sha1_base64="htK3G7e6GnQdjohZIvTLpCRvE6s="></latexit>

yss(t) =
X

i

Ai|F (j!i)| sin(!it+ \F (j!i))

output at steady state

that is the steady state output of an asymptotically stable system having as input a linear 
combination of sinusoids coincides with the same linear combination of the steady state 
responses of the system to each individual sinusoid

input
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F2(s) =
1

1 + s
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F4(s) =
1

1 + 0.01s
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2 systems with same magnitude but different phase
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(⇣,!n) = (0.2, 8)
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(⇣,!n) = (0.2, 100)
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forced response and steady state

transient as the difference 
between the forced response 
and the steady state 

If a system is asymptotically stable it admits a steady state (not necessarily constant) to any 
persistent input: for example ramp, parabola, sinusoid. In this case we can also define the 
transient as the difference between the forced and the steady state response, that is transient 
exists also for inputs which differ from the step. 
However we decided to characterize the transient with specific quantities on the step input.

example: transient for a sinusoidal input

transient
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transient: bandwidth
for the typical magnitude plots encountered so far, we define the bandwidth B3 as the first 

frequency such that for all frequencies greater than the bandwidth the magnitude is attenuated 

by a factor greater than            w.r.t its value in ! =  0 .     Recall that                      1/
p
2

20 log10

✓
1p
2

◆
⇡ �3 dB

|W (jB3)| =
|W (j0)|�

2

|W (jB3)|dB = |W (j0)|dB � 3

B3 :

and being

B3 :

• characterizes the filtering capacities of the dynamical system with transfer function W (s) 

<latexit sha1_base64="INJm9VGNM1g/uMh8tuI8nA9u828=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXMVJUdplwY3LCvYBTSiT6aQdOsnEmYlYQt34K25cKOLWv3Dn3zhts9DWAxcO59zLvfcECWdKI/RtFVZW19Y3ipulre2d3T17/6ClRCoJbRLBhewEWFHOYtrUTHPaSSTFUcBpOxhdTf32PZWKifhWjxPqR3gQs5ARrI3Us4/cc0/dSZ1VJtDDSSLFA0ROFVV7dhk5aAa4TNyclEGORs/+8vqCpBGNNeFYqa6LEu1nWGpGOJ2UvFTRBJMRHtCuoTGOqPKz2QcTeGqUPgyFNBVrOFN/T2Q4UmocBaYzwnqoFr2p+J/XTXVY8zMWJ6mmMZkvClMOtYDTOGCfSUo0HxuCiWTmVkiGWGKiTWglE4K7+PIyaVUc99JBNxflei2PowiOwQk4Ay6ogjq4Bg3QBAQ8gmfwCt6sJ+vFerc+5q0FK585BH9gff4ATkeVdw==</latexit>

1/
p
2 ⇡ 0.707

• relative to the static gain  |W (j0)|

1

1

!

! the first system 
W1 (j!) cuts off 
more frequencies 
than the second

B3,1

B3,2

B3,1 < B3,2

| W1 (j!) |/| W1 (j0) |

| W2 (j!) |

| W2 (j!) |/| W2 (j0) |
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transient: simplest example

asymptotically stable system (therefore ¿ > 0)

B3 =
1

�

W (s) =
K

1 + �s

magnitude plot 

normalized w.r.t. |K|dB

being

and

|W (j⇥)|dB � |W (j0)|dB = |W (j⇥)|dB � |K|dB
= |K|dB + |1/(1 + j⇥�)|dB � |K|dB
= |1/(1 + j⇥�)|dB

|1 + j�/|� | |dB = 20 log10
⇥
2 � 3 dB

for a first order system, the bandwidth coincides with the cutoff frequency

• similarly for higher order systems in the presence of a dominant pole
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transient: resonant peak

we define the resonant peak Mr as the maximum value of the frequency response magnitude 

referred to its value in ! =  0

Mr =
max |W (j�)|

|W (j0)|

Mr|dB = max |W (j�)|dB � |W (j0)|dB

or in dB

a high resonant peak indicates that the system behaves similarly to a second order system 

with low damping coefficient
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Magnitude trinomial factor at denominator

 = 0.5
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 = 0.1
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transient: resonant peak

• Note that the resonant peak is defined w.r.t. the value of the magnitude in ! =  0 and it is not 

just the maximum value (a constant gain F (s) = K would not give any resonant peak)

• since the presence of a peak in a frequency response is similar to the peak of a second order 

system with complex conjugate poles and low values of the damping coefficient, the higher 

the peak the smaller the “equivalent damping” value and therefore the higher the overshoot 

in the step response

• from the frequency response we get not only information on the steady state but also on 

the transient
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Transient parameters in the frequency domain: on a plot with normalized magnitude (not in dB)

|W (j�)|
|W (j0)|

!

