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Optimization Problems

Approximation algorithm for problem P:

= | : Instance of problem P

= A(I): value of A’s solution on [

OPT(I): value of the optimal solution on I
A Is r-approximate if

0 Minimization: VI, A(I) <r x OPT(I)
0 Maximization: VI, A(1) > X x OPT(I)

- T
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Relate to the Optimum

= The optimum may be hard to compute or to characterize
= However in some cases we can relate to the optimum, e.g.,

Christofides

ALG(I) < MST(I)+ Mathing([) < (1 + %) OPT(I)

Relate to the optimum of a relaxed problem:
OPT(I) = minges(r) f(z)
Relaxation: S(I) C R(I)

LB(I) =min,cr(r)g()
VI, xz e SU),g(x)<f(x)

Primal-Dual Network Design - p. 5/43



http://www.dis.uniroma1.it/~leon

e Lecture Outline

LP-based Relaxation and
Rounding

e Optimization Problems

e Relate to the Optimum

e Use the solution of the
relaxed problem

e LP formulation for Vertex

Cover
e LP-relaxation for Vertex Cover

e Rounding

e Approximation

e Integrality Gap

e Integrality Gap for Vertex

Cover
e LP rounding for Set Cover

e LP formulation for Set Cover
e f -approximation for Set

Cover
e More basic techniques

The Primal-Dual Method

Primal-dual Method for Vertex
Cover

Set Cover via Dual Lifting

Randomized Rounding

Stefano Leonardi, March 19, 2010

Use the solution of the relaxed problem

| f VI, ALG(I) <r x LB(I)
thenVI, ALG(I) <r x OPT(I)

Optimum of LB(I):

*

" g(2*) = mingepng(x)

The optimum to the relaxed problem must be easy to compute.

Rounding:

Roundz*toaz € S(I): f(z) <r x g(a*)
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- Rounding

= Find an optimal solution x* € R to the relaxed problem in

polynomial time
= Roundz* € Rtoaz € S

0 z(u)=1if x*(u) >
0 z(u)=01if 2% (u) <

N~ DN
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= Approximation

= The solution is 2-approximated:

> ww)z(u) <2 x > w(u)z*(u) <2 x OPT,

uelU ueV
since z(u) < 2 x x*(u).
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Integrality Gap

Definition: largest ratio on all instances between the optimum

Integral solution and the optimum relaxed solution.

One cannot hope to achieve an approximation ratio better than

the integrality gap of the relaxation

The rounding step should pay a factor at least equal to the

Integrality gap of the relaxation
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LP rounding for Set Cover

Given:

= [J: universe of n elements {e{,...,e,}
= §={51,...,9n,}: collection of m subsets of U
m c: S, — RT: cost function for sets

Goal:

Find a subcollection of minimum cost that covers U
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LP formulation for Set Cover

min ) ¢(S)x(S5)

Ses

st. Y x(8) > 1

S:eeS
z(S5)

Ve c U

e {0,1} Ses

LP relaxation:

min - ) ¢(S)x(S)
d a8 > 1

S:eeS
z(S) € [0,1]

S.t. Ye e U

Ses
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< More basic techniques

= Primal-dual scheme: consider the dual of a relaxation of the

problem:

max{h(y) :y € D} < min{g(z) : x € R)

Construct a fesible solution x € S for the primal fromy € D

such that

flz) <rxh(y) <rxhy*) <rx f(e*) <rxOPT

= Use Randomization in the rounding step: Interpret z* as a
set of probabilistic values to guide the rounding step. E.g.,

Z(u) = 1 with pb x*(u).

= Use different relaxations: e.g., semi-definite programming

relaxations
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The Primal-Dual Method
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= LP Duality

Best lower bound on OPT

min 75131 + X9 + 5333

1 — X2 —+ 3333
55131 + 25132 — I3

L1,X2,T3

max 10y + 6y-

S.L. Y1 + dyo

—1y1 + 22
3y1 — Y2
Y1, Y2

AV VAN VAR VAN

AVARAVAR VS

S Ot =

10
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> aia | yi = > biys (2)
j=1 i=1

1=

Corollary 3 =z and y are optimal for the Primal and the Dual if
and only if (1) and (2) hold with equality.
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Complementary Slackness Conditions

x and y are optimal solutions if and only if:

(1) Primal Complementary Slackness Condition

Vi<j<n

either z;, =0

or

m

E AijYi = €4

1=1

(2) Dual Complementary Slackness Condition

Vi<i<m

either

or

y; =0

n
E Clz'jilfj = bz
j=1
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The Primal-Dual Schema

