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1 Introduction

Nonlinear Programming (NLP) is the broad area of applied mathematics that addresses opti-
mization problems when nonlinearity in the functions are envolved. In this chapter we introduce
the problem, and making reference to the smooth case, we review the standard optimality con-
ditions that are at the basis of most algorithms for its solution. Then, we give basic notions
concerning the performance of algorithms, in terms of convergence, rate of convergence, and
numerical behaviour.

1.1 Problem Definition

We consider the problem of determining the value of a vector of decision variables x € IR™ that
minimizes an objective function f : R"™ — IR, when z is required to belong to a feasible set
F CIR"; that is we consider the problem:

min f(x). (1)

zEF

Two cases are of main interest:
- the feasible set F is IR"™, so that Problem (1) becomes:

min f(z); (2)

in this case we say that Problem (1) is unconstrained. More in general, Problem (1) is uncon-
strained if F is an open set. The optimality conditions for unconstrained problems stated in
§1.2 hold also in the general case. Here for simplicity we assume that F = IR".

- the feasible set is described by inequality and/or equality constraints on the decision variables:

F={zxeR":¢,(x)<0,i=1,...,p; hj(x)=0,j=1,...,m}

then Problem (1) becomes:

min  f(z)
" g(z) <0 (3)
h(z) =0,

with h: R" — R™ and g: R" — IRP. In this case we say that Problem (1) is constrained.

Problem (1) is a Nonlinear Programming (NLP) problem when at least one, among the
problem functions f, g;,i=1,...,p, h;,j =1,...,m, is nonlinear in its argument x.

Usually it is assumed that in Problem (3) the number m of equality constraints is not larger
than the number n of decision variables. Otherwise the feasible set could be empty, unless there
is some dependency among the constraints. If only equality (inequality) constraints are present,
Problem (3) is called an equality (inequality) constrained NLP problem.

In the following we assume that the problem functions f,g,h are at least continuously
differentiable in IR™.

When f is a convex function and F is a convex set, Problem (1) is a convex NLP problem.
In particular, F is convex if the equality constraint functions h; are affine and the inequality
constraint functions g; are convex. Convexity adds a lot of structure to the NLP problem, and
can be exploited widely both from the theoretical and the computational point of view. If f is
convex quadratic and h, g are affine, we have a Quadratic Programming problem. This is a case
of special interest. Here we will confine ourselves to general NLP problems, without convexity
assumptions.

A point z* € F is a global solution of Problem (1) if f(z*) < f(x), for all z € F; it is
a strict global solution if f(z*) < f(x), for all x € F,z # z*. A main erxistence result for a



constrained problem is that a global solution exists if F is compact (Weierstrass Theorem).
An easy consequence for unconstrained problems is that a global solution exists if the level set
Lo={zeR": f(x) < a} is compact for some finite «.

A point z* € F is a local solution of Problem (1) if there exists an open neighborhood B~
of z* such that f(z*) < f(z), for all x € F N By~; it is a strict local solution if f(z*) < f(z),
for all x € F N By, x # x*. Of course, a global solution is also a local solution.

To determine a global solution of a NLP problem is in general a very difficult task. Usu-
ally, NLP algorithms are able to determine only local solutions. Nevertheless, in practical
applications, also to get a local solution can be of great worth.

We introduce some notation. We denote by the apex ’, the transpose of a vector or a

matrix. Given a function v : R™ — IR, we denote by Vu(x) the gradient vector and by VZv(z)
the Hessian matrix of v. Given a vector function w : R"™ — IR?, we denote by Vw(z) the
n X ¢ matrix whose columns are Vw;(z),j = 1,...,q. Given a vector y € R? we denote by
ly]| its Euclidean norm. Let K C {1,..., ¢} be an index subset, y be a vector with components
¥i,4 = 1,...,q, and A be a matrix with columns a;,j = 1,...,q. We denote by yx the sub
vector of y with components y; such that ¢ € K and by Ax the submatrix of A made up of the
columns a; with j € K.

1.2 Optimality Conditions

Local solutions must satisfy necessary optimality conditions (NOC).
For the unconstrained Problem (2) we have the well know result of classical calculus:

Proposition 1.1 Let z* be a local solution of Problem (2), then
V(") =0; (4)
moreover, if f is twice continuously differentiable, then
y'V2f(z*)y > 0, Vy € R™. (5)

For the constrained problem (3), most of the NOC commonly used in the development of
algorithms assume that at a local solution the constraints satisfy some qualification condition
to prevent the occurrence of degenerate cases. These conditions are usually called constraints
qualifications and among them the linear independence constraints qualification (LICQ) is the
simplest and by far the most invoked.

Let & € F. We say that the inequality constraint g; is active at & if g;(£) = 0. We denote
by Z,(&) the index set of inequality constraints active at &:

Zo(2) ={i €{1,...,p}: gi(2) = 0}. (6)

Of course, any equality constraint h;, is active at £. LICQ is satisfied at £ if the gradients of
the active constraints Vgz, (&), Vh(Z), are linearly independent.
Under LICQ, the NOC for Problem (3) are stated making use of the (generalized) La-
grangian function:
Lz, A, p) = f(z) + Ng(@) + p'h(z), (7)
where A € RP, u € IR™ are called (generalized Lagrange) multipliers, or dual variables.
The so called Karush-Kuhn-Tucker (KKT) NOC are stated as follows:

Proposition 1.2 Assume that =* is a local solution of Problem (3) and that LICQ holds at
x*; then multipliers \* > 0, u* exist such that:
Vo L(z*, X, u*) =0, (8)
Ag(a*) = 0;



moreover, if f,g,h are twice continuously differentiable, then:
y'V2L(z* X, 1% )y >0, Vy e N(z*),

where:

N(z*) ={y €e R": Vgz,(z")'y = 0; Vh(z")'y = 0}.

A point z* satisfying the NOC conditions (8) together with some multipliers A\*, p* is called
a KKT point.

If a point x* € F satisfies a sufficient optimality condition, then it is a local solution of
Problem (1). For general NLP problems, sufficient optimality conditions can be stated under
the assumption that the problem functions are twice continuously differentiable, so that we
have second order sufficiency conditions (SOSC).

For the unconstrained Problem (2) we have the SOSC:

Proposition 1.3 Assume that x* satisfies the NOC of Proposition (1.1). Assume further that
y'V2f(z*)y >0, YyeR", y#0,

that is that assume that V2 f(x*) is positive definite. Then z* is a strict local solution of Problem

(2)-
For the constrained Problem (3) we have the SOSC:

Proposition 1.4 Assume that ©* € F and \*, u* satisfy the NOC of Proposition (1.2). As-
sume further that
y'V2L(z*, N, 1)y >0, Yy € P(z*), y#0, (9)

where:
Plx*)={yeR": Vg, (2*)y<0, Vh(z*)y=0;

Vgi(z*)'y =0,i € I,(z*) with Af > 0};
then x* is a strict local solution of Problem (3).

Note that P(z*) is a polyhedral set, while A(z*) is the null space of a linear operator,
with N(z*) C P(z*). However, if \¥ > 0 for all ¢ € Z,(z*), then N (z*) = P(z*). When
this happens, we say that the strict complementarity assumption is satisfied by g(z*) and A*.
Strict complementarity is a very favorable circumstance, because it is much simpler to deal with
the null space of a linear operator than with a general polyhedron. In particular, there exists
a simple algebraic criterion to test whether the quadratic form y'V2L(x*, \*, u*)y is positive
definite on N (z*).

Note also that, if in Proposition 1.4 we substitute the set P(z*) with the set

NT@*)={yeR": Vh(z*)y=0, Vgi(z*)y=0,i € Z,(z*) with A} > 0},

we still have a sufficient condition, since P(z*) C N (z*), and again Nt (z*) is the null space
of a linear operator. However the condition obtained is stronger then the original one, and
indeed it is known as the strong second order sufficient condition (SSOSC).

Finally, we point out that, under the strict complementarity assumption, N'(z*) = P(z*) =
N*(z*), so that all the SOSC for Problem (3) considered above reduce to the same condition.

A main feature of convex problems is that a (strict) local solution is also a (strict) global
solution. Moreover, when f is (strictly) convex and, if present, g; are convex and h; are affine,
the NOC given in terms of first order derivatives are also sufficient for a point z* to be a (strict)
global solution.



Optimality conditions are fundamental in the solution of NLP problems. If it is known
that a global solution exists, the most straightforward method to employ them is as follows:
find all points satisfying the first order necessary conditions, and declare as global solution
the point with the smallest value of the objective function. If the problem functions are twice
differentiable, we can also check the second order necessary condition, filtering out those points
that do not satisfy it; for the remaining candidates, we can check a second order sufficient
condition to find local minima.

It is important to realize, however, that except for very simple cases, using optimality
conditions as described above does not work. The reason is that, even for an unconstrained
problem, to find a solution of the system of equations V f(x) = 0 is nontrivial; algorithmically,
it is usually as difficult as solving the original minimization problem.

The principal context in which optimality conditions become useful is the development
and analysis of algorithms. An algorithm for the solution of Problem (1) produces a sequence
{z*},k =0,1,..., of tentative solutions, and terminates when a stopping criterion is satisfied.
Usually the stopping criterion is based on satisfaction of necessary optimality conditions within
a prefixed tolerance; moreover, necessary optimality conditions often suggest how to improve
the current tentative solution z* in order to get the next one zF*1, closer to the optimal
solution. Thus, necessary optimality conditions provide the basis for the convergence analysis
of algorithms. On the other hand, sufficient optimality conditions play a key role in the analysis
of the rate of convergence.

1.3 Performance of Algorithms

1.3.1 Convergence and Rate of Convergence

Let @ C F be the subset of points that satisfy the first order NOC for Problem (1). From
a theoretical point of view, an optimization algorithm stops when a point z* €  is reached.
From this point of view, the set €2 is called the target set. Convergence properties are stated
with reference to the target set . In the unconstrained case, a possible target set is Q = {z €
R" : Vf(xz) =0} whereas in the constrained case Q2 may be the set of KKT points satisfying
(8).
Let {z*},k = 0,1,... be the sequence of points produced by an algorithm. Then, the
algorithm is globally convergent if a limit point z* of {z*} exists such that z* € Q for any
starting point 20 € IR™; it is locally convergent if the existence of the limit point z* € §2 can be
established only if the starting point 2° belongs to some neighborhood of .

The notion of convergence stated before is the weakest that ensures that a point z* arbi-
trarily close to {2 can be obtained for k large enough. In the unconstrained case this implies
that

lim inf |V f(z*)|| = 0.
k—o0

Nevertheless, stronger convergence properties can often be established. For instance that
any subsequence of {z*} possess a limit point, and any limit point of {z*} belongs to Q; for
the unconstrained case, this means that

lim [|Vf(a*)[ = 0.
k— oo

The strongest convergence requirement is that the whole sequence {z*} converges to a point
x* e Q.