1

Mr

1p
2

B3

transient: frequency domain characterization

magnitude
plot not in dB

transfer function
is strictly proper
and therefore the
magnitude tends
to 0 as ! tends to 1

any sinusoidal signal with frequency greater than B3 
will be attenuated at steady state by more than 0.707 

• a similar plot can be drawn when the magnitude is in dB
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transient: relationships in t and !

B3 tr ⇡ constant

1 +Mp

Mr
⇡ constant

typically (with some exceptions)

• higher bandwidth B3 (higher frequency components of the input signal are not attenuated and 

therefore are allowed to go through) leads to smaller rise time tr (faster system response)

• higher resonant peak Mr (as if we had a second order system with lower damping 

coefficient) leads to higher overshoot Mp (the oscillation damps out slower)

• very useful relationships in order to understand the connections between time and 

frequency domain response characteristics

in time
in frequency

in timein frequency
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transient: explicit relations for second order system

W (s) =
1

1 + 2⇣
s

!n
+

s2

!2
n

<latexit sha1_base64="IpmbfFDwzOEww6Wda2Is5uajW8U="></latexit>

• step response 1� 1p
1� ⇣2

e�⇣!nt

"
p

1� ⇣2 !nt+ arctan

p
1� ⇣2

⇣

#

<latexit sha1_base64="xuIj9+bNPAv7Ozcm4yL0fBZJvw0="></latexit>

0 < ³ < 1

Mp = e
� ⇡⇣p

1� ⇣2
<latexit sha1_base64="xCe70v2s47+4GU2b6MdHhgmWDQI="></latexit>

Mr =
1

2⇣
p
1� ⇣2

<latexit sha1_base64="hhJEz6E42/UuNVikYb5Pe9xwQxg="></latexit>

• resonance peak ⇣  1p
2

<latexit sha1_base64="Dhif0sXbH1MBvrMTKCeaOkZUGuM=">AAACBXicbVDJSgNBEO1xjXGLetRDYxA8hRkjGm8BLx4jmAUyIfR0apLGnsXuGiEOc/Hir3jxoIhX/8Gbf2NnQdT4oODxXhVV9bxYCo22/WnNzS8sLi3nVvKra+sbm4Wt7YaOEsWhziMZqZbHNEgRQh0FSmjFCljgSWh61+cjv3kLSosovMJhDJ2A9UPhC87QSN3CnnsHyKgrgbq+Yjx1stTVNwrToyzrFop2yR6DzhJnSopkilq38OH2Ip4EECKXTOu2Y8fYSZlCwSVkeTfREDN+zfrQNjRkAehOOv4iowdG6VE/UqZCpGP150TKAq2HgWc6A4YD/dcbif957QT9SicVYZwghHyyyE8kxYiOIqE9oYCjHBrCuBLmVsoHzISBJrj8OISzEU6+X54ljaOSUy6VL4+L1co0jhzZJfvkkDjklFTJBamROuHknjySZ/JiPVhP1qv1Nmmds6YzO+QXrPcvuaWY1g==</latexit>