Theorem 4 If x and y satisfy the conditions of the Primal-Dual

schema then

Proof:

Zlfj:

m
SJ Aj5Yq
i=1

m
Yi <1 X Zbiyi
i=1
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= Primal is a relaxation of a problem P.
= 1 IS integral feasible for P
= |t follows:

mn
j=1

n
— ercjx;erOPT
j=1

Primal-dual schema gives r-approximation algorithm

| Application of the Primal-Dual schema

ch:vj <rx f:biyz' <7 X zm:bzyj
i=1 i=1
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Primal-dual Method for Vertex Cover
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e Lecture Outline G|Ven a graph G — (V, E), 5(’(]) — {6 p— (’U, U) © E}
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The Primal-Dual Method Primal: min Z CC(’U)'UJ(U)

Primal-dual Method for Vertex

Cover ’UEV
e LP formulation for Vertex
orimal-Dual Algorithm for St x(u) —I— .CE(’U) Z 1 \V/e — (’U,7 ’U) 6 E
Vertex Cover o
e Proof of 2-approximation T u) Z O U E V
Set Cover via Dual Lifting
Randomized Rouncing z(u) < 1in the fractional relaxation can be omitted
Dual: max ) y(e)
ec b
S.t. Z yle) < ww) YveV
e€d(v)

0 Veec

<
~—~
D
~—
[V
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LP-based Relaxation and
Rounding

The Primal-Dual Method

Primal-dual Method for Vertex Z y(e) — w(u> or Z y(e) — w(U>

= e€d(u) e€d(v)

e LP formulation for Vertex
Cover

e The Primal-Dual Algorithm for 2. Set x(u> — 1 (Or CE‘(’U) — 1 )
3. Remove all edges adjacentto u (or v )

Vertex Cover
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Repeat until all edges are removed
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Rounding

The Primal-Dual Method \v/u c V e lther T (u) — O

Primal-dual Method for Vertex

(o:(?_v:rformulation for Vertex or Z y(e) — w(u>
° %?t\elePrrimal-Dual Algorithm for ec 5 (’LL)

Vertex Cover
e Proof of 2-approximation

Dual complementary slackness condition is 2-relaxed

Set Cover via Dual Lifting

Randomized Rounding

Ve € E either y(e)=0
or r(u) + x(v) <2
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Set Cover via Dual Lifting
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Set Cover

e Lecture Outline G |Ve n .

LP-based Relaxation and
Rounding

e = [J: universe of n elements {e{,...,e,}
ermsgaiveros o @S = {S7,...,.5,}: collection of m subsets of U
m c:S; — RN cost function for sets

Set Cover via Dual Lifting

e Greedy algorithm for Set

Cover G Oal

e Analysis of Greedy
e A tight example for Greedy
e Dual-fitting analysis of Greedy

set Couer Find a subcollection of minimum cost that covers U

e LP formulation for Set Cover
e Analysis of Greedy

Rendomized Rounding The greedy algorithm achieves an O(logn) approximation.
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D St
| ﬁ Greedy algorithm for Set Cover

® Lecture Outlne = Pick at any iteration the most cost-effective set
conang » C;: set of elements yet not covered before set S; is selected

The Primal-Dual Method by Greedy
cmaainenodorieres - m () /(Cy; N S): cost-effectiveness of set S

Cover

Set Cover via Dual Lifting

e Set Cover 1 CO — U

e Greedy algorithm for Set

osisofGreedy 2 \/\hl | e C’Z, # (Z) dO

e A tight example for Greedy
e Dual-fitting analysis of Greedy

oflgtf(?rcr)r\llslrationforSetCover Flnd the Set S Wlth mln o = C(S)/(Cz ﬂ S)

e Analysis of Greedy

Randomized Rounding

Pick set S and Ve € SN Cj, price(e) = «

Cit1=C;/S
3. Output the picked sets
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Analysis of Greedy

Assume U covered by Greedy in order {eq, ...

,€n}

- _ OPT
Lemma 5 price(e;) < =77
Proof:
= At any iteration the optimal solution covers C; at cost at most O PT’
®m There exists a set of OPT with o < OC];T

= When e, is covered atiteration ¢, C; > n —j + 1

= Since e is covered by the most cost-effective set:

OPT< OPT
Ci " n—75+4+1

price(e;) <

Theorem 6

1
n—]+1

ALG = mece e;j) < OPT x Z = OPT x H,

71=1
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S A tight example for Greedy

1/n 1/n-1 1/n-2

Greedy outputs all singleton sets with cost
Hy=1+3+z+...+1

Optimum cost is 1 + .

