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1 Introduction

We study a class of preconditioners for the solution of large indefinite linear systems, without
assuming any sparsity pattern for the system matrix. In many contexts of numerical analysis
and nonlinear optimization the iterative efficient solution of sequences of linear systems is
sought. Truncated Newton methods in unconstrained optimization, KKT systems, interior
point methods, and PDE constrained optimization are just some examples (see e.g. [4]).

In this work we consider the solution of symmetric indefinite linear systems by using
preconditioning techniques; in particular, the class of preconditioners we propose uses infor-
mation collected by Krylov subspace methods, in order to capture the structural properties
of the system matrix. We iteratively construct our preconditioners either by using (but not
performing) a factorization of the system matrix (see, e.g. [7, 11, 18]), obtained as by prod-
uct of Krylov subspace methods, or performing a Jordan Canonical form on a wvery small
stze matrix. We address our preconditioners using a general Krylov subspace method; then,
we prove theoretical properties for such preconditioners, and we describe results which indi-
cate how to possibly select the parameters involved in the definition of the preconditioners.
The basic idea of our approach is that we apply a Krylov-based method to generate a pos-
itive definite approzimation of the inverse of the system matrix. The latter is then used to
build our preconditioners, needing to store just a few vectors, without requiring any prod-
uct of matrices. Since we collect information from Krylov-based methods, we assume that
the entries of the system matrix are not known and the necessary information is gained by
using a routine, which computes the product of the system matrix times a vector.

In the companion paper [9] we experience our preconditioners, both within linear algebra
and nonconvex optimization frameworks. In particular, we test our proposal on significant
linear systems from the literature. Then, we focus on the so called Newton—Krylov methods,
also known as Truncated Newton methods (see [15] for a survey). In these contexts, both
positive definite and indefinite linear systems have been considered.

We recall that in case the optimization problem in hand is nonconvex, i.e. the Hessian
matrix of the objective function is possibly indefinite and at least one eigenvalue is nega-
tive, the solution of Newton’s equations within Truncated Newton schemes may claim for
some cares. Indeed, the Krylov-based method used to solve Newton’s equation, should be
suitably applied considering that, unlike in linear algebra, optimization frameworks require
the definition of descent directions, which have to satisfy additional properties [5, 16]. In
this regard our proposal provides a tool, in order to preserve the latter properties.

The paper is organized as follows: in the next section we describe our class of precondi-
tioners for indefinite linear systems, by using a general Krylov subspace method. Finally, a
section of conclusions and future work completes the paper.

As regards the notations, for a n x n real matrix M we denote with A[M] the spectrum
of M; Iy is the identity matrix of order k. Finally, with C' > 0 we indicate that the matrix
C' is positive definite, tr[C] and det[C] are the trace and the determinant of C, respectively,
while || - || denotes the Euclidean norm.



2 Our class of preconditioners

In this section we first introduce some preliminaries, then we propose our class of precon-
ditioners. Consider the indefinite linear system

Az =0, (2.1)

where A € IR™™" is symmetric, n is large and b € IR™. Some real contexts where the latter
system requires efficient solvers are detailed in Section 1. Suppose any Krylov subspace
method is used for the solution of (2.1), e.g. the Lanczos process or the CG method [11]
(but MINRES [17] or Planar-CG methods [12, 6] may be also an alternative choice). They
are equivalent as long as A > 0, whereas the CG, though cheaper, in principle may not
cope with the indefinite case. In the next Assumption 2.1 we consider that a finite number
of steps, say h < n, of the Krylov subspace method adopted have been performed.

Assumption 2.1 Let us consider any Krylov subspace method to solve the symmetric linear
system (2.1). Suppose at step h of the Krylov method, with h < n — 1, the matrices
Ry, € R™", T, ¢ R"™" and the vector upt+1 € R™ are generated, such that

AR, = RpTh+ priitntret, ph+1 € IR, (2.2)
Vi BRViT, if T}, is indefinite
T, = (2.3)
L,D,LY, if Tj, is positive definite

where
Ry = (uy---up), ufu;j =0, |ju|| =1, 1<i#j<h,
up i =0, fluppal| =1, 1<i<h,
Ty, s irreductble and nonsingular, with eigenvalues 1, ..., uy not all coincident,
B, = diagi<i<p{pi}t, Vo = (v1---vp) € R™" orthogonal, (i, v;) is eigenpair of Ty,
Dy, > 0 is diagonal, Ly, is unit lower bidiagonal.