B3 = !n

q
1� 2⇣2 +

p
2� 4⇣2 + 4⇣4

<latexit sha1_base64="+ofO97eFv2GjSgiAn+S9AtGD6gU=">AAACKHicbZDLSsNAFIYnXmu9VV26GSyCIJakLV4WYtGNSwWrQlPDZHraDk4mceZEqKGP48ZXcSOiiFufxLQG7z8MfPznHM6c34+kMGjbr9bI6Nj4xGRuKj89Mzs3X1hYPDVhrDnUeShDfe4zA1IoqKNACeeRBhb4Es78y4NB/ewatBGhOsFeBM2AdZRoC84wtbzC3r5XobvUDQPoME9R11xpTJyNsnsDyC7KdD2zyhvVLyvDar/vFYp2yR6K/gUngyLJdOQVHt1WyOMAFHLJjGk4doTNhGkUXEI/78YGIsYvWQcaKSoWgGkmw0P7dDV1WrQd6vQppEP3+0TCAmN6gZ92Bgy75ndtYP5Xa8TY3m4mQkUxguIfi9qxpBjSQWq0JTRwlL0UGNci/SvlXaYZxzTb/DCEnYE2P0/+C6flklMpVY6rxdp2FkeOLJMVskYcskVq5JAckTrh5JbckyfybN1ZD9aL9frROmJlM0vkh6y3d/wYpDw=</latexit>

tr =
1

!n

1p
1� ⇣2

"
⇡ � arctan

p
1� ⇣2

⇣

#

<latexit sha1_base64="y6kXqM0KQBtY6ixR9Au3NznkYJ8="></latexit>

• bandwidth

• rise time (up to roughly  ³= 0.7 )

for a second order system
some explicit expressions 
can be obtained (as an example)

valid for

(1 being = 100%)
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

9

0

0.2

0.4

0.6

0.8

1

M
p

• overshoot
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0 2 4 6 8 10 12
time

0

0.2

0.4

0.6

0.8

1

1.2

square wave approximation

n = 5
n = 9
n = 13
n = 29
with Lanczos

detail of the truncated Fourier expansion of a 
pulse train (square wave): the more components 
with higher frequency we include in the sum the 
better the approximation is.

the discontinuous signal (pulse train) is made 
of infinite sinusoidal components

almost similarly, the step function has an infinite frequency content

example: a discontinuous signal

0 5 10 15 20 25 30 35 40 45 50 55
time

-1

-0.5

0

0.5

1

pulse train

<latexit sha1_base64="Q9zHMzlTt+0cLN4uxE274umEhUU=">AAACEHicbVDJSgNBEO1xjXGLevTSGMQESZgOirkIAS8eI2SDJA49nU7SpGehu0YIw3yCF3/FiwdFvHr05t/YWQ6a+KDg8V4VVfXcUAoNtv1trayurW9sprbS2zu7e/uZg8OGDiLFeJ0FMlAtl2ouhc/rIEDyVqg49VzJm+7oZuI3H7jSIvBrMA5516MDX/QFo2AkJ3NGzksdHXlOLK5JgnMFkr+PRdLpcQnUiQskyUFB1PJOJmsX7SnwMiFzkkVzVJ3MV6cXsMjjPjBJtW4TO4RuTBUIJnmS7kSah5SN6IC3DfWpx3U3nj6U4FOj9HA/UKZ8wFP190RMPa3Hnms6PQpDvehNxP+8dgT9cjcWfhgB99lsUT+SGAI8SQf3hOIM5NgQypQwt2I2pIoyMBmmTQhk8eVl0igVyWXRvrvIVsrzOFLoGJ2gHCLoClXQLaqiOmLoET2jV/RmPVkv1rv1MWtdseYzR+gPrM8fdP2a8A==</latexit>

1 + 2
X

i=1

(�1)i��1(t� iT )

we can therefore see in the frequency domain the filtering effect of a system on a step input

!

¼± (!)

continuous spectrum
in the frequency domain

t

time domain
±—1 (t)
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1 1

!

!

!

!

!

!

systems with different bandwidths

B3,1 B3,2

B3,1 < B3,2

| F1 (j!) | | F2 (j!) |

output frequency content
is different

t t

faster response

system as a filter (transient)

input frequency content
(this is not the frequency content of a step 
function, it’s just for illustration purposes)
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Mass - Spring - Damper

k

µ

p

u
F (s) =

1

ms2 + µs+ k
m

0 < µ < 2
p
km p1,2 =

� µ
m ± j

q
4
�

k
m

�
�
� µ
m

�2

2

µ = 2
p
km

transfer function

• over-damped

• critically-damped

• under-damped

µ > 2
p
km

p1,2 = � µ

2m

p1,2 =
� µ

m ±
q� µ

m

�2 � 4
�

k
m

�

2

complex conjugate poles

real coincident poles

real distinct poles

asymptotically stable system for µ > 0
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Mass - Spring - Damper

