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Supervised learning

- There is a “teacher”, namely one 
knows the right answer 
corresponding to a given input

- Data of the target set are described as 
pairs (features, output)
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• Output 𝑦𝑖𝜖 𝑌 can assume either finite values
(classification)  or infinite values (regression)

𝑥𝑖, 𝑦𝑖 with 𝑥𝑖𝜖 𝑅𝑛 and 𝑖 = 1, … . , 𝑙



Training process
Given a learning machine, namely given a class 𝐹 of function 
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The training process consists in finding a particular value of 
the parameters α* which selects a special function fα* in the 
chosen class.

The goal is modelling the process in a way that it is able to 
give right answer on instances never seen before 
(generalization property) rather than interpolating 
(=“make no mistake”) on the training set



Minimization of the  “risk”
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The function          is called the expected risk.

min
𝛼

𝑅(𝛼)

Learning is the process of estimating the function 𝑓𝛼 𝑥 which minimizes the 
expected risk over the set of functions supported by the learning machine using 
only a finite number of training data

Given a loss function

which measures the difference between the value 
returned by the machine fα (x) and the true value y.

This is an ill posed problem



Empirical risk minimization
• Given a class of function and a loss function, the 

empirical risk is defined as
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Empirical risk  (training error) depends only on data and on the 
function 𝑓𝛼

Probability distribution does not enter the definition of 
empirical risk. Once the values  
are fixed it is possible to calculate its value.

The ERM principle uses as a decision function the training error

min
𝛼

𝑅𝑒𝑚𝑝(𝑓𝛼)



Beyond the Empirical Risk Minimization

Does a relationship among the solutions of the two different 
optimization problems exists ?
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In general

imponderable

computable

Minimizing the training error can give any information about the error 
on new samples ?

It is possible to prove that

being  𝜂 ∈ (0,1).

𝑃𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑡𝑦{𝑅(∝) ≤ 𝑅𝑒𝑚𝑝 +𝐶𝑉𝐶(𝜂, 𝑙, ℎ )} = 1 − 𝜂



Beyond the ERM principle
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With probability 1 − 𝜂 being  𝜂 ∈ (0,1).

This rule has been used to define a new inductive 
principle based on the “trade-off” between minimization 
of the empirical risk and the second term which 
“measures” the complexity of the class

𝑅(∝) ≤ 𝑅𝑒𝑚𝑝 + 𝐶𝑉𝐶(𝜂, 𝑙, ℎ )

Vapnik Chervonenkis (VC) theory

 the second term 𝐶𝑉𝐶(𝜂, 𝑙, ℎ ) is called VC
confidence term

 the parameter ℎ is called VC dimension



The VC confidence term
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VC dimension is the 
important parameter

=

Capacity is a measure of complexity and measures the 
expressive power, richness or flexibility of a set of 
functions

𝐶𝑉𝐶 ℎ, 𝑙, 𝜂 depends on
- 𝑙 the number of samples in the training set
- ℎ a parameter which describes capacity of the class of 

functions. 



A new inductive principle

The idea is to minimize the upper bound
namely consider the problem
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Minimization with respect to both the class and the 
parameters

The learning machine should be chosen by 
minimizing both
The empirical risk
 The VC confidence



Inductive principle SRM

However the behaviors of the two terms, empirical risk 
and VC confidence,  as a function of the parameter ℎ
are opposite.
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Complexity h

Monotonically increasing in h

The VC confidence depends only on the class of function 
chosen ℎ and on the number 𝑙 of samples in the training set
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Choose a class of function  fixed ℎ∗ fixed 𝐶𝑉𝐶 ℎ∗, 𝑙, 𝜂

The VC confidence depends only on the class of function 
chosen and on the number of data

Structural Risk Minimization principle 

The empirical risk depends of the particular values of the 
parameters chosen in the training phase that identifies one 
function in the class

𝛼∗ = arg𝑚𝑖𝑛
𝛼

𝑅𝑒𝑚𝑝(𝑓𝛼)

Evaluate the upper bound

𝑈 =𝑅𝑒𝑚𝑝 𝛼∗ + 𝐶𝑉𝐶 ℎ∗, 𝑙, 𝜂
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Define nested classes of functions with NON decreasing 
VC dimension values

Structural Risk Minimization principle 

For each class 𝐹𝑗 with VC dimension ℎ𝑗
• Find the optimal solution

• Find the value of the upper bound

Choose the class of functions which minimizes the upper 
bound



How to evaluate the VC confidence ?
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To obtain the VC confidence we need to know the 
value of the VC dimension ℎ for the class of functions.

The numbers of parameters is NOT a useful information. 
Indeed ℎ is not proportional to the # parameters

To apply the SRM principle we need to be able to 
calculate the VC confidence

The Vapnik Chervonenkis dimension (VC dimension) ℎ > 0 is
measure of the powerful of the class of functions          in 
classifying data

It is not possible to assert that learning machines with high 
number of parameters have high value of VC dimension, and
vice versa learning machines with few parameter may not have 
low VC dimension.



VC dimension
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The VC dimension ℎ is equal to the maximum 
number of vectors 𝑥𝑖 that can be shattered, 
namely that can be separated using this set of  
functions 𝑓𝛼 into two different classes when 
labeled as ±1 in all the 2ℎ possible ways

Shatter set

Consider three points in R2 and assign 
labels in all the possible way. Check if 
they can be separated correctly by an 
hyperplane

+1

-1



VC dimension
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+1

-1



VC dimension
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Stating that theVC dimension of a class 𝑓𝛼 is ℎ means that we 
can find at least a set of ℎ points that can be shattered; it is not 
necessary that we be able to shatter any set of ℎ points using 𝑓𝛼

This set of 3 points cannot
be shattered  in R2 No set of  4 points in R2 can be 

shattered by an hyperplane

The VC dimension of the class in R2 is ℎ = 3
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In R2 the VC dimension is h=3; 
in this case we get the same 
value of the upper bound for 
both the functions in the class

Is is true in general ?

The class of linear functions in R2
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VC dimension of hyperplanes

can be shattered by the class of function

are linearly independent

Theorem: The VC dimension of linear functions 
(hyperplanes)                              in 𝑅𝑛 is n+1. 

The proof is obtained by the following result
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Proof
On the blackboard……………..

Without loss of generality assume that x1=0

Correctly classified means:
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Sketch of the proof
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Sketch of the proof

>


