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Abstract In this paper we study new preconditioners to be used within the nonlinear
conjugate gradient (NCG) method, for large scale unconstrained optimization. The
rationale behind our proposal draws inspiration from quasi-Newton updates, and its
aim is to possibly approximate in some sense the inverse of the Hessian matrix. In
particular, at the current iteration of the NCG we consider some preconditioners based
on new low-rank quasi-Newton symmetric updating formulae, obtained as by-product
of the NCG method at the previous steps. The results of an extensive numerical expe-
rience are also reported, showing the effectiveness, the efficiency and the robustness
of this approach, which suggests promising guidelines for further studies.
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1 Introduction

We deal with the large scale unconstrained optimization problem
min f(x), 1.1
min_f(x) (1.1

where f : R” — IR is a twice continuously differentiable function and » is large.
We assume that for a given x; € IR” the level set

Q={xeR" | f(x) < f(x}

is compact, but no convexity assumption is considered for the function f(x). A con-
siderably large number of real world applications can be modeled (or reformulated
as) an optimization problem of the form (1.1), strongly motivating the interest for the
solution of such problems in several contexts.

Among the iterative methods for large scale unconstrained optimization, when the
Hessian matrix is possibly dense, the NCG method and Limited Memory quasi-Newton
method (e.g. L-BFGS) are often the methods of choice. In their iterations they do not
include explicitly second order information; nevertheless, they both exploit the local
structure and curvatures of f(x) through the gradient at different iterates.

In this paper we focus on the NCG method and, in particular, on effective tech-
niques to improve it. We highlight that the main aim of the paper is not to define a
challenging algorithm for large scale unconstrained optimization, but rather introduc-
ing a preconditioning strategy and showing its effectiveness.

As well known (see any textbook, e.g. [23]) the NCG method is a natural extension,
to general nonconvex functions, of the linear conjugate gradient (CG) method for
quadratic functions. In particular, the NCG method generates the sequence of iterates
Xk+1 = Xk + o pk, where py is the search direction

pr = —V f(xx) + Bk -1,

with B a suitable scalar. The positive steplength o is obtained by an appropriate line-
search. Different values of B give rise to different algorithms (see [15] for a survey),
endowed with different convergence properties. Among them, the most common and
historically settled schemes are

— Fletcher and Reeves (FR) [9],

— Polak and Ribicre (PR) [24],

— Hestenes and Stiefel (HS) [17].
However, more recently several other efficient proposals have been introduced in the
literature, among them we can find for instance

— Hager and Zhang (HZ) [14],

— Dai and Yuan (DY) [3].

The NCG methods have been widely studied and are often very efficient when solving
large scale problems. A keynote issue for increasing their efficiency is the use of a
preconditioning strategy, especially when solving difficult ill-conditioned problems.
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Defining good preconditioners for NCG methods is currently still considered a
challenging research topic. On this guideline, this work is devoted to investigate the
use of quasi-Newton updates as preconditioners for NCG. In particular, we propose
iteratively constructed preconditioners, exploiting information on the inverse of the
Hessian matrix at the current iterate. Our proposal is based on quasi-Newton updates
of the inverse of the Hessian matrix, and collects also some information from a fixed
number of previous iterations. This represents an attempt to improve the efficiency
of the NCG method, by conveying information from previous iterates, similarly to a
limited memory quasi-Newton approach, so that a preconditioned nonlinear conjugate
gradient (PNCG) method can be applied. More in detail, we study new symmetric
low-rank updates for defining such preconditioners, where the information used is a
by-product of NCG iterates. In this regard it is worth to recall that there exists a close
connection between BFGS and NCG [21], and on the other hand, NCG algorithms
can be viewed as memoryless quasi-Newton methods (see e.g., [23,25,26]).

Observe that the idea of using a quasi-Newton update, as a preconditioner within
NCG algorithms, is not new. In [2], when storage is available, a preconditioner defined
by m quasi-Newton updates is used within an NCG algorithm. In [1] a scaled memo-
ryless BFGS matrix is used as preconditioner in the framework of NCG. Moreover, an
automatic preconditioning strategy based on a limited memory quasi-Newton update
for the linear CG is proposed in [19], within Hessian—free Newton methods, and is
extended to the solution of a sequence of linear systems.

The paper is organized as follows: in Sect. 2 some preliminaries on PNCG and
quasi-Newton updates are reported. In Sect. 3 we include guidelines for designing our
novel preconditioners. Then, Sect. 4 contains our proposal, while Sect. 5 includes an
extensive numerical experience, highlighting the benefits from adopting our precon-
ditioners. A section of conclusions also completes the paper. As regards the notation,
with A > 0 [A > 0] we indicate that the matrix A is positive definite [semidefinite].