0 < µ < 2
p
km

µ = 2
p
km

• over-damped

• critically-damped

• under-damped

µ > 2
p
km

trinomial factor

two coincident binomial factors

two distinct binomial factors

�n =

r
k

m
� =

µ

2
p
km

1

�
= �p1,2 =

µ

2m
=

r
k

m

1

�1
= �p1 >

r
k

m

1

�2
= �p2 <

r
k

m

gain = 1/k
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Mass - Spring - Damper

m = 1 kg
k = 100 N/m

magnitude in terms of the damping factor µ

the two single binomials are also shown (over-damped case) in order to put in evidence 
the dominant pole (corresponding to the real pole closest to the origin)

10-1 100 101 102

frequency (rad/s)
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(
d
B
)

MSD - Magnitude with  variable
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input force on mass 1

7 - MSD
system

(with damping)

10
0

10
1
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3
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10
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10
1
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10
3

−800

−600

−400

−200

0

P
h
a
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7-mass

output position on mass 3

resonance peaks

anti-resonance
peak

natural frequencies
very close to each 
other

119.6311
  107.5098
   78.7957
   73.3411
   42.2283
   19.0596
   11.0478

natural frequencies

position
mass m3
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dynamic bass microphone
(tailored for kick drum, works well 
with any low frequency instrument, 

low frequency peak at 100 Hz)

a 10.000 € voice microphone ...

electric guitar microphone

microphones

recall that 1 Hz = 2¼ rad/s and that voice is in the 
frequency rance roughly from 300 to 3000 Hz
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quarter-car suspension model

mb

mw

ks

kt

bs fs

xw

xb

r

model
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quarter-car suspension model

wheel

body

road

 mb

 mw

 xb

 xw

r

 ks  bs

 kt

 fs

Model of a quarter part of a car with its wheel and tire

The body with mass mb represents the car chassis 
connected to the wheel by a passive spring (ks), and a 
shock absorber represented by a damper (bs).
The spring (kt) models the compressibility of the tire 
pneumatic.

In an active suspension a hydraulic actuator (fs) 
between the chassis and wheel assembly may help in 
balancing conflicting objectives as passenger comfort, 
road handling and suspension deflection. 

mbẍb + ks(xb � xw) + bs(ẋb � ẋw) = fs

mwẍw � ks(xb � xw) + bs(ẋb � ẋw) + kt(xw � r) = �fs

fs acts on both the body and the wheel assembly

r can be seen as an input affecting the evolution of the system 
through the tire (disturbance)

r(t) generic
terrain profile
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state vector

several outputs of interest

⇥
xb ẋb xw ẋw

⇤T

C1 =
⇥
1 0 0 0

⇤

C2 =
⇥
�ks/mb �bs/mb ks/mb bs/mb

⇤

body (passenger) position

body (passenger) acceleration

suspension deflectionC3 =
⇥
1 0 �1 0

⇤

two inputs (one, fs, can be controlled, the other is the disturbance r) 

by setting one of the two inputs to zero and choosing the output of interest, we have a 
SISO system with corresponding transfer function

Passenger comfort is associated to small passenger acceleration

Physical limitation of the actuator (limits on maximum displacements) defines a constraint

these are two of the possible outputs
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Magnitude from road disturbace and actuator force (fs) to body acceleration and suspension travel

Frequency  (rad/sec)

M
ag

ni
tu

de
 (d

B)

Input: road disturbance (r)
Input: actuator force (fs)

actuator to body acceleration
frequency response magnitude

actuator to suspension deflection
frequency response magnitude

road to body acceleration
frequency response magnitude

road to suspension deflection
frequency response magnitude

rattlesnake frequency

tire-hop frequency
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rattlesnake frequency: pure imaginary zeros in the transfer function from the 
actuator to the suspension deflection, anti-resonance at 22.97 rad/s

tire-hop frequency: pure imaginary zeros in the transfer function from the actuator to 
the body acceleration (also from actuator to body position), anti-resonance at 56.27 rad/s

at these frequencies it is difficult to counteract any effect of the road on acceleration or on 
the suspension deflection (no control “authority”)


