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@ A fully detailed presentation of the topics discussed in these slides can
be found in [CGP99]
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CTL Model Checking

CTL Model Checking is an analysis technique, where:
@ The world is modeled as a TS 7"

—f
b\/‘,@1
K@.o
@ The property is expressed as a CTL formula ¢, e.g.:
AG(p — AFq)

@ The algorithm checks whether 7 = ¢
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CTL Model Checking Algorithm: General Ideas

Given 7 and @, the algorithm proceeds as follows:

@ Compute the set of states where the formula holds
(called the denotation of @)

[e] :={s€S: T ,sFo¢}

@ Check whether sq € [[0]]
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CTL Model Checking Algorithm: General Ideas

To compute [[@]] proceed “bottom-up” on the structure of the formula
computing [[@;]] for each subformula @; of @.

For example, to compute [AG(p — AFqg)]| we need to compute:
o [q].
o [AFq],
o [p].
o [p— AFq],
o [AG(p — AFq)]
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CTL Model Checking Algorithm: General Ideas

To compute each [[¢;]] for generic subformulas:
@ Handle boolean operators by standard set operations;
@ Handle temporal operators AX, EX by computing pre-images;

@ Handle temporal operators AG, EG, AF, EF, AU, EU, by applying
fixpoint operators.

F. Patrizi (Sapienza Reasoning Agents 2021-2022 8/36
P /



CTL Model Checking: General ldeas.

CTL Model Checking: The Labeling Algorithm.
Labeling Algorithm in Details.

CTL Model Checking: Theoretical Issues.

F. Patrizi (Sapienza) Reasoning Agents 2021-2022 9/36



The Labeling Algorithm: General Idea

@ The Labeling Algorithm given a TS and a CTL formula outputs the
set of states satisfying the formula.

@ Main Idea: Label the states of the TS with the subformulas of @
satisfied there.
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The Labeling Algorithm: An Example

> AFqg = (g Vv AX(AFq))
> [AFgq]] can be computed as the union of:
° [qll = {2}
° [qVAXq] = {2}uU {1} ={1,2}
o [[qVAX(qVAXqg)]| ={2}u{1} ={1,2} (fixpoint).
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The Labeling Algorithm: An Example
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The Labeling Algorithm: An Example

) =
QV W
N N
"p->AFQ" "AG(p -> AF q)"

> AGo = (o AAX(AGY))
> [AGQ]| can be computed as the intersection of:
° o] = {1,2,4}
o [oAAXe] ={1,2,4}N{1,3} ={1}
o [oAAX(0AAXQ)] = {12,411 {} = {} (fixpoint)
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The Labeling Algorithm: An Example

> The set of states where the formula holds is empty, thus:

@ The initial state does not satisfy the property;
e 7 |~ AG(p — AFgq).

> Counterexample: A lazo-shaped path: 1,2,{3,4}® (satisfying
EF(p AEG—q))
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The Labeling Algorithm: General Schema

> Assume @ in terms of =, A, EX, EU, EG (minimal set of operators)

> The Labeling algorithm takes a CTL formula and a TS as input and
returns the denotation of @:

@ For every @; € Sub(¢), find [[@;];
@ Compute [[@] starting from [[o;]|;
© Check whether sy € [[@].

> Subformulas Sub(@) of ¢ are checked bottom-up
> To compute each [[¢;]: if the main operator of ¢; is a

@ Boolean Operator: apply standard set operations;
e Temporal Operator. apply recursive rules until a fixpoint is reached.
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Denotation of Formulas: The Boolean Case

Fora TS 7 =(P,A,S,sp,—,A), we have:

o [[p] ={slpeMs)} (time O(|S]))

o [-¢:] = S\ [e:] (time O(|S]))

o [[o1 A @2]l = o] N[[@2] (time O(|S]))
e Time O(|S]) for all operations
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Denotation of Formulas: The EX Case

o [EXQ]|={s€S|3s'.s— s and s’ € [[o]]}
o [[EX@] is called the (existential) pre-image of [[@] (PRE([¢]]))
@ Key step of Labeling Algorithm

Prelmage(P) P

e Time O(|8]) = O(|S|?)
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Denotation of Formulas: The EG Case

@ The following equivalence holds:
EGo = 9o AEX(EG0)

o [[EGQ] can be computed through following recursive definition:
[EGe] = [o] NPrRE([EGE])
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Denotation of Formulas: The EG Case

e Can compute X := [EG@] as follows:

o Xi:= [[(p]]
o X5 = XlﬂPRE(Xl)

Xjr1:=X;NPRE(X;)