Remark 2.1 Note that most of the common Krylov subspace methods for the solution of
symmetric linear systems (e.g. the CG, the Lanczos process, etc.) at iteration h may easily
satisfy Assumption 2.1. In particular, also observe that from (2.2) we have T}, = R,{ARh, SO
that whenever A > 0 then T}, > 0. Since the Jordan Canonical form of 7}, in (2.3) is required
only when T}, is indefinite, it is important to check when T} >~ 0, without computing the
eigenpairs of T}, if unnecessary. On this purpose, note that the Krylov subspace method
adopted always provides relation T, = LhDhLz, with Ly nonsingular and Dy, block diagonal
(blocks can be 1 x 1 or 2 x 2 at most), even when 7}, is indefinite [17, 18, 7]. Thus, checking
the eigenvalues of Dj will suggest if the Jordan Canonical form 7} = VhBthT is really
needed for Ty, i.e. if T}, is indefinite.



Observe also that from Assumption 2.1 the parameter pj,41 ma be possibly nonzero, i.e. the
subspace span{uy,...,us} is possibly not an invariant subspace under the transformation
by matrix A (thus, in this paper we consider a more general case with respect to [3]).

Remark 2.2 The Krylov subspace method adopted may, in general, perform m > h itera-
tions, generating the orthonormal vectors uy,. .., uy,. Then, we can set R, = (ug,,...,uy, ),
where {¢1,...,¢,} C {1,...,m}, and change relations (2.2)-(2.3) accordingly; i.e. Assump-
tion 2.1 may hold selecting any h out of the m vectors (among w1, ..., u,) computed by
the Krylov subspace method.

Remark 2.3 For relatively small values of the parameter h in Assumption 2.1 (say h < 20,
as often suffices in most of the applications), the computation of the eigenpairs (u;,v;),
i =1,...,h, of T, when T}, is indefinite may be extremely fast, with standard codes. E.g.
if the CG is the Krylov subspace method used in Assumption 2.1 to solve (2.1), then the
Matlab [1] (general) function eigs() requires as low as ~ 10~% seconds to fully compute
all the eigenpairs of Ty, for h = 20, on a commercial laptop. In the latter case indeed,
the matrix 7}, is tridiagonal. Nonetheless, in the separate paper [8] we consider a special
case where the request (2.3) on T}, may be considerably weakened under mild assumptions.
Moreover, in the companion paper [9] we also prove that for a special choice of the parameter
‘a’ used in our class of preconditioners (see below), strong theoretical properties may be
stated.

On the basis of the latter assumption, we can now define our preconditioners and show their
properties. To this aim, considering for the matrix 7}, the expression (2.3), we define (see
also [10])

ot Vi|BrlViE,  |Bi| = diagi<i<p{|u:l},  if Ty, is indefinite,
Ty| =
Ty, if Ty, is positive definite.

As a consequence, when T}, is indefinite we have T},|T),|™! = |Tp| 71T}, = VhthhT , where
the h nonzero diagonal entries of the matrix I, are in the set {—1,+1}. Furthermore, it is
easily seen that |7} is positive definite, for any h, and the matrix |T},| " T2|T,| ™! = I, is
the identity matrix.

Now let us introduce the following n x n matrix, which depends on the real parameter

M, % (I - RuRE) + Rl T RE + a (upgaufl + upul,,) h<n-—1,
< |Th‘ aep, > ‘ 0 R;Z;
= [Rn | tnsr | Ropga] ac] | 1 up (2.4)
0 ‘ In*(h+1) Rf,hﬂ
def
M, = (I—RuR))+ Ry|T,|R} = R,|T,|R], (2.5)

where Ry, and Tj, satisfy relations (2.2)-(2.3), a € IR, the matrix R, 4, € R™*P=(+D] g
such that Rz,hﬂRn,hH = In_(h+1) and [Ry | upy1 | Rppya] is orthogonal. By (2.4), when
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h <n — 1, the matrix M}, is the sum of three terms.