2 Preliminaries
In this section first we report the scheme of a general PNCG algorithm (see e.g. [25]),

where M > 0 denotes the preconditioner at the k-th iteration.
Preconditioned nonlinear conjugate gradient (PNCG) algorithm

Step 1: Set x; € R" and M. Set py = —M;V f(x1) and k = 1.
Step 2: Compute the steplength o by using a linesearch procedure, which ensures
the strong Wolfe conditions, and set
Xk1 = Xk + Otk Pk
Step 3: If a stopping criterion is satisfied then stop,else compute Bi; and

Pk+1 = =M1V [ (X41) + Br+1 Pk (2.2)

set k = k + 1 and go to Step 2.
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By setting My = I, for any k, the popular (unpreconditioned) NCG method is
trivially obtained. The parameter S can be chosen in a variety of ways. For PNCG
algorithm, among the most recurrent choices from the literature there are the following
ones:

R V) MV f (q1)

Bi+1 = Y F T MY fo) (2.3)
o [VFGr) = V0] MV f (s
Biy1 = T , 2.4)
V) MV f(xk)
T
g, [Vf k1) = Vf@0)]” MV f () 05

[V D) = Vo]

which require My > 0. We recall that to guarantee global convergence, an accurate
linesearch technique is required to determine the steplength oy in a PNCG algorithm.
The latter fact justifies the use of a linesearch procedure, ensuring the strong Wolfe
conditions (see e.g. [23]). This also guarantees that the condition

skTyk > (0, foranyk (2.6)

holds, being sy = xx4+1 — xx and yx = V f(xx4+1) — V f(xr). As we will see shortly,
(2.6) is a fundamental relation to our purposes.

As already said, preconditioning is applied for increasing the efficiency of the
NCG method. In this regard, we remark a noticeable difference between CG and
NCG. Whenever the CG is applied, the Hessian matrix does not change during the
iterations of the algorithm. On the contrary, when NCG is applied to a general nonlinear
function, the Hessian matrix (possibly indefinite) changes with the iterations. The latter
fact implies that the mutual conjugacy of the search directions, generated by the NCG,
may be hardly fulfilled. In this work our aim is to exploit possible conjugacy among
vectors within a quasi-Newton approach, to generate in some sense an approximate
inverse of the Hessian matrix. Namely, we want to use the latter approximation as
preconditioner within a PNCG framework.

In this regard, as well known (see e.g. [23]), when using quasi-Newton methods in
place of (2.2) we generate a search direction of the form

P = —HiV f(xi),

where Hy is an approximation of the inverse of the Hessian matrix V2 f (x). Then, as in
Step 2 of PNCG, the new iterate x;| can be obtained according to xx4+1 = X + &t Pk,
where oy is a steplength. In particular, instead of computing Hj from scratch at each
iteration k, these methods update Hj in a simple manner, in order to obtain the new
approximation Hj to be used in the next iteration. Moreover, instead of storing full
dense n x n approximations, they only save a few vectors of length n, which allow to
represent the approximations { Hy} implicitly.

Among the quasi-Newton schemes, the L-BFGS method is usually considered one
of the most efficient [18,22]. It is well suited for large scale problems because the
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amount of storage it requires is limited and controlled by the user. This method is
based on the construction of the approximation of the inverse of the Hessian matrix, by
exploiting curvature information gained only from the most recent iterations. Specif-
ically, the inverse of the Hessian matrix is updated by L-BFGS at the k-th iteration
as

Hipr = Vi HiVic + piesesy, 2.7
where
_ _ T
Pk =—5—s V=1 — pryrsi .
Yk Sk
and
Sk = Xp+1 — Xk = Pk, Yk = V[ (k1) — V f(xp). (2.8)

Observe that rearranging the expression of Hy we can also iteratively obtain relation

He =V - VEDH) View - Vi1
+ ok (Vi Vi DSk Veemt1 -+ V1)
+ okem1 (Vi Vi )Skema1 St Ve=m2 -+ V1)
+ ,Ok71Sk71SkT_1,

where m is the memory of the method and H, ,? is an initial approximation of the inverse
of the Hessian matrix (see [18,22,23]).

The well known reasons for the success of the L-BFGS method can be summarized
in the following two points: firstly, even when m is small, Hyy; proves to be an
effective approximation of the inverse of the Hessian matrix. Secondly Hjy is the
unique (positive definite) matrix which solves the subproblem

min ||H — Hi|lF
H

st. H=HT
Hyjy = sk,
where || - ||r is the Frobenius norm. Namely, Hj4 is the positive definite matrix

“closest” to the current approximation Hy, satisfying the secant equation
Hy = sy. (2.9)

Relation (2.9) also reveals that when f (x) is quadratic, then [V2 f ()]t Yk = Hyyx,
meaning that Hj approximates the action of (V2 f ()ck)]_l along the direction yg.
However, as well known L-BFGS method presents some drawbacks, including the
slow convergence on ill-conditioned problems, namely when the eigenvalues of the
Hessian matrix are very spread.