@ When X, = X1 we reach a fixpoint and stop
@ Since Xj;1 C Xj, fixpoint exists (Tarski-Knaster theorem)

o Time: O(|S|-(IS]+13])) = O(ISI®)
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Denotation of Formulas: The EU Case

@ The following equivalence holds:
(9EUY) = yV (¢ NEX(9EUY))

o [[@EUVY] can be computed through following recursive definition:
[(eEUW)] = [w] U ([o] NPRE(I(GEUW)T))
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Denotation of Formulas: The EU Case

e Can compute X := [(pEUW)] as follows:

o Xi:=[v]
Xz = X1 U([[] "PRE(X1))

Xio1 = XUl PRECS))

@ When X, = X,,11 we reach a fixpoint and stop

@ Since Xj;1 2 Xj, fixpoint exists (Tarski-Knaster theorem)

o Time: O(|S|-(IS|+13])) = O(ISI*)
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The Pseudo-Code

Input:
e TS T =(P,A,S,s5,—,A)
o CTL formula ¢

FuncTioN Label(o) {

case @ of
an atom p: return {se€ S|peA(s)};
—Q1: return S\Label(¢;);
01N Q2: return Label(¢;)NLabel(@,);
EX@;: return PrRE(Label(¢q));
(91EU@,): return Label EU(Label(¢;),Label(¢2));
EGo;: return Label EG(Label(@1));
end case
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[EXo]] = PrRE([e]) ={s €S |3s’.s = 5" and s’ € ]|}

FuncrioN PrE([e]){
var X;
X o= {};
for each s’ € [¢] do
for each s € S such that s — s’ do
X = XU{s};
return X
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Label EG

[EGe] = [l N PrRE(TEGE])

FuncTtioN LABEL_EG([[¢]){
var X, Xoi4;
X =[]
Xotd =0,
while X # X,1g
begin
Xold = X;
X := XNPRE(X)
end
return X

F. Patrizi (Sapienza) Reasoning Agents 2021-2022 25 /36



Label EU

[(eEUW)] = [w] v ([e] N PrE([(9EUW)T))

FuncTtioN LABEL_EU([e].[w]){
var X,Xo/d;
X = vl
Xowd :=S;
while X 75 Xold
begin
Xold = X,
X = XU([[lo] "PRE(X))
end
return X
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Correctness and Termination

@ The Labeling Algorithm proceeds recursively on the structure of @

@ For the Boolean and EX operators, termination and correctness follow
from semantics

@ Need to prove correctness and termination for EG and EU operators
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Monotone Functions and Fixpoints

Definition (Monotone Function)

Let S be a set and F : 2% — 25 a function
@ F is monotone if X C Y implies F(X) C F(Y)
@ Aset XCSsit. F(X)=X of Sis called a fixpoint of F
@ X C Sis a least fixpoint (LFP) of F, written X = uX.F(X), if, for
every other fixpoint Y of F, X C Y
© X C S is a greatest fixpoint (GFP) of F, written X = vX.F(X), if, for
every other fixpoint Y of F, Y C X

v

Example. Let S = {sp,s1} and F(X)=XU{sp}.
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Tarski-Knaster Theorem

Notation: F/(X) means applying F i-times, i.e., F(F(...F(X)...)).

Theorem (Tarski-Knaster '55)

If F:2% — 25 is a monotone function, over finite S s.t. |S| = n, then:
Q uX.F(X)=F"(0)
@ VX.F(X)= F"(S)
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Correctness and Termination: EG Case

The function LABEL_EG computes:

[EGe] = [o] N PrRE([EGE])

applying the semantic equivalence:

EGo = ¢ AEX(EG0)
[EG@] is the fixpoint of the function:

F(X) = [l N PrE(X)
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Correctness and Termination: EG Case

Let F(X) =[] NPRE(X), with X C S and |S| = n. Then:
@ F is monotone;
@ [EGQ] is the greatest fixpoint of F.
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Correctness and Termination: EU Case

The function LABEL_EU computes:

[(eEUW)] = [w] U ([e] N PrE([(9EUW)T))

applying the semantic equivalence:

(PEUY) = vV (9 AEX(QEUY))
[(@EUW)] is the fixpoint of the function:

F(X) = [vlu (lelnPrE(X))
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Correctness and Termination: EU Case

Let F(X) = [v|U([[e] "PRE(X)), with X C S and |S| = n. Then:
@ F is monotone;
Q [[(PEUW)] is the least fixpoint of F.
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Complexity of CTL Model Checking

@ The Labeling Algorithm operates in time: O(|@|-|S|-(|S|+19]))
e Since |8] = O(|S|?), we have:

o(lgl-IS°)

@ Can be further optimized to:

O(lol-1SI)

CTL Model Checking can be solved in polynomial time wrt |@|+ |S] I
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