It is easily seen that I — RhRg represents a projector onto the subspace S orthogonal to
the range of matrix Ry, so that Mpv = v + a(ur‘,f+1v)uh, for any v € S. Thus, for any
v € S, when either ug 410 =_0o0ra=0, then Mpv=v (or equivalently if M}, is nonsingular
Mh_lv = v), i.e. the vector v is unaltered by applying M), (or Mh_l) As a result, if either
a=0or uz 4+1v =0 then M}, behaves as the identity matrix for any vector v € S.

Using the parameter dependent matrix M}, in (2.4)-(2.5) we are now ready to introduce the
following class of preconditioners

Mf(a,6,D) = D [In — (Bp | upsr) (Rp | uhH)T} DT h<n-—1,
82T | aen \
+ (| D) (L) (R | D) (2.
(I@h
M!(a,0,D) = R,|T,| 'RL. (2.7)

Lemma 2.1 Given the symmetric matrices H € RM" P ¢ RO=M*(=h) and the matriz
® € R =1 suppose

TH = z:T , 21,...,2m € R", (2.8)
m

Otn—(h+m)),h

with H = )\[Ih—l-mwip—l—"-—l—upwg], p<h,0<m<h—-p AeR,u,w;eR", i=1,...,p
and {w;} linearly independent. Then, the symmetric matriz

(et

has the eigenvalue \ with multiplicity at least equal to h — rkwy wy --- Wy 21 22 Zm)]-

Proof: Observe that H has the eigenvalue A with a multiplicity at least h — p, since
Hs = s for any s L span{w, ..., wp}. Moreover, imposing the condition (with z1, z2 not
simultaneously zero vectors)

H H® T — I
oTH| P x2 ) T\ a2 )’
is equivalent to impose the conditions

H(.Q;‘l + (I)l‘g) = A\11

®THaxy + Pry = Axo.

By (2.8), choosing x5 = 0 and x; any h-real vector such that 1 L span{ws,...,wp,21,...,2m},
then A is eigenvalue of (2.9) with multiplicity given by h minus the largest number of linearly
independent vectors in the set {w1,...,wp, 21,...,2m}. O
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Theorem 2.2 Consider any Krylov-subspace method to solve the symmetric linear sys-
tem (2.1), where A is indefinite. Suppose that Assumption 2.1 holds and the Krylov-
subspace method performs h < n iterations. Let a € R, § # 0, and let the matriz
D € R™" be such that [Ry | Dupy1 | DRy p11] is nonsingular, where Rn,h+1R£h+1 =

I, — (Ry, | unt1) (Ry | ups1)™. Then, we have the following properties:
a) the matrix M}E(a, 9, D) is symmetric. Furthermore,

— when h < n —1, for any a € R\ {&8(e]|Th| en) 12}, Miﬁl(a,& D) is nonsin-
gular. In addition, if D = I, then

_ _ a? a2\
det (M]E(aa (57 In)) - (5 2h det(|Th| 1) (1 - 5—26,]1.:|Th‘ 1€h> ;

— when h = n the matriz Mg(a,d,D) is nonsingular. In addition, if D = I,, then
det (Mf;(a,a, In)) — det(|Ty|Y):

b) setting D = I, and § =1 the matriz Miﬁl(a, 1,1,) coincides with M, *;

c) for |a| < |8|(el|T| " en) ™12 the matriz M}E(a, 3, D) is positive definite. Moreover, if
D = I, the spectrum A[Mg(a,d, I,,)] is given by

0| T | aen \
aey, 1

d) when h <n—1, D =1, and either Ty, = 0 or T}, is indefinite

A[MfﬁL(aa 9, In)] =A UA [In—(h—l—l)] )

— then Miﬁl(a,& I,)A has at least (h — 3) singular values equal to +1/8%;
— if a = 0 then the matriz M£(0,5, I,)A has at least (h — 2) singular values equal
to +1/6%;
e) when h =n, then Mg(a,& D) = M, A[M,] = A[|T,,|] and A[M;'A] = A[AM, '] C

{=1,+1}, i.e. the n eigenvalues of the preconditioned matrix M,ﬁl(a,d,D)A are either
+1 or —1.