In order to define the rate of convergence of an algorithm, it is assumed for simplicity
that the algorithm produces a sequence {z*} converging to a point z* € Q. The most widely
employed notion of rate of convergence is the Q-rate of convergence, that considers the quotient



between two successive iterates given by [|z*T! — z*||/||x* — 2*||. Then we say that the rate of
convergence is @Q-linear if there is a constant r € (0,1) such that:

2"+ — 2|

o —a <, for all k sufficiently large;
zk —z

we say that the rate of convergence is @Q-superlinear if:

k+1

[« — 2]

im &~ 1
Koo [[2F — 27|

and we say that the rate of convergence is @Q-quadratic if:

24+ — o |

W < R, for all k sufficiently large,
zk —x

where R is a positive constant, not necessarily less than 1. More in general, the rate of conver-
gence is of Q-order p if there exists a positive constant R such that:

="+ — 2|

W < R, for all k sufficiently large;
b —x

however a Q-order larger than 2 is very seldom achieved. Algorithms of common use are either
superlinearly or quadratically convergent.

1.3.2 Numerical Behaviour

Besides the theoretical performance, an important aspect of a numerical algorithm is its practi-
cal performance. Indeed fast convergence rate can be overcome by a great amount of algebraic
operations needed at each iteration. Different measures of the numerical performance exist,
even if direct comparison of CPU time remains the best way of verifying the efficiency of a
given method on a specific problem. However, when the computational burden in term of alge-
braic operations per iteration is comparable, possible measures of performance can be given in
terms of number of iterations, number of objective function/constraints evaluations and number
of its/their gradient evaluations.

Measures of performance are of main relevance for large scale NLP problems. The notion
of large scale is machine dependent so that it could be difficult to state a priori when a problem
is large. Usually, an unconstrained problem with n > 1000 is considered large whereas a
constrained problems without particular structure is considered large when n > 100 and p+m >
100. A basic feature of an algorithm for large scale problems is a low storage overhead needed
to make practicable its implementation, and a measure of performance is usually the number
of matriz-vector products required. The main difficulty in dealing with large scale problems is
that effective algorithms for small scale problems do not necessarily translate into efficient ones
when applied to solve large problems.

1.4 Selected Bibliography

In this section we give a list of books and surveys of general references in NLP. Of course the
list is by far not exhaustive; it includes only texts widely employed and currently found.

Several textbooks on applied optimization devote chapters to NLP theory and practice.
Among them, the books by Gill et al. (1981), Minoux (1983), Luenberger (1994), Fletcher
(1987), Nash and Sofer (1996) Bonnans et al. (1997) and Nocedal and Wright (1999).



More specialized textbooks, strictly devoted to NLP, are the ones by Zangwill (1969), Avriel
(1976), McCormick (1983), Evtushenko (1985), Bazaraa et al. (1993), Polak (1997), Bertsekas
(1999). A collection of survey papers on algorithmic aspects of NLP is in Spedicato (1994).

A particular emphasis on the mathematical foundations of NLP is given in Hestenes (1975),
Giannessi (1982), Polyak (1987), Peressini et al. (1988), Jahn (1994), Rapsédck (1997). A classi-
cal reference on optimality conditions and constraint qualifications is the book by Mangasarian
(1969).

The theoretical analysis of algorithms for NLP is developed in Zangwill (1969), Orthega
and Rheinboldt (1970), Bazaraa et al. (1993), Luenberger (1994), Polak (1997). For practical
aspects in the implementation of algorithms we refer again to Gill et al. (1981).

The search for global optima is treated for instance in Térn and Zilinskas (1989), Horst and
Pardalos (1995), Pinter (1996).

This chapter does not mention multiobjective optimization. Multiobjective NLP problems
are considered for instance in Rustem (1998), Miettinen (1999).

2 Unconstrained Optimization

In this chapter we consider algorithms for solving the unconstrained Nonlinear Programming
problem (2)

/)

where © € IR" is the vector of decision variables and f : R"™ — IR is the objective function.
The algorithms described in this section can be easily adapted to solve the constrained Problem
min,c+ f(z) when F is an open set, provided that a feasible point 2° € F is available.
In the following we assume for simplicity that the problem function f is twice continuously
differentiable in IR™ even if in many cases only once continuously differentiability is needed.
We also assume that the standard assumption ensuring the existence of a solution of Problem
(2) holds, namely that:

Assumption 2.1 The level set LO = {x € R" : f(z) < f(2°)} is compact, for some z° € R".

The algorithm models treated in this section generate a sequence {z*}, starting from z°,

by the following iteration
oF = 2P 4 ok dk, (10)
where d* is a search direction and o is a stepsize along d*.

Methods differentiate in the way the direction and the stepsize are chosen. Of course
different choices of d* and o yield different convergence properties. Roughly speaking, the
search direction affects the local behaviour of an algorithm and its rate of convergence whereas
global convergence is often tied to the choice of the stepsize a*. The following proposition
states a rather general convergence result (Orthega 1988).

Proposition 2.2 Let {z*} be the sequence generated by iteration (10). Assume that: (i) d* # 0
if Vf(z*) # 0; (ii) for all k we have f(z**1) < f(2%); (iil) we have
Vf(.fllk)/dk

=0 11
koo ||| ’ (11)

(iv) for all k with d* # 0 we have

V(@) d*]

T o[V f(@®)|, with ¢ > 0.

Then, either k exists such that 2% € £° and Vf(z*) = 0, or an infinite sequence is produced
such that:



(a) {zF} € L£O;
(b) {f(z")} converges;

()
Jim |V £(2*)] =o0. (12)

Condition (c) of Proposition 2.2 corresponds to say that any subsequence of {z*} possess
a limit point, and any limit point of {z*} belongs to Q. However, weaker convergence results
can be proved (see Section 1). In particular in some cases, only condition

lim inf |V f(z*)|| =0 (13)
k—o00

holds.

Many methods are classified according to the information they use regarding the smoothness
of the function. In particular we will briefly describe gradient methods, conjugate gradient
methods, Newton’s and truncated Newton’s methods, quasi-Newton methods and derivative
free methods.

Most methods determine o by means of a line search technique. Hence we start with a short
review of the most used techniques and more recent developments in line search algorithms.

2.1 Line Search Algorithms

Line Search Algorithms (LSA) determine the stepsize o* along the direction d*. The aim of
different choices of a* is mainly to ensure that the algorithm defined by (10) results to be
globally convergent, possibly without deteriorating the rate of convergence. A first possibility
is to set o = o* with

of = aurgrnainf(slzlC + ad®),

that is o is the value that minimizes the function f along the direction d*¥. However, unless
the function f has some special structure (being quadratic), an exact line search is usually quite
computationally costly and its use may not be worthwhile. Hence approximate methods are
used. In the cases when V f can be computed, we assume that the condition

Vf(*)d* <0, forall k (14)

holds, namely we assume that d* is a descent direction for f at z*.

Among the simplest LSAs is Armijo’s method, reported in Algorithm 1.

The choice of the initial step A is tied to the direction d* used. By choosing A* as in
Step 1, it is possible to prove that Armijo’s LSA finds in a finite number of steps a value o
such that

Fl@ ) < fa*), (15)
and that condition (11) holds.

Armijo’s LSA finds a stepsize o that satisfies a condition of sufficient decrease of the
objective function and implicitly a condition of sufficient displacement from the current point
z*.

In many cases it can be necessary to impose stronger conditions on the stepsize a*. In
particular Wolfe’s conditions are widely employed. In this case, Armijo’s condition

fa* +ad®) < f(a*) +yaV f(a*)'d* (16)
is coupled either with condition

Vf(k +ardr)dt > v f(aF) dr, (17)



Armijo’s LSA

Data: 6 € (0,1), v € (0,1/2), c € (0,1).
Step 1. Choose A* such that
ko V@) d

A" >c
lld*||*

and set o = AF.
Step 2. If
f@* +ad") < f(z") +yaVf(*)'d"

k

then o = « and stop.

Step 3. Otherwise set a = da and go to Step 2.

Table 1: Armijo’s line search algorithm

or with the stronger one

[Vf(a* +a*dh) d*| < BV f(a*)d"|, (18)
where 8 € (v, 1), being ~y the value used in (16). It is possible to prove that a finite interval of
values of o exists where conditions (16) and (18) are satisfied (and hence also (16) and (17)).
Of course, a LSA satisfying (16) and (17) enforces conditions (11) and (15). LSA for finding a
stepsize o that satisfies Wolfe’s conditions are more complicated than Armijo’s LSA and we
do not enter details.

In some cases, such as for derivative free methods, it can be necessary to consider LSA
that do not require the use of derivatives. In this case, condition (14) cannot be verified and a
direction d* cannot be ensured to be of descent. Hence line search techniques must take into
account the possibility of using also a negative stepsize, that is to move along the opposite
direction —d*. Moreover, suitable conditions for terminating the line search with a* = 0 must
be imposed when it is likely that f(z* + ad®) has a minimizer at o = 0. A possible LSA is
obtained by substituting the Armijo acceptance rule (16) by a condition of the type

f@* +ad®) < f(z*) —ya?|d"|?, (19)

that does not require gradient information. We point out that derivative free LSAs usually
guarantee the satisfaction of the condition klirn 2"t — 2¥|| = 0, that can be useful to prove
—00

convergence whenever it is not possible to control the angle between the gradient V f(z*) and
the direction d*. See De Leone et al. (1984), Grippo et al. (1988) for more sophisticated
derivative free line search algorithms.

We observe that all the line search algorithms described so far ensure that condition (15) is
satisfied, namely they ensure a monotonic decrease in the objective function values. Actually,
enforcing monotonicity may not be necessary to prove convergence results and, in case of highly
nonlinear functions, may cause minimization algorithms to be trapped within some narrow
region. A very simple nonmonotone line search scheme (Grippo et al. 1986) consists in relaxing
Armijo’s condition (16), requiring that the function value in the new iterate satisfies an Armijo
type rule with respect to a prefixed number of previous iterates, namely that

f® + ad®) < Orgnjang{f(a:k_j)} +yaV f(z*) d¥, (20)

where J is the number of previous iterates that are taken into account. Numerical experiences
have proved the efficiency of the use of nonmonotone schemes, see e.g. Ferris et al. (1996),
Raydan (1997), Lucidi et al. (1998b).



2.2 Gradient Methods

The gradient method, also known as the steepest descent method, is considered a basic method
in unconstrained optimization and is obtained by setting d¥* = —V f(2*) in the algorithm (10).
It requires only information about first order derivatives and hence is very attractive because
of its limited computational cost and storage requirement. Moreover, it is considered the most
significative example of globally convergent algorithm, in the sense that using a suitable LSA it
is possible to establish a global convergence result. However, its rate of convergence is usually
very poor and hence it is not widely used on its own, even if recent developments have produced
more efficient versions of the method. A possible algorithmic scheme is reported in Algorithm 2.

The Gradient Algorithm

Step 1. Choose z° € R"™ and set k = 0.
Step 2. If Vf(z") = 0 stop.
Step 3. Set d* = —Vf(2") and find o by using the Armijo’s LSA of Algorithm 1.

Step 4. Set
mk+l _ IEk _ aka(mk)

k=k+ 1 and go to Step 2.

Table 2: The gradient method

The choice of the initial stepsize AF in the Armijo’s LSA is critical and can affect sig-
nificantly the behaviour of the gradient method. As regards the convergence of the method,
Proposition 2.2 can be easily adapted; nonetheless we have also the following result that holds
even without requiring the compactness of the level set £°.

Proposition 2.3 IfVf is Lipschitz continuous and f is bounded from below, then the sequence
generated by the gradient method of Algorithm 2 satisfies condition (12).

Hence the gradient method is satisfactory as concerns global convergence. However, only
a linear convergence rate can be proved. Indeed also from a practical point of view, the rate
of convergence is usually very poor and it strongly depends on the condition number of the
Hessian matrix V2.