1

Primal-Dual Network Design - p. 35/43



http://www.dis.uniroma1.it/~leon

e Lecture Outline

LP-based Relaxation and
Rounding

The Primal-Dual Method

Primal-dual Method for Vertex
Cover

Set Cover via Dual Lifting
e Set Cover

e Greedy algorithm for Set

Cover
e Analysis of Greedy

e A tight example for Greedy

e Dual-fitting analysis of Greedy
Set Cover

e LP formulation for Set Cover
e Analysis of Greedy

Randomized Rounding

Stefano Leonardi, March 19, 2010

Dual-fitting analysis of Greedy Set Cover

Dual-fitting method:

= Show that the integral solution is fully paid by an unfeasible
dual solution

= The dual solution can be made feasible by scaling down
each variable by a factor f

ALG = DUAL* = fxDUAL’* < fxOPT*’ < fxOPT

= Alternative to argue about complementary slackness
conditions
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LP formulation for Set Cover

Primal: min Zc(S):c(S)

Constraint 2(,S) < 1 can be omitted

Dual:

Ses

S:ecS

> x(S)

z(5)

Vv

1 VYee U

1V

> 0 Ses§

c(S) VeeU

0 Ve e U
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< Analysis of Greedy

Interpret the Greedy solution as an unfeasible dual:

y(e) = price(e), ALG = Z y(e)

price(e)

Lemma 7 y'(e) = =7 is dual feasible.

= Consider any set S = {eq, ..., e} with elements numbered
by the order they are covered by Greedy.

S can cover ¢; at price < kc_(—izl when i is covered.
Since Greedy picks the most cost-effective set:

c(S)
k—it1

price(e;) <

1 c(5)
H, k—i1+1

Dual constraint for set S

Dual variables 3/(e) <

k
Zy/(ei) < C[(_[i) (% 4 ﬁ -|-,..—|—1) :c(S)Z—: < ¢(S)
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Randomized Rounding
e Randomized Runding
e Randomized Rounding for Set

Cover
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Randomized Runding

= Interpret primal variables in the fractional relaxation as

probabilities

= Obtain a primal solution by setting variables to 1

Independently with probability equal to the fractional value

= The expected cost of the solution is equal to the fractional

optimum ...... but

= Solution may not be feasible
= Repeat as many times as needed to enforce feasibility
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Randomized Rounding for Set Cover

e Lecture Outline

LP-based Relaxation and m I n Z C(S) L (S)

Rounding S c S

The Primal-Dual Method

Primal-dual Method for Vertex St Z :C(S> 2 1 \V/e E U

Cover

Set Cover via Dual Lifting x(S) E [O’ 1] S E S

Randomized Rounding

e Randomized Runding
e Randomized Rounding for Set

Cowr = Pick set S with probability p(S) = z*(S)

o Make the solution feasible . E[ALG] _ ZSES c(S)p(S) _ ZSES C(S)ZC*(S> _ OPTLP S
OPT

m |S the solution feasible?
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= Make the solution feasible

e Lecture Outline [ ] For an element a. {Sl7 cee Sk} p— {S - 8 T a < S}

LP-based Relaxation and
Rounding

The Primal-Dual Method Pr[e IS Covered] — 1 — (1 — p(Sl)) X ... X (1 - p(Ski))

Primal-dual Method for Vertex

Cover 1 k
Set Cover via Dual Lifting Z 1 - 1 -

Randomized Rounding

e Randomized Runding 1

e Randomized Rounding for Set > 1 .
Cover b

e Make the solution feasible €

e Make the solution feasible

since p(Sy) +...+p(Sk) > 1
= Each element a € U is covered with Pb > 1 — 1
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Make the solution feasible

* Lecture Outine = Pick dlogn subcollections C" = C; U ... U Cgiogn With d such
LP-based Relaxation and th a.t
Rounding -

The Primal-Dual Method

Primal-dual Method for Vertex

dlogn
Cover Pr|a not covered| < (—) <

Set Cover via Dual Lifting

E[COST(C")] < d x logn OPT**

Randomized Rounding
e Randomized Runding

oiz\r::romized Rounding for Set ] Pr COST(C/) Z 4d X log nOPTLP] S %
e Make the solution feasible -~/ . 1 1
= Pr[C’ not easible| <n x ;- < ;

s Pr[COST(C") < 4d x logn OPTEYAND C'feasible] >
= Expected[number of repetitions] = 2

1
2
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