Proof: Let N = [Ry, | Dupy1 | DRy, p41], where N is nonsingular by hypothesis. Observe
that for A < n — 1 the preconditioners M fL(a, 0, D) may be rewritten as

Pyl e\
Mg(a,& D)=N aer‘,f 1
0 | In—(ns1)

NT,  h<n-1. (2.10)




The property a) follows from the symmetry of 7},. In addition, observe that RZ ne1Bnhe1 =

Iy (h41y- Thus, from (2.10) the matrix M}ﬁl(a, 0, D) is nonsingular if and only if the matrix

< 0715 aih ) (2.11)

aey,

is invertible. Furthermore, by a direct computation we observe that for h < n — 1 the
following identity holds

(Lo ) (o \0><ﬂﬂw - ) (o] it )
aej, [ 1 AT 0 [1-Z T ten J\ O 1 :

(2.12)
Thus, since T}, is nonsingular and 6 # 0, for h < n — 1 the determinant of matrix (2.11) is
nonzero if and only if a # +4(e}|T)|~ep)~1/2. Finally, for h = n the matrix M]g(a, 5, D) is
nonsingular, since R,, and 7;, are nonsingular in (2.7).

As regards b), recalling that RZRh = Ij, and |T},| is nonsingular from Assumption 2.1,
when h < n —1 relations (2.4) and (2.10) trivially yield the result, as well as (2.5) and (2.7)
for the case h = n.

As regards c), observe that from (2.10) the matrix M}ﬁl(a,é, D) is positive definite, as
long as the matrix (2.11) is positive definite. Thus, from (2.12) and relation |T,| > 0 we
immediately infer that M,E(a, 8, D) is positive definite as long as |a| < |8](e} |Th| ten) /2.
Moreover, we recall that when D = I,, then N is orthogonal.

Item d) may be proved considering that D = I,, and computing the eigenvalues of the
matrix

g g r g 2
M (a, s, In)A} [Mh(a, 5. I)A|" = M (a,8,1,)A2 M} (a,5, I,).

On this purpose, for h < n — 1 we have for M}E(a, 9, In)AQM}E(a, d,1,) the expression (see
(2.10))

M} (a,8,1,)A>M}(a,6,1,) =

0T | aen \ ™' 0 0| T | aen \ ™' 0
N ael |1 C ael |1 NT (2.13)
0 | Lo (1) 0 | L (ns1)
where C' € IR™*", with
RTA’R, | RIA%w,, | RTA?R,
C=NTA2N = ufHAQRh ufﬂAQuhH uzﬂAQRn,hH
Rg,h+1A2Rh Rz,h+1A2Uh+1 RZ,hHA?Rn,hH
From (2.2) and the symmetry of Tj, we obtain
RyA’R, = (ARy)"(ARp) = (RaTh + phiauniaer) (RiTh + prirunsaer,)
= TR R en] (214)
RIA%up, = (ARp)TAupyy = v € RY, (2.15)



and considering relation (2.2) we obtain
ARpi1 = A(Rp | uny1) = Ruy1Thit1 + pri2tnioeh

Ty, h+1€h
= (Bn | unt1) < T s + Ph2Un2€h 4
Ph+1€j, ‘ tht1,h+1

i.e.
ARy, = RyTh + priiuniel,
Aupyr = ppe1tn + thr 1 18he1 + Pror2Ung 2, (2.16)
so that
A’Ry, = (ARW)Ty + pha1Aup el

= (RuTh + prsrunsier ) Th + pri1 (Phs1tth + thit pe1Unit + protinga)er -

As a consequence, from (2.16) we also have that Aupyo = span{up41,upt2, upts} and