Barzilai and Borwein (1988) proposed a particular rule for computing the stepsize in gra-
dient methods that leads to a significant improvement in numerical performance. In particular
the stepsize is chosen as

k l* — 22

O ) (VI - V@) )

In Raydan (1997) a globalization strategy has been proposed that tries to accept the stepsize
given by (21) as frequently as possible. The globalization strategy is based on a Armijo’s
nonmonotone line search of type (20). Condition (12) can still be proved. Moreover, the
numerical experience shows that this method is competitive also with some version of conjugate
gradient methods.

2.3 Conjugate Gradient Methods

The conjugate gradient method is very popular due to its simplicity and low computational
requirements. The method was originally introduced for solving the minimization of a strictly



convex quadratic function with the aim of accelerating the gradient method without requiring
the overhead needed by the Newton’s method (see §2.4). Indeed it requires only first order
derivatives and no matrix storage and operations are needed.

The basic idea is that the minimization on IR™ of the strictly convex quadratic function

flz) = %x’Qx +ad'x

with @ symmetric positive definite, can be split into » minimizations over IR. This is done by
means of n directions d,...,d" ! conjugate with respect to the Hessian @, that is directions
such that (d/)'Qd’ = 0 for j # i. Along each direction d’ an exact line search is performed in
closed form. This corresponds to the conjugate directions algorithm (CDA) that finds the global
minimizer of a strictly convex quadratic function in at most n iterations and that is reported
in Algorithm 3. The value of o* at Step 3 is the exact minimizer of the quadratic function
f(z* + ad”®). Note that CDA can be seen equivalently as an algorithm for solving V f(z) = 0,
that is for solving the linear system Qx = —a.

CDA for quadratic functions

Data. Q—conjugate directions d°,...,d" L.
Step 1. Choose 2° € R"™ and set k = 0.
Step 2. If Vf(z*) = 0 stop.

Step 3. Set
oF = Vf(mk)/dk
(@) Q-
Step 4. Set
" = oF 4 ot

k=k+ 1 and go to Step 2.

Table 3: Conjugate directions algorithm for quadratic functions

In the CDA, the conjugate directions are given, whereas in the conjugate gradient algorithm
(CGA) the n conjugate directions are generated iteratively according to the rule

dk _ —Vf(l’k) k=0
| =Vf(R) + pEldRt k> 1.

The scalar 3% is chosen in order to enforce conjugacy among the directions. The most common
choices for B* are either the Fletcher-Reeves formula (Fletcher and Reeves 1964)

ro_ IVAERY|?
Brr = VIR (22)

or the Polak-Ribiére formula (Polak and Ribiére 1969)

VY (Vi) - V()
IV £()]? '
The two formulas (22) and (23) are equivalent in the case of quadratic objective function.
When f is not a quadratic function the two formulas (22) and (23) give different values for

B3 and an inexact line search is performed to determine the stepsize a*. Usually a LSA that
enforces the strong Wolfe’s conditions (16) and (18) is used. A scheme of CGA is reported

Bpr = (23)

10



CGA for nonlinear functions

Step 1. Choose z° € R"™ and set k = 0.
Step 2. If Vf(z*) = 0 stop.
Step 3. Compute 37! by either (22) or (23) and set the direction

dF = —V £z k=0
T =VFER) + R kB>

Step 4. Find o by means of a LSA that satisfies the strong Wolfe’s conditions (16)
and (18).
Step 5. Set

2" = 2F 4+ ot

k=k+ 1 and go to Step 2.

Table 4: Conjugate gradient algorithm for nonlinear functions

in Algorithm 4. The simplest device used to guarantee global convergence properties of CG
methods is a periodic restart along the steepest descent direction. Restarting can also be used
to deal with the loss of conjugacy due to the presence of nonquadratic terms in the objective
function that may cause the method to generate inefficient or even meaningless directions.
Usually the restart procedure occurs every n steps or if a test on the loss of conjugacy such as

Vf@@*)Vf( 1) > oV ()P,

with 0 < § < 1, is satisfied.

However, in practice, the use of a regular restart may not be the most convenient technique
for enforcing global convergence. Indeed CGA are used for large scale problems when n is very
large and the expectation is to solve the problem in less than n iterations, that is before restart
occurs. Without restart, the CGA with % = 3%, and a LSA that guarantees the satisfaction
of the strong Wolfe’s conditions, is globally convergent in the sense that (13) holds (Al-Baali
1985). Actually in Gilbert and Nocedal (1992) the same type of convergence has been proved
for any value of 3 such that 0 < |3*| < gk r- Analogous convergence results do not hold for
the Polak-Ribiére formula even if the numerical performance of this formula is usually superior
to Fletcher-Reeves one. This motivated a big effort to find a globally convergent version of
the Polak-Ribiére method. Indeed condition (13) can be established for a modification of the
Polak-Ribiére CG method that uses only positive values of 8* = max{3%5,0} and a LSA that
ensures satisfaction of the strong Wolfe’s conditions and of the additional condition

VF(ah)d" < —cl|Vf(zh)]?

for some constant ¢ > 0 (Powell 1986).
Recently it has been proved that the Polak-Ribiére CG method satisfies the stronger convergence
condition (12) if a a more sophisticated line search technique is used (Grippo and Lucidi 1997).
Indeed a LSA that enforces condition (19) coupled with a sufficient descent condition of the
type
—8[[ V(P < V() A < =61 | V(252

with 0 < 61 < 1 < d9 must be used.

With respect to the numerical performance, the CGA is also affected by the condition
number of the Hessian V2. This leads to the use of preconditioned conjugate gradient methods
and many papers have been devoted to the study of efficient preconditioners.
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2.4 Newton’s Methods

The Newton’s method is considered one of the most powerful algorithms for solving uncon-
strained optimization problems (see (Moré and Sorensen 1984) for a review). It relies on the
quadratic approximation

() = 5592 F(&)s + VH (' + f(at)

of the objective function f in the neighborhood of the current iterate z* and requires the
computation of Vf and V2f at each iteration k. Newton’s direction d% is obtained as a
stationary point of the quadratic approximation ¢*, that is as a solution of the system:

V2f(a*)dy = =V f(z"). (24)

Provided that VZ2f(z*) is non-singular, Newton’s direction is given by d’fv =
—[V2f(2®)] 7'V f(z*) and the basic algorithmic scheme is defined by the iteration

gt =k — [V f(2*)] IV f(2"); (25)

we refer to (25) as the pure Newton’s method. The reputation of Newton’s method is due to the
fact that, if the starting point 2 is close enough to a solution z*, then the sequence generated
by iteration (25) converges to x* superlinearly (quadratically if the Hessian V2f is Lipschitz
continuous in a neighborhood of the solution).

However, the pure Newton’s method presents some drawbacks. Indeed V2 f(z*) may be
singular, and hence Newton’s direction cannot be defined; the starting point z° can be such
that the sequence {z*} generated by iteration (25) does not converge and even convergence to
a maximum point may occur. Therefore, the pure Newton’s method requires some modification
that enforces the global convergence to a solution, preserving the rate of convergence. A globally
convergent Newton’s method must produce a sequence {z*} such that: (i) it admits a limit point;
(ii) any limit point belongs to the level set £° and is a stationary point of f; (iii) no limit point
is a maximum point of f; (iv) if 2* is a limit point of {z*} and V2 f(z*) is positive definite,
then the convergence rate is at least superlinear.

There are two main approaches for designing globally convergent Newton’s method, namely
the line search approach and the trust region approach. We briefly describe them in the next
two sections.

2.4.1 Line Search Modifications of Newton’s Method

In the line search approach, the pure Newton’s method is modified by controlling the magnitude
of the step along the Newton’s direction d%;; the basic iteration (25) becomes

gt =gk — P [V2f (") TV ("), (26)

where aF is chosen by a suitable LSA, for example the Armijo’s LSA with initial estimate
AF = 1. Moreover, the Newton’s direction d¥ must be perturbed in order to ensure that
a globally convergent algorithm is obtained. The simplest way of modifying the Newton’s
method consists in using the steepest descent direction (possibly after positive diagonal scaling)
whenever d¥; does not satisfy some convergence conditions.

A possible scheme of a globally convergent Newton’s algorithm is in Algorithm 5.

We observe that at Step 3, the steepest descent direction is taken whenever V f(z*)'d% > 0.
Another modification of the Newton’s methods consists in taking d* = —d’f\, if it satisfies
|V f(zF) d*| > c1||Vf(2")||? and ||d*||P < c2||Vf(2*)||. This corresponds to the use of a negative
curvature direction d* that may result in practical advantages.
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Line search based Newton’s method

Data. ¢1 > 0,c2 >0,p> 2,9 > 3.

Step 1. Choose zo € IR™ and set k = 0.
Step 2. If Vf(z*) = 0 stop.

Step 3. If a solution d¥ of the system

V2 f(a*)dy =~V f(a")
exists and satisfies the conditions
Vi@ dy < - V")), X [P < ca V£ ("))

then set the direction d* = df; otherwise set d* = —V f(z*).
Step 4. Find o by using the Armjio’s LSA of Algorithm 1.
Step 5. Set

2 = oF 4+ o dF,

k=k+ 1 and go to Step 2.

Table 5: Line search based Newton’s method

The use of the steepest descent direction is not the only possibility to construct globally
convergent modifications of Newton’s method. Another way is that of perturbing the Hessian
matrix V2f(z*) by a diagonal matrix Y* so that the matrix V2f(z*) + Y* is positive definite
and a solution d of the system

(V2f(a*) +Y")d = V(") (27)

exists and provides a descent direction. A way to construct such perturbation is to use a
modified Cholesky factorization (see e.g. Gill et al. (1981), Lin and Moré (1999)).

The most common versions of globally convergent Newton’s methods are based on the en-
forcement of a monotonic decrease of the objective function values, although neither strong
theoretical reasons nor computational evidence support this requirement. Indeed, the conver-
gence region of Newton’s method is often much larger than one would expect, but a convergent
sequence in this region does not necessarily correspond to a monotonically decreasing sequence
of function values. It is possible to relax the standard line search conditions in a way that pre-
serves a global convergence property. More specifically in Grippo et al. (1986) a modification
of the Newton’s method that uses the Armijo-type nonmonotone rule (20) has been proposed.
The algorithmic scheme remains essentially the same of Algorithm 5 except for Step 4. It is
reported in Algorithm 6.

Actually, much more sophisticated nonmonotone stabilization schemes have been proposed
(Grippo et al. 1991). We do not go into detail about these schemes. However, it is worthwhile
to remark that, at each iteration of these schemes only the magnitude of ||d*|| is checked and
if the test is satisfied, the stepsize one is accepted without evaluating the objective function.
Nevertheless, a test on the decrease of the values of f is performed at least every M steps.

The line search based Newton’s methods described so far converge in general to points
satisfying only the first order NOC for Problem (2). This is essentially due to the fact that
Newton’s method does not exploit all the information contained in the second derivatives.
Indeed stronger convergence results can be obtained by using the pair of directions (d*, s*) and
using a curvilinear line search, that is a line search along the curvilinear path

2P = 2k 4 ofdE 4 (aF)V 2R, (28)
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Nonmonotone Newton’s method

Data. ¢; > 0,c2 >0, p > 2,9 > 3 and an integer M.
Step 1. Choose zo € R™. Set k =0, m(k) = 0.
Step 2. If Vf(z*) = 0 stop.