RfA’Rypir = (A’Rp)" Ropir = (pryotnioeh ) Ropar =
= pr2| e R>In=tDl — p, 0B,
0 0 -
1 0 - 0
u%lFHAQuhH = ¢c>0
W ARy 1 = [Alprartn + thit pi iU + pho2unt2)]” Rt =

= [A(thirhi1tng + pryotng)]’ Roppr = (@ B 0---0) € R+

with
RE 4 ARy gy = Vi € RIP- (D)

where E; ; has all zero entries but +1 at position (7,5). Thus,

i T,f + p,2l+lehe£ U1 Ph+2En 1
vl c |la B 0---0
o
C = B
2B 0 Va
| 0 i

Moreover, from (2.12) we can readily infer that

— 1 -1
|: 52|Th‘ aep, :| ! _ ( I, ‘ _,;%|Th‘_1€h ) 5_2‘Th‘ ‘ (1) < In ‘ 0 >
aeifc 1 0 ‘ 1 0 ‘ 17§62|Th‘_16h _c%eﬂThrl ‘ 1
( 52| Thl ™ — Frw| Tl tencq [Tn| ™! | #ITh|ten ) (2.17)
BT T )
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with a
w=— . (2.18)

1= %el [Th| e,

Now, recalling that since D = I,, then N = [Ry, | upy1 | Ry pt1], for any h < n —1 we
obtain from (2.13)

M (a,d,1,) A2 M (a,6,1,) =

—1 -1 -1
(52‘Th| aep, :| |: ng —I—p,%ﬂehef (%1 :| |: (52|Th| aep, :| ‘ < 52|Th‘ aep, ) < ph+2Eh,1
C

T
aey

ol

1 /U,{ (16’}1; 1 aer}{ 1 a ,6 0 ---
T -1
( Ph+2En,1 ) ( *|Ty| | aen > ‘ "
af0---0 aei}f ‘ 1
with
* %
62Ty | aep -1 ph+2En 1 o (e
< ae;, 1 a B0 -0 = St Ongnea3y | € R (D x[=(h+1)]

*

where the ‘«’ indicates entries whose computation is not relevant to our purposes.
Now, considering the second last relation, we focus on computing the submatrix Hp«p
corresponding to the first A rows and h columns of the matrix

—1 -1
[ §%|T| | aen ] [ T; +ph+1€h€h | v1 ] [ O*|Ti| | aen ] (2.19)

aeg ‘ 1 vl ‘ c aeg ‘ 1
After a brief computation, from (2.17) and (2.19) we obtain for the submatrix Hpp
1 _ a _ _
w _ 1 _ a _ _
5—2|Th‘ lehvﬂ . [5—2|Th| L 5—4w\Th| lehez\Th| 1] +
=en|Thl ™",

1 _ a _ _ w _
(il = Gl encl 1T ) n + pelTil e -

and for the case of T}, indefinite, from (2.3) we obtain (a similar analysis holds for the case
of T}, positive definite, too)

p? B .
Hyxp = VhIthTTth thl\Th| ‘enen — 4W\Th| Yenel, Vil Vi T,

52

a _ _ w _ 1 _ a _ _
— etk Tl en T ene] + ST enef ] - [ HIT ! = Sl ench Tl

w

1 - —
TR [ﬁ\TM Loy — 54W|Th\ Yenel | T, |~ 1v1+ —c|Th|™ eh] el |, |1

O> NT

)



Recalling that (Vi I,V;I) (Vi I, V,T) = I, (so that e} (Vi I, Vi) (Vi Vi )en = 1), from the
last relation we finally have for Hj . the expression

1 _ aw
Hyxp = ﬁ{fh+[77|Th| 1eh_5_26h
_ _ _ _ a
+ wlTh o) e 1T+ wlThl e o 1T - el |} (220)
where

2 a 9 T -1 a’w?

n = Ph+1_25_2WPh+1(eh‘Th| en) + 54

a? 2 2 T —1_ 32 a o T -1 2

+ ﬁw Phi1(en | Th| "en)” — 25—2w (ep, |Th| ™ v1) + w?e; (2.21)

moreover, since M,E(a, 0, In)AQM,E(a, 9, 1,) = 0 then also Hpxy, is positive definite.
Let us now define the subspace (see the vectors which define the dyads in relation (2.20))

. _ a
T2 = span {\Th| Yen ) w [|Th\ Loy — 5—26h] } (2.22)

Observe that since D = I, then after some computation vi = ppi1 [Th + the1n+11n] €n-
Thus, from (2.22) the subspace 72 has dimension 2, unless

(i) T}, is proportional to I,
(7i) a =0 (which from (2.18) also implies w = 0).

We analyze separately the two cases. The condition (i) cannot hold since (2.2) would imply
that the vector Aw; is proportional to u;, 2 =1,...,h — 1, i.e. the Krylov-subspace method
had to stop at the very first iteration, since the Krylov-subspace generated at the first
iteration did not change. As a consequence, considering any subspace Sp_o C IR", such
that S,_2 @ T2 = IR", we can select any orthonormal basis {s1,...,s,_3} of the subspace
Sh—2 so that (see (2.20)) the h — 2 vectors {si,...,sp—2} can be thought as (the first)
h — 2 eigenvectors of the matrix Hyyp, corresponding to the eigenvalue +1/§% Thus,
from the formula after (2.18) the eigenvalues of Mg(a, 0, In)AQMfL(a, 0, I,) coincide with the

eigenvalues of (we recall that since Mg(a, 0, In)AQMfL(a, 0,1,) = 0 then Hpyp = 0)

Hpxn Hp @
* Koo o oeean *
* _ —1 . h
T ; ® = H, ) (21 22 23 Opxjn—(ns3)]) » 2 € R,
O Hyxp, )
: Va
*
(2.23)
which becomes, after setting
* ‘ Koo oo *
*
P =
: Va ’
*



of the form

Hpxn | Hoxn®
®THpyp | P '

Thus, using Lemma 2.1 with wy = |T)| ey, wy = w [|Th\*1v1 - a/(526h] and m = 3, and
observing that we have by (2.14)

-1 -1
21 _ 52|Th‘ ‘ aep, T}g +p%+1€h€£ ‘ U1 52|Th‘ ‘ aep, .
* ael ‘ 1 vl ‘ & aey ‘ 1 i
2 Thl ™! — FwlTh|enel | Thl ™" | #|Tnl en |
W T|T\ 1 ‘ _w
52 € ldLh a
( 2T Tl 1€h+ph+1§)_2( LTh|ten)en — 2 >
527)1 ‘Th‘_leh - %

so that z; € span {weh , w|Th| ey |Th|*1v1},

0
2] _ [T |aey | ;
* N ae; | 1 pO
h+2
a
[ BT e — pn2 §2 | Thl Men(en | Thl " ten) + $2IThl " ten ]
*
so that 2o € span{|T,| tey}, and
0
—1 : W _
z3 ] _ [ O%Th| | aen [ ST e
* aej, 1 8 *
B

so that z3 € span{w|Ty|"'e,}, we conclude that considering the expression of Hjyp, at least
h — 3 eigenvalues of ]\4}1(@7 0, In)AQM,E(a, 5, I,) coincide with +1/6%. As a consequence, the
matrix M. ,E(a, §,1,)A has at least h — 3 singular values equal to +1/§2, which proves the
first statement of d).
As regards the case (i7) with a = 0, observe that by the definition (2.18) of w, a = 0 implies
w = 0, and from relations (2.20)-(2.21), we have Hpxp, = 1/6* I, + pi 1| Th| enef | Th| 1.
Thus, the subspace T3 in (2.22) reduces to 71 = span{|T| ‘e, }. Now, reasoning as in the
case (i), we conclude that the matrix M, g(a, 0,I,)A has at least (h—2) singular values equal
to +1/42.

As regards item e), observe that for h = n the matrix R,, is orthogonal, so that by (2.5)
and (2.7) A[M,E(a, 6,D)] = A[M; '] = A[|T),|7!]. Furthermore, by (2.2) and (2.7) we have
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for the case of T, indefinite (a similar analysis holds for the case T}, positive definite, too)

M (a,86,D)A = M;'A = R,|T,,| *RYR, T,RY = R, V,,I,VTRT = (R, V,,))I.(R,V;,)T.