Step 3. If a solution d¥ of the system

V2 f(a*)dy =~V f(a")
exists and satisfies the conditions
Vi) di < -l V)Y ldX]P < e[ VF(")]]

then set the direction d* = df; otherwise set d* = —V f(z*).

Step 4. Find o® by means of a LSA that enforces the nonmonotone Armjio’s rule
(20) with J = m(k).

Step 5. Set
2 = 2F ok

k=k+1, m(k) = min{m(k — 1)+ 1, M} and go to Step 2.

Table 6: Nonmonotone Newton’s method

where d* is a Newton-type direction and s* is a particular direction that includes negative
curvature information with respect to V2 f(z*). By using a suitable modification of the Armjio’s
rule for the stepsize o, algorithms which are globally convergent towards points which satisfy
the second order NOC for Problem (2) can be defined both for the monotone (Moré and Sorensen
1979) and the nonmonotone versions (Ferris et al. 1996).

2.4.2 Trust Region Modifications of Newton’s Method
In trust region modifications of the Newton’s method, the iteration becomes
e L

where the step s* is obtained by minimizing the quadratic model ¢* of the objective function
not on the whole space IR™ but on a suitable “trust region” where the model is supposed to
be reliable. The trust region is usually defined as an ¢,-norm of the step s. The most common
choice is the Euclidean norm, so that at each iteration k, the step s* is obtained by solving
srélﬁ)g 38'V2f(z*)s + V f(zF)'s (29)
Is]? < (a®)?,
where @ is the trust region radius. Often a scaling matrix D* is used and the spherical
constraint becomes ||[D*s||? < (a*)?; this can be seen as a kind of preconditioning. However,
by rescaling and without loss of generality, we can assume, for sake of simplicity, that D¥ = T
where I we denote the identity matrix of suitable dimension.

In trust region schemes the radius a” is iteratively updated. The idea is that when V2 f(z*)
is positive definite then the radius a* should be large enough so that the minimizer of Problem
(29) is unconstrained and the full Newton step is taken. The updating rule of a* depends on the
ratio p* between the actual reduction f(2*)— f(2**1) and the expected reduction f(x*)—q*(s*).
A possible scheme is described in Algorithm 7 where the condition at Step 3 is equivalent to
the satisfaction of the NOC for Problem (2).
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A trust region method
Data. 0 <y <72 <1,0<d <1< 6.
Step 1. Choose zo € R" and a radius a® > 0. Set k= 0.

Step 2. Find s* = arg min q"(s)
lIsll<a

Step 3. If f(z*) = ¢*(s") stop.
Step 4. Compute the ratio

@ — 6t s
@) — ()

1 k

b+l — g% 4 g% otherwise set 2**! = a*.

If pk > v set x
Step 5. Update the radius a*
sia* if p*
ak+1:{ %ca Lo

a® if p* € [y, 7]
§oa® if pk > v

Set k =k + 1 and go to Step 2.

Table 7: Trust region based Newton’s method

If f is twice continously differentiable, there exists a limit point of the sequence {x*}
produced by Algorithm 7, that satisfies the first and second order NOC for Problem (2). Fur-
thermore, if 2* converges to a point where the Hessian V?2f is positive definite, then the rate
of convergence is superlinear.

This approach was first proposed in (Sorensen 1982, Moré and Sorensen 1983) and it relies
on the fact that Problem (29) always admits a global solution and that a characterization of
a global minimizer exists even in the case where the Hessian V2 f(z*) is not positive definite.
Indeed, the optimal solution s* satisfies a system of the form

[V2f(z") + N1]s" = —V f(a"), (30)

where A\* is a KKT multiplier for Problem (29) such that V2 f(x*)+A*TI is positive semidefinite.
Hence, the trust region modification of Newton’s method also fits in the framework of using a
correction of the Hessian matrix (27).

The main computational effort in the scheme of Algorithm 7 is the solution of the trust
region subproblem at Step 2. The peculiarities of Problem (29) led to the development of ad
hoc algorithms for finding a global solution. The first ones proposed in literature (Gay 1981,
Sorensen 1982, Moré and Sorensen 1983) were essentially based on the solution of a sequence of
linear systems of the type (30) for a sequence {\*}. These algorithms produce an approximate
global minimizer of the trust region subproblem, but rely on the ability to compute at each
iteration k a Cholesky factorization of the matrix (V2f(z*) +A*I). Hence they are appropriate
when forming a factorization for different values of A* is realistic in terms of both computer
storage and time requirements. However, for large scale problems without special structure, one
cannot rely on factorizations of the matrices involved, even if, recently, incomplete Cholesky
factorizations for large scale problems have been proposed (Lin and Moré 1999). Recent papers
concentrate on iterative methods of conjugate gradient type that require only matrix-vector
products. Different approaches have been proposed (Pham Dinh and Hoai An 1998, Lucidi
et al. 1998a, Rendl and Wolkowicz 1997, Sorensen 1997, Gould et al. 1999).

Actually, the exact solution of Problem (29) is not required. Indeed, in order to prove a
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global convergence result of a trust region scheme, it suffices that the model value ¢*(s*) is not
larger than the model value at the Cauchy point, which is the minimizer of the quadratic model
within the trust region along the (preconditioned) steepest-descent direction (Powell 1975).
Hence any descent method that moves from the Cauchy point ensures convergence (Toint 1981,
Steihaug 1983).

2.4.3 Truncated Newton’s Methods

Newton’s method requires at each iteration k£ the solution of a system of linear equations. In
the large scale setting, solving exactly the Newton’s system can be too burdensome and storing
or factoring the full Hessian matrix can be difficult when not impossible. Moreover the exact
solution when z* is far from a solution and ||V f(x*)|| is large may be unnecessary. On the
basis of these remarks, inezact Newton’s methods have been proposed (Dembo et al. 1982) that
approximately solve the Newton system (24) and still retain a good convergence rate. If dlfv is
any approximate solution of the Newton system (24), the measure of accuracy is given by the
residual * of the Newton equation, that is

rk = V2 f(aF)db + V().

By controlling the magnitude of 7*, superlinear convergence can be proved: if {z*} converges

to a solution and if e
r
lim —/—— =0, (31)
koo [V f(zF)]]
then {x*} converges superlinearly. This result is at the basis of Truncated Newton’s methods
(see Nash (1999) for a recent survey).

Truncated Newton’s Algorithm (TNA)

Data. k, H, g and a scalar n > 0.

Step 1. Set £ = 7||g|| min {ﬁ, HgH}, i =0.

pO:O’T,OZ_g’SO:TO’
Step 2. If (s")'Hs SO,sethf{ poifi>0
(Si)lT’i

Step 3. Compute o’ = W and set
s* s*

and stop.

pH»l — pz 4 aisi’

ritl = o'Hs?,

[l

EE.

Step 4. If ||| > ¢, compute §° =
st it gigi

i =141 and go to Step 2;
Step 5. Set dy = p*t1 and stop.

Table 8: Truncated Newton’s Algorithm

These methods require only matrix-vector products and hence they are suitable for large
scale problems. The classical truncated Newton’s method (TNA) (Dembo and Steihaug 1983)
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was thought for the case of positive definite Hessian V2f(z¥). It is obtained by applying a
CG scheme to find an approximate solution J’fv to the linear system (24). We refer to outer
iterations k for the sequence of points {z*} and to inner iterations i for the iterations of the
CG scheme applied to the solution of system (24).

The inner CG scheme generates vectors diy that iteratively approximate the Newton direction
d%;. Tt stops either if the corresponding residual r* = V2 f(2*)d% + V f(z*) satisfies ||r?|| < &¥,
where ¢* > 0 is such to enforce (31), or if a non positive curvature direction is found, that is if
a conjugate direction s’ is generated such that

(s")'V2f(z*)s' <0. (32)

The same convergence results of Newton’s method hold, and if the smallest eigenvalue of
V2f(z*) is sufficiently bounded away from zero, the rate of convergence is still superlinear.
We report in Algorithm 8 the inner CG method for finding an approximate solution of sys-
tem (24). For sake of simplicity, we eliminate the dependencies on iteration k and we set
H = V2f(z*),g = Vf(z*). The method generates conjugate directions s’ and vectors p’ that
approximate the solution ci’fv of the Newton’s system.

By applying TNA to find an approximate solution of the linear system at Step 3 of Al-
gorithm 5 (Algorithm 6) we obtain the monotone (nonmonotone) truncated version of the
Newton’s method.

In Grippo et al. (1989) a more general Truncated Newton’s algorithm based on a CG
method has been proposed. The algorithm attempts to find a good approximation of the
Newton direction even if V2f(x*) is not positive definite. Indeed it does not stop when a
negative curvature direction is encountered and this direction is used to construct additional
vectors that allow us to proceed in the CG scheme. Of course this Negative Curvature Truncated
Newton’s Algorithm (NCTNA) encompasses the standard TNA.

For sake of completeness, we remark that, also in the truncated setting, it is possible to
define a class of line search based algorithms which are globally convergent towards points which
satisfy second order NOC for Problem (2). This is done by using a curvilinear line search (28)
with d* and s* obtained by a Lanczos based iterative scheme. These algorithms were shown to
be very efficient in solving large scale unconstrained problems (Lucidi and Roma 1997, Lucidi
et al. 1998b).

2.5 Quasi-Newton Methods

Quasi-Newton methods were introduced with the aim of defining efficient methods that do not
require the evaluation of second order derivatives. They are obtained by setting d* as the
solution of

B*d = —Vf(z"), (33)

where B* is a n x n symmetric and positive definite matrix which is adjusted iteratively in
such a way that the direction d* tends to approximate the Newton direction. Formula (33) is
referred to as the direct quasi-Newton formula; in turn the inverse quasi-Newton formula is

d* = —H*V f(z*).

The idea at the basis of quasi-Newton methods is that of obtaining the curvature information
not from the Hessian but only from the values of the function and its gradient. The matrix
BF+1 (H**+1) is obtained as a correction of B¥ (H*), namely as B¥*! = B* + AB* (H*+! =
H* 4 AH"). Let us denote by

6k _ Ik+1 _ Ik, ’Yk _ Vf(l’k_H) _ Vf(xk)
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Taking into account that, in the case of quadratic function, the so called quasi-Newton equation
V2f(ah)oh =+ (34)
holds, the correction AB* (AH* ) is chosen such that
(B* + AB*)§F = +F, (6% = (H" + AHF)YF).

Methods differ in the way they update the matrix B* (H*). Essentially they are classified
according to a rank one or a rank two updating formula.

BFGS inverse quasi-Newton method

Step 1. Choose zo € IR"™. Set H* =TI and k = 0.
Step 2. If Vf(z") = 0 stop.
Step 3. Set the direction
d" = —H*V f(a*);
Step 4. Find o by means of a LSA that satisfies the strong Wolfe’s conditions (16)
and (18).
Step 5. Set
2FH = gk g ok gk
H*' = H* + AH”
with AH" given by (35) with ¢ = 1.
Set k =k + 1 and go to Step 2.

Table 9: Quasi-Newton BFGS algorithm

The most used class of quasi-Newton methods is the rank two Broyden class. The updating
rule of the matrix H* is given by the following correction term
5k(5k)/ Hk’yk(Hk’yk)/
k _ kN g7k k k(0 kY
AH" = (OFYAk T (yF) HFAE +e (") H " ot (") (35)

where
. 5k HEA
ORI

and c is a nonnegative scalar. For ¢ = 0 we have the Davidon-Fletcher-Powell (DFP) formula
(Davidon 1959, Fletcher and Powell 1963) whereas for ¢ = 1 we have the Broyden-Fletcher-
Goldfarb-Shanno (BFGS) formula (Broyden 1970, Fletcher 1970b, Goldfarb 1970, Shanno 1970).
An important property of methods in the Broyden class is that if H° is positive definite and for
each k it results (6¥)'y* > 0, then positive definiteness is maintained for all the matrices H*.

The BFGS method has been generally considered most effective. The BFGS method is a
line search method, where the stepsize o is obtained by a LSA that enforces the strong Wolfe
conditions (16) and (18). We describe a possible scheme of the inverse BFGS algorithm in
Algorithm 9.

As regards convergence properties of quasi-Newton methods, satisfactory results exist for
the convex case (Powell 1971, 1976, Byrd et al. 1987). In the non-convex case, only partial
results exist. In particular, if there exists a constant p such that for every k

[l
(FyoF =

(36)

18



then the sequence {z*} generated by the BFGS algorithm satisfies condition (13) (Powell 1976).
Condition (36) holds in the convex case.

A main result on the rate of convergence of quasi-Newton methods is given in the following
proposition (Dennis and Moré 1974).

Proposition 2.4 Let {B*} be a sequence of non singular matrices and let {z*} be given by
2*H =2k — (BF)TIV ().

Assume that {z*} converges to a point x* where V2 f(z*) is non singular. Then, the sequence
{z*} converges superlinearly to z* if and only if

i LB* = V@) @ = o)

A [T — o] =0

For large scale problems forming and storing the matrix B* (H*) may be impracticable
and limited memory quasi-Newton methods have been proposed. These methods use the in-
formation of the last few iterations for defining an approximation of the Hessian avoiding the
storage of matrices. Among limited memory quasi-Newton methods, by far the most used is
the Limited memory BFGS method (L-BFGS). In the L-BFGS method the matrix H* is not
formed explicitely and only pairs of vectors (6¥,7%) are stored that define H* implicitly. The
product H*V f(z*) is obtained by performing a sequence of inner products involving V f(z*)
and the M most recent pairs (6%,~*). Usually small values of M (3 < M < 7) give satisfactory
results, hence the method results to be very efficient for large scale problems (Liu and Nocedal
1989, Nash and Nocedal 1991).

2.6 Derivative Free Methods

Derivative free methods neither compute nor explicitly approximate derivatives of f. They are
useful when Vf is either unavailable, or unreliable (for example, due to noise) or computation-
ally too expensive. Nevertheless, for convergence analysis purpose, these methods assume that
f is continuously differentiable.

Recently, there has been a growing interest on derivative free methods and many new
results have been developed. We mention specifically only direct search methods, that aim to
find the minimum point by using the value of the objective function on a suitable set of trial
points. Direct search methods try to overcome the lack of information on the derivatives, by
investigating the behaviour of the objective function in a neighborhood of the current iterate
by means of samples of the objective function along a set of directions. Algorithms in this class
present features which depend on the particular choice of the directions and of the sampling
rule. Direct search methods are not the only derivative-free methods proposed in literature,
but they include pattern search algorithms (PSA) (Torczon 1995, 1997, Lewis et al. 1998) and
derivative-free line search algorithms (DFLSA) (De Leone et al. 1984, Lucidi and Sciandrone
1996) that enjoy nowadays great favor.

The algorithmic schemes for PSA and DFLSA are quite similar and differ in the assumptions
on the set of directions that are used and in the rule for finding the stepsize along these
directions. Both for PSA and DFLSA, we refer to a set of directions D* = {d*,...d"} with
r > n+1 which positively span IR™. For sake of simplicity we assume that ||d’|| = 1. Moreover,
for PSA we assume that:

Assumption 2.5 The directions d? € D* are the j—th column of the matriz (BT*) with B €
R™*" a nonsingular matriz and T* € M C Z™ " where M is a finite set of full row rank
integral matrices.
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PS Algorithm

Data. A set D* satisfying Assumption (2.5), 7 € {1,2}, 8 = 1/2.
Step 1. Choose z° € IR™, set A° > 0 and k = 0;

Step 2. Check for convergence.

Step 3. If an index j € {1,...,r} exists such that

fa® +o*d) < f(=F), o =AF
set 2"t = zF + oFd?, A* = 7AF k =k + 1 and go to Step 2.
tep 4. Set z =x", = , k=Fk+1 and go to Step 2.
Step 4. Set 2" = z* A*T! = 9A* k =k + 1 and go to Step 2

Table 10: A pattern search method

This means that in PSA the iterates z**! lie on a rational lattice “centered” in z*. Indeed,
pattern search methods are restricted in the nature of the steps s* they take. Let P* be the
set of candidates for the next iteration, namely

Pr = {zF1 . 2F 4 ofd, with & € DF}.

The set P* is called the pattern. The step s¥ = aFd? is restricted in the values it assumes
for preserving the algebraic structure of the iterates and it is chosen so as to satisfy a simple
reduction of the objective function f(x* + s*¥) < f(x*).

As regards DFLSA we assume

Assumption 2.6 The directions d € D* are the j—th column of a full row rank matriz
BF e R™*".

Hence, in DFLSA there is no underlying algebraic structure and the step s* is a real vector,
but it must satisfy a rule of sufficient reduction of the objective function.

For both schemes a possible choice of D¥ is {+e;,j = 1,...,n} where ¢; is the j-th columns
of the identity matrix.

We report simplified versions of PSA and DFLSA respectively in Algorithm 10 and in
Algorithm 11. Both schemes produce a sequence that satisfies condition (13). We remark that
by choosing at Step 3 of the PSA of Algorithm 10 the index j such that

fa* +aFd?) = miDr’lc f® + aFdh) < f(zb),
1€
the stronger convergence result (12) can be obtained. In DFLSA condition (12) can be enforced

by choosing the stepsize o at Step 3 of Algorithm 11 according to a derivative free LSA that
enforces condition (19) together with a condition of the type

k

k 2
f (xk + %dk> > max {f(xk + oFdb), f(z*) -~ (%) } ,  0€(0,1).
In both schemes, at Step 2 a check for convergence is needed. Of course, Vf cannot be
used for this aim. The standard test is given by

n+1

< tolerance,
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DFLS Algorithm

Data. A set D” satisfying Assumption (2.6), v > 0, € (0,1).
Step 1. Choose z° € R™, set A° > 0 and k = 0.

Step 2. Check for convergence.

Step 3. If an index j € {1,...r} exists such that

f@* ot d) < fa*) = y(a")’,  of = A
set 2"t = zF + oFd?, A* = oF, k= k+ 1 and go to Step 2.
Step 4. Set 2*t! = 2% A*! = 9A* k =k + 1 and go to Step 2.

Table 11: A derivative-free line search algorithm

n+1
_ 1 . .
where f = g E f(z*), and {z*, i =1,...n + 1} include the current point and the last n
n
i=1

points produced al?mg n directions.

2.7 Selected Bibliography

In the present chapter, several references have been given in correspondence to particular sub-
jects. Here we add a list of some books and surveys of specific concern with unconstrained NLP.
Of course the list is by far not exhaustive; it includes only texts widely employed and currently
found.

An easy introduction to the practice of unconstrained minimization is given in McKeown
et al. (1990); more technical books are the ones by Wolfe (1978) and by Kelley (1999). A
basic treatise on unconstrained minimization is the book by Dennis and Schnabel (1983); to
be mentioned also the survey due to Nocedal (1992). As concerns in particular conjugate
gradient methods, a basic reference is Hestenes (1975). A comprehensive treatment of trust
region methods is due to Conn et al. (2000). A survey paper on direct search methods is Powell
(1998). A survey paper on large scale unconstrained methods is due to Nocedal (1996).

3 Constrained Optimization

We consider the basic approaches for the solution of constrained Nonlinear Programming prob-
lems. The first approach is based on the use of unconstrained minimization techniques applied
to some merit function, either in sequential penalty methods or in exact penalty methods. The
second approach is based on the sequential solution of quadratic programming subproblems.
The third approach tries to maintain feasibility of tentative solutions, by employing feasible
descent directions. Far from being exhaustive, this chapter aims to give the main ideas and
tools of practical use, and to suggest how to go deeper into more technical and/or more recent
results.

3.1 Introduction

We consider methods for the solution of the Nonlinear Programming (NLP) problem (1):

min f(z),
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where © € IR" is a vector of decision variables, f : R"™ — IR is an objective function, and the
feasible set F is described by inequality and/or equality constraints on the decision variables :

F={zeR":¢i(x) <0,i=1,...,p; hj(x)=0,5=1,...,m, m <n};

that is, we consider methods for the solution of the constrained NLP problem (3):

g(z) <0
h(z) =0,

where g : IR" — IRP, and h : R" — IR™, with m < n.
Here, for simplicity, the problem functions f,g,h are twice continuously differentiable in
IR™, even if in many cases they need to be only once continuously differentiable.

For the solution of Problem (3) two main approaches have been developed. Since, in
principle, an unconstrained minimization is simpler then a constrained minimization, the first
approach is based on the transformation of the constrained problem into a sequence of uncon-
strained problems, or even into a single unconstrained problem. Basic tools for this approach
are the unconstrained minimization methods of Section 2. The second approach is based on
the transformation of the constrained problem into a sequence of simpler constrained problems,
that is either linear or quadratic programming problems; thus the basic tools become the algo-
rithms considered in this volume for linear or quadratic programming. Due to space limits, we
will confine ourselves to methods based on quadratic programming, that are by far most widely
employed.

We do not treat problems with special structure, such as bound and/or linearly constrained
problems, for which highly specialized algorithms exist.

We employ the additional notation max{y, z}, where y,z € IRP, denotes the vector with
components max{y;, z;} for i =1,...,p.

3.2 Unconstrained Sequential Methods

In this section we consider methods that are very basic in NLP. These are: the quadratic penalty
method, which belongs to the class of exterior penalty functions methods, the logarithmic barrier
method, which belongs to the class of interior penalty functions or barrier functions methods,
and the augmented Lagrangian method, which can be considered as an improved exterior penalty
method.

3.2.1 The Quadratic Penalty Method

The quadratic penalty method dates back to an idea of Courant (1943), that has been fully
developed in the book by Fiacco and McCormick (1968). Let us consider Problem (3) and let
p(z), p : R™ — IR be a continuous function such that p(xz) = 0 for all x € F, p(z) > 0 for all
x ¢ F. Then, we can associate to Problem (3) the unconstrained problem:

1

min [f(z) + <p(a)],

where € > 0. The function .

P(z;e) = f(z) + ;p(x),

parameterized by the penalty parameter €, is called a penalty function for Problem (3), since it
is obtained by adding to the objective function of the original problem a term that penalizes the
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constraint violations. It is called an exterior penalty function, because its minimizers are usually
exterior to the feasible set F. The penalization of the constraint violations becomes more severe
as the penalty parameter € is smaller. Given a sequence of positive numbers {e*}, k= 0,1, ...
such that €*+! < €*, limy_, ., € = 0, the exterior penalty method for solving Problem (3) is
reported in Algorithm 12.