(2.24)
Since both R, and V,, are orthogonal so is the matrix R, V,; thus, relation (2.24) proves
that M} (a,d, D)A has all the n cigenvalues in the set {—1,+1}. O

Remark 2.4 Note that of course the matrix R,, 11 in the statement of Theorem 2.2 always
exists, such that [Ry, | up41 | Ry pt] is orthogonal. However, R, 11 is neither built nor
used in (2.6)-(2.7), and it is introduced only for theoretical purposes. Furthermore, it is
easy to see that since [Ry | upt+1 | Rp nh+1] is orthogonal, any nonsingular diagonal matrix
D may be used in order to satisfy the hypotheses of Theorem 2.2.

Remark 2.5 Observe that the introduction of the nonsingular matrix D in (2.6) addresses
a very general structure for the preconditioner M fl(a, 0, D). As an example, setting h = 0 we
have M }E(a, §,D) = DDT = 0, so that the preconditioner M, fl(a, 0, D) will encompass several
classes of preconditioners from the literature (e.g. diagonal banded and block diagonal pre-
conditioners [17]), even though no information is provided by the Krylov subspace method.
On the other hand, with the choice D = I,, and § = 1 the preconditioner M ,E(a, 1,1,) can
be regarded as an approximate inverse preconditioner [17], without any scaling. Finally,
though the choice 6 = 1 in (2.6) seems the most obvious, numerical reasons related to for-
mula (2.17) and to the condition number of M. }E(a, 9, D)A may suggest other values for the
parameter ‘0’. In the companion paper [9] we give motivations for the latter conclusion.

It is possible to show that trying to introduce a slightly more general structure of
M }E(a, 8, D), where the parameter ‘0’ is replaced by a scaling (diagonal) matrix A € IR
(used to balance the matrix |T}]), the item d) of Theorem 2.2 may not be fulfilled. The
next result summarizes the properties of our class of preconditioners, for a very simple and
opportunistic choice of the parameters ‘a’, ‘6’ and matrix ‘D’.

Corollary 2.3 Consider any Krylov method to solve the symmetric linear system (2.1).
Suppose that Assumption 2.1 holds and the Krylov method performs h < n iterations. Then,
settinga =10, 0 =1 and D = I, in Theorem 2.2 the preconditioner

M{(0,1,1,) = |Ln— (Ry | uns1) (R | Uh+1)T}
—1
Ty | 0
+ (Rp | unt1) < | Oh‘ 1 > (Rp | uh+1)T (2.25)
MA(0,1,1,) = Rn|T,| 'R}, (2.26)

s such that
a) the matrix M}E(O, 1,1,) is symmetric and nonsingular for any h < n;

b) the matriz M}E(O, 1,1,) coincides with Mh_l, for any h < n;
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c¢) the matriz M,E(O, 1,1,) is positive definite. Moreover, its spectrum A[]W,ﬁl(o7 1,1,)] is
given by
AIME(O, 1, 1)) = A [IT] 1] U A (L]

d) when h < n — 1, then the matriz M,E(O, 1,1,)A has at least (h — 2) singular values
equal to +1;

e) when h = n, then A[M,| = A[|T,|] and A[ME(O, 1,1,)A] = A[M 1Al = AJAM, Y] C
{=1,+1}, i.e. the n eigenvalues of Mg(O,l,In)A are either +1 or —1.