Exterior Penalty Function Algorithm

Data. {ek} such that €*T! < €® and limg_ 00 € = 0.
Step 1. Choose z° € IR™ and set k = 0.

Step 2. Starting from z°, find an unconstrained local minimizer

k : k
— P . A
o = as mip, Plaie)

Step 3. If 2* is a KKT point, then stop.
Step 4. Set 2° = 2*, k = k + 1 and go to Step 2.

Table 12: The exterior penalty function algorithm

Under weak assumptions, it can be proved that limit points of the sequence {*} produced
by the method of Algorithm 12 are local solutions of the constrained Problem (3).

The most widely used penalty function is the quadratic penalty function and the corre-
sponding method is called the quadratic penalty method. The function P is obtained by using
penalty terms that are the squares of the constraint violations and is given by:

Pz;e) = f(z) + % {l max{g(x), O}[|* + || 2(x)]*} .

The quadratic penalty method is very simple; however it suffers from a main disadvantage:
as € becomes smaller, the Hessian matrix V2P(x;¢€) becomes more ill-conditioned, so that the
unconstrained minimization of P(x;€) becomes more difficult and slow. To alleviate the effects
of ill-conditioning, the scheme of Algorithm 12 can be modified so that at Step 2 a starting
point z* closer to x* than z*~! can be given by extrapolating the trajectory of minimizers
20, z', ... z* 1. In any case, at present, the method has been overcome by methods based on
the augmented Lagrangian function.

As a final remark, the function P(x;e€) is not twice continuously differentiable at points
where some constraint g; is active, due to the presence in P of the term max{g;,0}, and this

must be taken into account in the minimization of P.

3.2.2 The Logarithmic Barrier Method

The original idea of the logarithmic barrier method is due to Frisch (1955); again, in the book
by Fiacco and McCormick (1968) a comprehensive treatment was given.
This method can be employed for NLP problems with only inequality constraints, that is:

min  f(x)
zeR o(2) < 0. (37)

It is assumed, moreover, that the strictly feasible region

Fo={zeR":¢i(x)<0,i=1,...,p} (38)
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is nonempty.

A barrier term for the feasible set F of Problem (37) is a continuous function v(z) defined
in F°, and such that v(z) — oo as x € F° approaches the boundary of F. Then, associated to
Problem (37) we consider the unconstrained problem

min [f(z) + ev(z)],
where € > 0. The function
V(z;e) = f(z) + ev(z),

parameterized by ¢, is called a barrier function for Problem (37), since it is obtained by adding
to the objective function of the problem a term that establishes a barrier on the boundary of
the feasible set, thus preventing that a descent path for V starting in the interior of F crosses
the boundary. The barrier is as sharper as the barrier parameter € is larger. Algorithms based
on barrier functions are also called interior point algorithms because the sequences that are
produced are interior to the strictly feasible region.

Given a sequence of positive numbers {¢*},k = 0,1,... such that ¢**! < € and
limy_,o0 €¥ = 0, the barrier function method for solving Problem (37) is reported in Algo-
rithm 13.

k

A Barrier Function Algorithm

Data. {ek} such that ¥ < €* and limy_,00 € = 0.
Step 1. Choose z° € F° and set k = 0.

Step 2. Starting from z°, find an unconstrained local minimizer

k_ : Lk
o” = arg min Viz;e”).

Step 3. If 2* is a KKT point, then stop.
Step 4. Set 2° = 2*, k =k + 1 and go to Step 2.

Table 13: A barrier function algorithm

As for the quadratic penalty method, the convergence analysis of the method shows that,
under weak assumptions, limit points of the sequence {z*} produced by the method in Algo-
rithm 13 are local solutions of the constrained Problem (37).

The most important barrier function for Problem (37) is the logarithmic barrier function,
and the corresponding method is called the logarithmic barrier method. The function V is
obtained by using as barrier terms the natural logarithm of the constraints:

V(z;e) = f(z) - ézlog(—gi(w))

Also the logarithmic barrier method is very simple; however the same remarks made for
the quadratic penalty method hold. Namely, the method suffer of ill-conditioning as € becomes
smaller, and also in this case a better starting point z® can be found by extrapolating the
trajectory of minimizers z°,z!',.... An additional disadvantage is that x* must be strictly
feasible, so that the feasibility subproblem must be considered solved at the beginning. At
present, the approach based on logarithmic barrier terms is not widely used for general NLP
problems. However in linearly constrained optimization it is of main importance to treat bound
constraints, and indeed it is at the basis of the interior points methods for linear and quadratic
programming (see e.g. den Hertog (1994)).
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Finally, we point out that the logarithmic barrier method can be combined with the
quadratic penalty method to deal with problems with also equality constraints: in this case

1
a penalty term —||h(z)||* can be added to the function V, retaining the behaviour of both
€

approaches.

3.2.3 The Augmented Lagrangian Method

The augmented Lagrangian method has been proposed independently by Hestenes (1969) and
Powell (1969) for the equality constrained problem; the extension to the inequality constrained
problem is due to Rockafellar (1973). Miele et al. (1971, 1972) contributed to publicize the
method; in a series of papers that are at the core of his book, Bertsekas (1982) established the
superiority of this method over the quadratic penalty method.

Let us consider first a NLP problem with only equality constraints:

zcR"™ (39)

The Lagrangian function for Problem (39) is

L(z, p) = f(z) + ' h(z). (40)

The augmented Lagrangian function for Problem (39) is the function
1
La(z,p;€) = L(w, p) + zllh(x)llz, (41)

obtained by adding to L the quadratic penalty term for the constraint violations.
The main property of function L, is the following:

Proposition 3.1 Assume that x* is a local solution of Problem (39) that, together with the
multiplier p*, satisfies the SOSC' (restricted to equality constraints) given by Proposition 1.4
of Section 1; then there exists a threshold value €* such that, for all € € (0,€*], z* is a local
solution of the unconstrained problem
in Lg(z,u*;€). 42
min (z, u*;5€) (42)
Conversely, if for some p* and €, x* satisfies the SOSC to be a local solution of Problem (42)
given by Proposition 1.4 of Section 1 , and h(z*) = 0, then x* is a local solution of Problem
(89), and p* is the corresponding multiplier.

By Proposition 3.1 L,(z, u*;€*) can be employed in the quadratic penalty method of Al-
gorithm 12 in place of P(xz;€*), without requiring that ¢* decreases to zero. It is required only
that the condition ¥ < ¢* becomes fulfilled, thereby mitigating the ill-conditioning associated
with the use of P. However, since p* is not known in advance, a procedure that iteratively
updates an estimate p* of ©* must be included in the method.

A generic algorithmic scheme of an augmented Lagrangian method for solving Problem (39)
is in Algorithm 14.

The penalty parameter e¥*1 is usually set to pe*, with p = 1 if ||h(2¥)||? is sufficiently
smaller than ||h(z*~1)||?, and p < 1 otherwise.

Updating formulas for the multiplier estimate are based on the fact that, under the assump-
tions of Proposition 3.1, the pair (z*, u*) is a saddle point of the function L,, so that an ascent
strategy with respect to the dual function

D, (u;€) = mlign Lo(z, p; €),

xeb*
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An Augmented Lagrangian Algorithm

Step 1. Choose €°, 1 and z* € R"™; set k = 0.

Step 2. Starting from z°, find an unconstrained local minimizer

2" = arg min L, (z, 4*; €")
z€IlR™
Step 3. If (z*, u*) is a KKT pair, then stop.
Step 4. Choose a penalty parameter €*** € (0, €¥].
Step 5. Update the multiplier estimate to p**1.

Step 6. Set 2° = 2*, k =k + 1 and go to Step 2.

Table 14: An Augmented Lagrangian algorithm

2
is effective. The simplest updating formula is the first order formula p**+1 = p* —|——kh(xk ), which

corresponds to a gradient ascent step for D,; second order formulas are based on a Newton’s
step.

By the augmented Lagrangian method of Algorithm 14 we get a sequence {z*} and a
sequence {p*F}. If the sequence {1*} is bounded, the sequence {*} has the same convergence
properties of the sequence produced by the quadratic penalty method of Algorithm 12. The
rate of convergence depends on the updating formula employed for the multiplier.

Let us consider now a NLP problem with only inequality constraints, that is Problem (37).
An inequality constraint g;(z) < 0 can be transformed into the equality constraint g;(z)+y2 = 0
by using an additional squared slack variable y?. Problem (37) can be rewritten as the equality
constrained problem:

perti (@) (43)
gi(x)+y?=0, i=1,...,p.
This transformation is only instrumental; indeed, for algorithmic purposes, it has the disadvan-
tage of increasing the number of variables from n to n + p.

Let \; be the multiplier associated with the ¢-th constraint; then the augmented Lagrangian
function for the equality constrained Problem (43) turns out to be:

p p

Lo,y €)= 1) + 3 Mlai(a) +92) + = S (0u(e) + 472 (44)

i=1 i=1

The function Ly (z,y,A;€) could be employed in the algorithmic scheme described in Algo-
rithm 14, by minimizing with respect to z,y for given A and e. However, the structure of L,
in (44) reveals that the minimization with respect to each y? can be easily performed in closed

form. Given z, A and €, the minimizer y? of L, is given by y?(z, A; €) = — min {0, gi(z) + %)\1}

By substituting in (44) we get the augmented Lagrangian function in the original variables of
Problem (37):

Lo(z, X5 €) = f(x) + N max {g(a:), —%)\} + % H max {g(a:), —%)\}HZ. (45)

Accordingly, the first order formula for updating the multiplier A is M1 =
2

max {O,)\k + —kg(xk)}. Note that function (45) is not twice continuously differentiable at
€
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points where g;(z) = —§\; for some 4; however the lack of second order differentiability does
not occur locally in a neighborhood of a KKT pair (z*, \*) if g(z*), \* satisfy the strict com-
plementarity condition.

Problems with both equality and inequality constraints can be handled by combining the
two cases.

The augmented Lagrangian method with the first order multiplier updating is also referred
to as the multiplier method. A less used term is the shifted barrier method.

Vast computational experience shows that the augmented Lagrangian function approach
is reasonably effective, and many commercial softwares for the solution of NLP problems are
based on it.

3.3 Unconstrained Exact Penalty Methods

Ezact penalty methods attempt to solve NLP problems by means of a single minimization of an
unconstrained function, rather then by means of a sequence of unconstrained minimizations.
Exact penalty methods are based on the construction of a function depending on a penalty
parameter € > 0, such that the unconstrained minimum points of this function are also solutions
of the constrained problem for all values of € in the interval (0, €*], where €* is a threshold value.

We can subdivide exact penalty methods into two classes: methods based on exact penalty
functions and methods based on ezxact augmented Lagrangian functions. The term exact penalty
function is used when the variables of the unconstrained problem are the same of the original
constrained problem, whereas the term exact augmented Lagrangian function is used when
the unconstrained problem is defined in the product space of the problem variables and of the
multipliers (primal and dual variables).

An exact penalty function, or an augmented Lagrangian function, possesses different exact-
ness properties, depending on which kind of correspondence can be established, under suitable
assumptions, between the set of the local (global) solutions of the constrained problem and the
set of local (global) minimizers of the unconstrained function. Different definitions of exactness
can be found in Di Pillo and Grippo (1989).

The simplest function that possesses exactness properties is obtained by adding to the
objective function the £; norm of the constraint violations, weighted by a penalty parameter e.
The so-called {1 ezact penalty function for Problem (3), introduced by Zangwill (1967), is given
by:

Li(z;e) = f(z) + % Zmax{gi(x),o} + Z [ ()] ¢ - (46)

In spite of its simplicity, function (46) is not continuously differentiable, so that its unconstrained
minimization cannot be performed using the techniques seen in Section 2 of this volume; one
should resort to the less efficient nonsmooth optimization techniques.

Continuously differentiable exact penalty functions can be obtained from the augmented
Lagrangian function of §3.2.3 by substituting the multiplier vectors A, p by continuously dif-
ferentiable multiplier functions A(z), u(x), with the property that A(z*) = A, u(z*) = p*
whenever the triplet (z*, \*, u*) satisfies the KKT necessary conditions.

For the equality constrained problem (39) a multiplier function is

@) = = [Vh(z)' Vh(@)] " V() V f(2);

then Fletcher’s exact penalty function, introduced in Fletcher (1970a), is:

Ur(x;€) = f(2) + p(x) h(z) + %Hh(x)ll2~ (47)
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Similarly, for the inequality constrained problem (37) a multiplier function is:
Na) = ~[Vg(z)'Vg(z) + 0G*(2)] 7' Vg(2)' Vf(z),

where 6 > 0 and G(z) is the diagonal matrix with entries g;(x); an exact penalty function is
(Glad and Polak 1979, Di Pillo and Grippo 1985):

Ul(z;¢) = f(z) + N(z) max {g(a:), —%)\(a:)} v Hmax {g(a:), —%A(m)}HZ . (48)

Exact augmented Lagrangian functions are obtained by incorporating in the augmented
Lagrangian function L, terms that penalize the violation of necessary optimality conditions
different then feasibility. For instance, for the equality constrained problem (39) an exact
augmented Lagrangian function, studied by Di Pillo and Grippo (1979) is:

Sulis3€) = J(&) + W'h(@) + ZI1() P + 0| VA() VL, )] (49)

where 6 > 0. It is evident that the last term in the r.h.s. of (49) penalizes in some way the
violation of the necessary optimality condition V,L(z, u) = 0.

Exact penalty functions and exact augmented Lagrangian functions can also be endowed
with barrier terms that act on the boundary of a set that strictly contains the feasible set. In
this way it is possible to build functions that not only have as unconstrained minimizers the
solution of the constrained problem, but have also compact level sets. Both these properties
are quite important for the design of globally convergent algorithms. Indeed, making use of
these functions it is possible to develop algorithms for constrained problems that behave like
the algorithms for unconstrained problems in terms of convergence and convergence rate, see
for instance Di Pillo et al. (1980, 1982, 1986).

Algorithms based on continuously differentiable exact penalty functions have not been
widely implemented. This is mainly due to the fact that the evaluation of the multiplier
function requires the inversion of a matrix of the dimension of the constraints vector. More
promising is the use of exact augmented Lagrangian functions, even if their minimization must
be performed on the enlarged space of the decision variables and of the multipliers.

Functions that possess exactness properties are also referred to as exact merit functions
when they are used in sequential algorithms to measure the merit of subsequent iterates in
moving towards the solution of the constrained problem; in fact their minimization combines
the often conflicting requirements of reducing both the objective function and the constraint
violations (and the violation of other NOC).

Exact penalty methods require in any case some strategy to select a penalty parameter
value in the interval (0, €*] where exactness holds.

3.4 Sequential Quadratic Programming Methods

The sequential quadratic programming (SQP) approach can be viewed as a generalization to
constrained optimization of Newton’s method for unconstrained optimization: in fact it finds
a step away from the current point by minimizing a quadratic model of the problem. The
SQP approach has been introduced by Wilson (1963); main developments are due to Garcia-
Palomares and Mangasarian (1976), Han (1976, 1977), Powell (1978a,c,b).

For simplicity, let us consider the equality constrained Problem (39), with Lagrangian
function (40). In principle, a solution of this problem could be found by solving w.r.t. (z,u),
the KKT first order NOC:

_ (V@) +Vh(x)p) _
VL(z,p) = < hz) ) =0. (50)
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The Newton iteration for the solution of (50) is given by

1‘k+1 l‘k dk
(Wl) <u’“> (dﬁ)

where the Newton’s step (d¥, d,’j) solves the so called KKT system:

Tty 767) () =~ (FF0m0™)

By adding the term Vh(z*)u* to both sides of the first equation of the KKT system, the
Newton’s iteration for (50) is determined equivalently by means of the equations:

Rl — ok +df§, (51)
(Tt ) () == () o

The iteration defined by (51-52) constitute the so called Newton-Lagrange method for solving
Problem (39).
Consider now the quadratic programming (QP) problem:
min  35'V2L(, p)s + VF(ah)'s

Vh(z*)'s + h(z*) = 0. (53)

The first order NOC for (53) can be written as:

V2L(z*, u*)  Vh(z*) s V£(z*)
k\/ == k ) (54)

Vh(z") 0 n h(z")
where 7 is a multiplier vector for the linear equality constraints of Problem (53). By comparing
(52) with (54) we see that (d¥, u*+1) and a solution (s*,7*) of (54) satisfy the same system.
Therefore, in order to solve Problem (39) we can employ an iteration based on the solution of

the QP problem (53) rather than on the solution of the linear system (52).
The SQP method for Problem (39) in its simplest form is described in Algorithm 15.

SPQ method: equality constraints

Step 1. Choose an initial pair (22, u°); set k = 0.

Step 2. If (z*, u*) is a KKT pair of Problem (39), then stop.

Step 3. Find (s*,7") as a KKT pair of Problem (53).

Step 4. Set 2*t! = 2% 4+ s, p*1 =% k =k + 1 and go to Step 2.

Table 15: A Sequential Quadratic Programming method for equality constrained prob-
lems

The SQP method is preferable to the Newton-Lagrange method for the following reason.
Assume that the sequence {(z*, u*)} produced by the Newton-Lagrange method converges to
some (z*,u*); then, in the limit, d, = 0, and from (52) it results, as expected, that (z*, u*)
satisfies the first order NOC for Problem (39). Assume now that the sequence {(z*,u*)}
produced by the SQP method converges to some (x*, u*); then, in the limit, s = 0, and from
(54) it results again that (x*,u*) satisfies the first order NOC; however from (53) and (54)
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we have also, in the limit, that s'V2L,(z*,u*)s > 0 for all s € R" such that Vh(z*)'s = 0;
therefore, in this case, (z*, u*) satisfies also a second order NOC. In essence, the minimization
process of SQP drives the sequence toward beneficial KKT solutions.

Note that, thanks to the constraint, the objective function of the quadratic problem (53)
could also be written as:

1
55'V§L(xk, uF)s + Vo L(zF, u*)'s + L(z®, pu*).

This leads to an alternative motivation of the SQP method. Indeed, Problem (39) can be
written equivalently as
g L)
h(z) =0,

where p* is the KKT multiplier associated to the solution z* of (39). Then solving Problem
(53) corresponds to finding (z*, u*) by iteratively solving the problem of minimizing a quadratic
approximation of the Lagrangian L(z, u*) subject to a linear approximation of the constraint
h(z) = 0.

The last observation suggests that the SQP framework can be extended easily to the general
NLP problem (3). Indeed, by linearizing also the inequality constraints we get the quadratic
programming problem:

min s/ VEL(@", A, pb)s + V f(2*)'s
Vg(z*)'s + g(z*) <0 (55)
Vh(z*)'s + h(z*) = 0.

The inequality constrained case puts in evidence an additional advantage of the SQP ap-
proach over the Newton-Lagrange method: indeed it is much simpler to solve the QP subprob-
lem (55) than to solve the set of equalities and inequalities obtained by linearizing the KKT
conditions for Problem (3).

The SQP algorithm for Problem (3) is given in Algorithm 16.

SPQ method

Step 1. Choose an initial triplet (z°, A%, u°); set k = 0.

Step 2. If (z*, \*, u*) is a KKT triplet of Problem (3), then stop.

Step 3. Find (s*,¢*, n*) as a KKT triplet of Problem (55).

Step 4. Set z*t! =% 4+ s AL =¢k A = pF =k + 1 and go to Step 2.

Table 16: A Sequential Quadratic Programming method for general constrained prob-
lems

The equivalence between the SQP method and the Newton-Lagrange method provides the
basis for the main convergence and rate of converge results of the former.

Proposition 3.2 Assume that f, g, h are twice differentiable with Lipschitz continuous second
derivatives; assume that (x*, \*, u*) satisfy the SOSC of Proposition 1.4 of Section 1 under strict
complementarity between g(x*) and X*. Then, there exists an open neighborhood B+ z« ,+) such
that, if (2%, A%, u0) € Bg= a+ 0, the sequence {(z*, \¥, u*)} produced by the SQP method is well
defined and converges to (z*, \*, u*) with quadratic rate.
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The SQP method outlined above requires the computation of the second order derivatives
that appear in V2L(x*, A\¥, u*). As in the Newton’s method in unconstrained optimization,
this can be avoided by substituting the Hessian matrix V2L(z*, Ak, u¥) with a quasi-Newton
approximation B¥, which is updated at each iteration. An obvious update strategy would be
to define:

§F=aMtt — g, AR = VLR AR uh) — VLR, A, i),

and to update the matrix B* by using the BFGS formula

k(~k\/ kSk(Sk\ Rk
k+1 _ pk 7(7)_35(5)3
B =B" + ('Yk)/ék (5k)/Bk5k (56)

for unconstrained optimization. However, one of the properties that make the BFGS formula
appealing for unconstrained problems, that is maintenance of positive definiteness of B¥, is no
longer assured, since V2L(z*, \*, u*) is usually positive definite only on a subset of IR”. This
difficulty may be overcome by modifying v* as proposed by Powell (1978b). Let:

¥ = 79F 4+ (1 — 7)B*6*,
where the scalar 7 is defined as
1 if (%)% > 0.2(6%) BF§*

= 5k /Bk5k )
0.8 (5k)/(Bk(5)k myFoDE if (6%)'v*F < 0.2(6%)' Bk §*,

and update B* by the damped BFGS formula, obtained by substituting 7* for 4* in (56); then,
if B is positive definite the same holds for B*¥*1. This ensures also that, if the quadratic
programming problem is feasible, it admits a solution. Of course, by employing the quasi-
Newton approximation, the rate of convergence becomes superlinear.

Proposition 3.2 states a local convergence result. If, as often happens, a point (2%, \°, %) €
Bz A+ u+) 18 not known, the following difficulties have to be tackled:

- at iteration k the QP subproblem may have no solution;
- the sequence {(z*, \*, 1¥)} may not be convergent.

The first difficulty arises either because the quadratic objective function is unbounded from
below on the linearized feasible set, or because the linearized feasible set is empty. The first oc-
currence can be avoided by substituting V2 L(z*, \¥, u*) with a positive definite approximation
B*, for instance as described before; or by employing the Hessian of the augmented Lagrangian
V2 La(zF, ¥ ¥ €) in place of V2L(z*, \*, u*). The second occurrence can be overcome by
defining a suitable relaxation of the QP subproblem so as to obtain a problem which is al-
ways feasible, even if of larger dimension. As an example, the following subproblem has been
proposed (De O. Pantoja and Mayne 1991):

. Lok ky/ 1
min Zs'B V{(zx -
sE]R”}wE]R 9% s f@")'s cY

Vg,v(xk)’s—kgi(xk) <w, i1=1,...,p (57)

|Vh;(z*)'s+ hj(z®)| <w, j=1,...,m
w >0,

where € > 0 is a suitable penalty parameter. It is easy to verify that the feasible set of Problem
(57) is not empty, so that, if B* is positive definite, the problem admits a solution.