Proof: The result is directly obtained from (2.4)-(2.5) and Theorem 2.2, witha =0, § =1
and D = I,,. O

Remark 2.6 Observe that the case h ~ n in Theorem 2.2 and Corollary 2.3 is of scarce
interest for large scale problems. Indeed, in the literature of preconditioners the values of
‘h’ typically do not exceed 1020 [13, 14]. Moreover, for small values of h the computation

of the inverse matrix .
82| Th | aen \~
< ae}f 1 , (2.27)

in order to provide M}E(a, 5, I,) or M}E(a, 9, D), may be cheaply performed when T}, is either
indefinite or positive definite. Indeed, Remark 2.3 and relation (2.17) will provide the
result. Thus, the overall cost (number of flops) for computing (2.27) is mostly due to
the computational burden of |T},|~!. However, with a better insight and considering that
our preconditioners are suited for large scale problems, observe that the application of our
proposal only requires to compute the inverse matrix (2.27) times a real (h+ 1)-dimensional
vector. Indeed, Krylov subspace methods never use directly matrices during their recursion.
Thus, the computational core of computing the matrix (2.27) times a vector is the product
|T},|~'u, where u € IR, In this regard, we have the following characterization:

e if T, is indefinite then |T,|"'u = (V4| Bp|V;I)~tu = V| By |71 V,u, and recalling that
By, is at most 2 x 2 block diagonal, the cost C(|T},|~'u) of calculating the product

|Th|~*u (not including the cost to compute the Jordan Canonical form of T},), is given
by C(|Th| " u) = O(h?);

e if T}, is positive definite then |T},|~'u = (L, Dp L)) tu = L,:TD,ZlL,:Tu. Consider-
ing the results in Section 4 of [8], we have that again the cost C(|T},|"'u) of computing
the product |T},| 1w, is given by C(|Ty|tu) = O(h?).

Remark 2.7 The choice of the parameters ‘0’ and ‘a’, and the matrix ‘D’ is problem
dependent. In particular, ‘0’ and ‘a’ may be set in order to impose conditions like the
following (which tend to force the clustering of the eigenvalues of matrix H ;4 1)x(n41) OF
Hpwp -see (2.19)- near +1 or near —1):

det [Hip1yx(nyn)] = 1, tr [Hppyxnin] = b+ 1,
det [Hhxh] = 1, tr [Hhxh] = h.

12



Nonetheless, also the choice a = 0 seems appealing, as described in the companion paper
[9]. Finally, observe that depending on the quantities in the expressions (2.20)-(2.21), there
may be real values of the parameters ‘6’ and ‘a’ such that 8 = 0. Choosing the latter values
for ‘0’ and ‘a’ may reinforce the conclusions of item d) in Theorem 2.2.

3 Conclusions

We have given theoretical results for a class of preconditioners, which are parameter de-
pendent. The preconditioners can be built by using any Krylov subspace method for the
symmetric linear system (2.1), provided that the general conditions (2.2)-(2.3) in Assump-
tion 2.1 are satisfied. We will give evidence in the companion paper [9] that in several real
problems, a few iterations of the Krylov subspace method adopted may suffice to compute
effective preconditioners. In particular, in many problems using a relatively small value of
the index h, in Assumption 2.1, we can capture a significant information on the system
matrix A. In order to clarify more carefully the latter statement, consider the eigenvec-
tors {v1,...,v,} of matrix A in (2.1), and suppose the eigenvectors {vy,,..., vy, }, with
{vey,...,ve,, } C{vi,...,vn}, correspond to large eigenvalues of A (as often happens). In
case the Krylov subspace method adopted to solve (2.1) generates directions which span the
subspace {vy,, ..., vy, }, then M }E(a, 9, D) will be likely effective as a class of preconditioners.

On this guideline our proposal seems tailored also for those cases where a sequence of
linear systems of the form

Akl‘:bk, k‘zl,Q,...

requires a solution (e.g., see [13, 4] for details), where Ay, slightly changes with the index k.
In the latter case, the preconditioner M,E(a, 9, D) in (2.6)-(2.7) can be computed applying
the Krylov subspace method to the first linear system A;xz = b;. Then, ]\4}1(@7 0, D) can be
used to efficiently solve Apx = by, with £k =2,3,....

Finally, the class of preconditioners in this paper seems a promising tool also for the
solution of linear systems in financial frameworks. In particular, we want to focus on
symmetric linear systems arising when we impose KKT conditions in portfolio selection
problems, with a large number of titles in the portfolio, along with linear equality constraints
(see also [2]).
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