With respect to the convergence of the sequence {(z*, \¥, u*)}, we observe preliminarily that
if {z*} converges to some x* where the linear independence constraints qualification (LICQ)
holds, then {(\*, z¥)} also converges to some (\*, u*) such that (z*, \*, u*) satisfies the KKT
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NOC for Problem (3). In order to enforce the convergence of the sequence {z*}, in the same
line of the Newton’s method for unconstrained optimization, two strategies have been devised
with reference to a suitable merit function associated with the NLP problem: the line search
approach and the trust region approach. As said before, a merit function aims to reduce both
the objective function and the constraint violations (as well as the violation of other necessary
optimality conditions); in this way it provides a measure of the progress toward a solution of
the constrained problem.

3.4.1 The Line Search Approach
In the line search approach the sequence {x*} is given by the iteration:

ZFtl = P + aksk,

where the direction s* is obtained by solving the k-th QP subproblem, and the stepsize o
is evaluated so as to get a sufficient decrease of the merit function. A merit function widely
employed in SQP methods is the ¢; exact penalty function L;(z;€) given by (46). Although L,
is not differentiable everywhere, it always has a directional derivative. It can be shown that,
if the quadratic form in the QP subproblem is positive definite, and if the penalty parameter
€ in L; is sufficiently small, then s* is a descent direction at z* for L;, so that an Armijo-like
line search along s* can be performed (Han 1977). However, due to its non differentiability,
the merit function L; suffers from a main drawback known as the Maratos effect (Maratos
1978): even close to a solution, the stepsize o = 1 may not be accepted, thus deteriorating the
convergence rate of the pure SQP method. To avoid the Maratos effect, different techniques
have been proposed. Among them a curvilinear line search (Mayne and Polak 1982), based
on the formula z¥t! = z* + o*s* + (a¥)25*, where the direction §*, that provides a second
order correction, is evaluated so as to further reduce the constraint violations; and the watchdog
technique (Chamberlain et al. 1982), based on nonmonotone strategies, by which we allow the
merit function L; to increase on certain iterations.

The Maratos effect can also be overcome by employing merit functions that are continuously
differentiable. For equality constraints, the use of Fletcher’s exact penalty function Up given
by (47) is usually referred (Powell and Yuan 1986); the extention to inequality constraints is
based on the exact penalty function U given in (48) (Di Pillo et al. 1992, Facchinei 1997). It
can be shown that for a sufficiently small value of the penalty parameter €, s* gives a descent
direction for the continuously differentiable exact penalty functions at ¥, and eventually the
stepsize o = 1 is accepted, so that it is possible to conciliate global convergence and superlinear
convergence rate. Continuously differentiable exact augmented Lagrangian functions have also
been studied as merit functions in SQP methods, with similar results (Dixon 1979, Lucidi
1990). For instance, when ¢ is small, the direction given by (s¥, (n* — 1*)) is a descent direction
at (2%, u*) for the function S, (z,u;e€) given by (49). Continuously differentiable exact merit
functions are very attractive for their theoretical properties, but have not been widely used yet,
mainly because of the fact that the computations needed are rather cumbersome.

We mention that also the simple augmented Lagrangian function has been used as a merit
function; however, as it appears for instance from Proposition 3.1, the augmented Lagrangian
function is an exact merit function only if proper values of the multipliers are selected. This
fact makes arguments on global convergence questionable.

3.4.2 The Trust Region Approach

As in the unconstrained case, the trust region approach consists in introducing in the quadratic
subproblem a trust region constraint that bounds the region where the subproblem is trusted
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to represent well the original constrained problem:

1
min 55’V§L(1’k, N uF)s + Vf(aF) s

T gty +glat) <0 (58)
Vh(z*)'s + h(zF) =0
sl < (a)2.

However, due to the presence of the linear constraints, the solution of the trust region subprob-
lem (58) is much more difficult than in the unconstrained case, and may even not exist at all.
A possibility, proposed by Fletcher (1981), is to take into account the linear constraints by ¢;
penalty terms, and define the trust region by means of the /., norm of s; thus the problem
becomes:

Srélﬁ)g 18'V2L(z%, \F pk)s + V f(2)'s

1 p
T3 ;max {Vgi(z")'s + gi(«*),0}

1 m
+6—kZ|th(xk)’s+hj(xk)|
j=1
—ak < s <ak.

It is easily seen that Problem (59) admits always a solution s*, even when V2L(z*, \*, 1)
is substituted by some approximation to avoid the computation of second order derivatives.
Moreover, by suitable manipulations, Problem (59) can be put in the form of a QP problem
that can be solved by standard algorithms.

The Lq(z;€) exact penalty function is used as a merit function. The objective function of
Problem (59) is used as an approximation of the L; function in the trust region. Similarly
to the unconstrained case, the step s* is accepted if the ratio between the actual and the
predicted reduction in the L; function is not too small; otherwise the trust region radius a” is
decreased, and the problem is re-solved to obtain a new candidate step. Once z**! = zF + s*
has been determined, some multiplier updating formula is employed to get the new multiplier
estimates (A\*1 y*+1). Moreover some updating rule for the penalty parameter is needed to
define the next subproblem in (59). The resulting algorithm is known as the SL; QP algorithm.
The SL; QP algorithm has good global convergence properties; however it also suffers of the
Maratos effect, that can be overcome by techniques similar to the ones described for the L;
merit function in the line search approach.

Finally, we mention the feasible sequential quadratic programming algorithms, which force
all iterates to be feasible. Feasibility may be required when the objective function f is not
defined outside the feasible set, or when termination at an infeasible point (which may happen
in practice with most algorithms) is undesirable. To maintain feasibility, while retaining fast
local convergence properties, the step is obtained along a direction that combines the QP
direction, a direction that points into the interior of the feasible set, and possibly a second-
order correction direction (Paniers and Tits 1993). Of course feasible SQP algorithms are more
computationally expensive than the standard SQP algorithms, but they have the additional
advantage that the objective function f itself can be used as a merit function.

3.5 Feasible Direction Methods

For NLP problems with only linear constraints several methods can be devised based on search
directions d* that are both of descent for the objective function and feasible for the constraints,
that is directions such that, if z¥ € F is not a minimizer, then not only f(z* + ad®) < f(z*),
but also z* + ad® € F for small enough values of the stepsize a.. For instance, the feasible
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direction method of Zoutendijk (1960), the gradient projection method of Rosen (1960, 1961),
the reduced gradient method of Wolfe (1963), and the more recent interior points methods, see
e.g. Ye (1997).

The topic of linearly constrained NLP problem is highly specialized and strictly related to
quadratic programming, which just represents a particular case. Even a short review would
exceed the space allowed for this chapter. For a comprehensive treatment we may refer to
Chapter 10 of Bazaraa et al. (1993).

Here we mention that many attempts have been made to generalize feasible direction meth-
ods to problems with general constraints, usually by linearizing the constraints in the neighbor-
hood of the current point z*. However, in doing so, the difficulty arises that, if 2**! is feasible
for the linearized constraints, it may not be feasible for the original constraints, specially when
nonlinear equality constrains are present. In this case the direction d* may be tangent to some
constraints and an additional correction step must be evaluated so as to restore feasibility while
retaining a decrease in the objective function; how to perform this restoration step is the critical
issue in feasible direction methods for general NLP problems.

We shall shortly describe only the generalized reduced gradient method (Abadie and Car-
pentier 1969), since it is implemented in some currently available codes for NLP.

In this context, it is usual to consider a NLP problem in the form

h(z) =0 (60)
| <z,

where some components of the n-vector [ can be —oo. Problem (3) can be put in the form (60)
by introducing linear slack variables y;, so that the inequality constraint g;(z) < 0 is substituted
by the equality constraint g;(z) + y; = 0 plus the bound constraint y; > 0.

Assume that z* is a given feasible point. Under the LICQ assumption and after some
reordering, we can partition z* as [(z%)|(z%)"]’, where z% € IR™ is a subset of basic variables
with the property that the gradient matrix V,,h(z") is non singular, and a:’fv eR"™is a
subset of non basic variables. Accordingly [ is partitioned into [(I5)’|(Ix)’]’ and for simplic-
ity, the nondegeneracy assumption that lp < x% is made. By the implicit function theorem,
there exists a neighborhood B,x C IR"™™ of z% and a continuously differentiable function

Z*: R™™ — R™ such that 2}y = 2*(2) and h(z*(zn),2n) = 0 for all zy € B,y . Then,

locally in a neighborhood of ¥, Problem (60) can be rewritten as

min f(Z*(xN),zN)
ry€eIRY—™
lN S N (61)

lB S Zk(Z‘N).

By the nondegeneracy assumption, the last bounds are non active at a:’fv Hence a search di-
rection d%, € R™™ ™ at 2% can be determined by using algorithms for simple bound constrained
problems, making use of the reduced gradient formula:

V$Nf(zk(xN)7xN) = vaf(x) - (va:Nh(x)vah(x)_l)vaf(x)

Algorithms for bound constrained problems are highly specialized and can be obtained by
adapting the unconstrained methods of Section 2.

Given a:ﬁ, and dﬁ“\,, a line search procedure that uses the objective function f as a merit
function is adopted. Letting zy (o) = 2% + adk, in the line search f needs to be evaluated
at (2*(zn(a)),zn(a)). To this aim the value of 2*(zx(a)) is obtained by applying Newton’s
method to solve w.r.t. xp the constraint h(zp,zxy) = 0; in doing this, care must also be taken
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that the bound constraint on x g is not violated. In this way, feasibility of the successive iterates
is maintained.

It is easily understood that the convergence arguments of feasible direction methods for
general NLP problems are quite involved.

Finally, we point out that feasible direction methods require that a feasible starting point is
available, and this is not always easy for general nonlinear constraints; on the other hand, since
the feasibility subproblem is considered solved, these methods do not rely on merit functions
depending on penalty parameters.

3.6 Selected Bibliography

In the present chapter, several references have been given in correspondence to particular sub-
jects. Here we add a list of some books and surveys of specific concern with constrained NLP.

The sequential penalty approach, both exterior and interior, is fully developed in the classi-
cal book by Fiacco and McCormick (1968) that has been recently revisited by Nash (1998). For
interior point methods related to the logarithmic barrier approach, and specialized for linear
and quadratic programming problems, we may refer to den Hertog (1994), Roos et al. (1997),
Ye (1997), Wright (1997), and the recent survey by Freund and Mizuno (2000); a particular
emphasis on theoretical aspects is given in Nesterov and Nemirovskii (1994). For the augmented
Lagrangian method the basic reference is the book by Bertsekas (1982). Exact penalty meth-
ods have been surveyed by Di Pillo (1994). A survey on penalty, exact penalty and augmented
Lagrangian methods is due to Boukary and Fiacco (1995). The sequential quadratic program-
ming has been surveyed by Boggs and Tolle (1995), and is extensively treated in Conn et al.
(2000). A particular attention to feasible direction methods is given in the book by Bazaraa
et al. (1993). Algorithms for large scale problems are surveyed in Conn et al. (1994).
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