As already noted in the Introduction, the idea of using a quasi-Newton update as
a preconditioner within both PNCG algorithms and Hessian-free Newton methods is
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not new (see also [1,2,19]). Now, to introduce our proposal, let us consider the BFGS
updating formula: we want to better exploit the relation with the CG in case f(x) is
quadratic, i.e.

fx) = —xTAx+bT , AeR™", (2.10)

The BFGS update (2.7) can be rewritten as

)’k—lskT,l ' )’k—lskT,l Sk—lskT,l
H,=\1, — —- Hy_\ I, — T + , (2.11)
Vie—15k—1 Vie—15k—1 Vi—15k—1
so that explicitly using the expression of f (x) (see also [13]), which implies y; = Asg,
we can set

AskskT
Vie=1I — — (2.12)
i Asy
and write recursively
T
Sk—18)_
Hy = VkT_1Hk—le—1 + T—l
Vi—15k—1
T yT T Sk=28{_s Sk=151_
= Vk,](Vk,QHk—ZVk—Z)Vk—l + kal T V-1 + T . (2.13)
Vi—2Sk—2 Vie—15k—1
Now, since f(x) is quadratic, assuming the conjugacy of the vectors {pi, ..., pr} in
(2.8), we have that
AskskT ’ skskTAsk 1
Vil sz = I — Sk—1 = Sk—] — ———— = Sk—1,
k " skTAsk skTAsk
which implies also that (2.13) becomes
Sk 1S
Hy = V] | Hi_ Vi 1+¢
yk 15k—1
T T
Sk=28k—p | Sk=15;_
=V (VI He o Vi) Vi + = T
Vi— zsk—Z yk 15k—1
T
= VI VT, VIHVY - Via Vi 1+Z A : (2.14)

i= 1

Formula (2.14) can be used to potentially generate preconditioners for the PNCG,
by looking at the rightmost contribution

T

k—
2.1
; Tav (2.15)
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whose range is exactly span{sy, ..., sk—1}. Indeed, we can draw our inspiration from
(2.14) and [7], where a new preconditioner for Newton—Krylov methods is described.
In particular, in [7] the set of directions generated by a Krylov subspace method is
used to provide an approximate inverse preconditioner, for the solution of Newton’s
systems. On this guideline, observe that for f(x) asin (2.10), with A positive definite,
the CG method may generate n conjugate directions {p;} (see e.g. [11]) such that

n

T

_ Pip;
Al = S, (2.16)
;P]“l’f

This implies that the rightmost contribution in (2.14) might be viewed and used as an
approximate inverse of the Hessian matrix A. In the next sections we aim at extending
the latter idea, to the case where f(x) is nonlinear, following similar guidelines.

3 Guidelines for a new Symmetric Rank-2 update

In this section we consider a new quasi-Newton updating formula, by considering the
properties of a parameter dependent Symmetric Rank-2 (SR2) update of the inverse
of the Hessian matrix. Suppose that after k iterations of NCG the sequence of iterates

{x1, ..., xg+1} is generated. Let us consider the quasi-Newton update H, satisfying
the secant equation at the iterates xy, ..., xg, i.e.

Observe that the latter appealing property of the matrix H is satisfied by all the updates
of the Broyden class, provided that the linesearch adopted is exact (see e.g. [23]). We
would like to recover the motivation underlying the latter class of updates, and by
using a novel rank-2 update we would like to define a preconditioner for PNCG.

On this guideline, let the matrix H in (3.17) depend on the three parameters {z;},
{y;} and {w;}, and let us consider the update

H(Tiq1, Vi @k 1) = H(te, i, on) + A, A € R™", symmetric.  (3.18)

We want (3.18) to represent, to some extent, our quasi-Newton updates of [V2 fx)]~ 1
such that:

0) H(Tk+1, Yi+1, Wk+1) 1s well-defined and nonsingular;

(1) H(Tk+1, Yk+1, Wk+1) can be iteratively updated;

(2) H(Tk+1, Yk+1, wk+1) collects the information from the iterations k —m, k —m +
1,..., k of a NCG method, where m < k is a given positive integer (memory of
the preconditioner);

(3) H(Tk+1, Yie+1, wk+1) satisfies the secant equation at least at iteration k;

(4) H(Tk+1, Yi+1, Wk+1) “tends to resemble” the inverse of V2f(xk+1 ),in case f(x)
is a general convex quadratic function and, by suitably setting the three parameters,
itcan be used as a preconditioner for PNCG, i.e. My4+1 = H (Tk+1, Yk+1, @k+1) > 0.
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Observe that the Symmetric Rank-1 (SR1) quasi-Newton update (see Section 6.2 in
[23]) satisfies properties (1)—(4) but not the property (0), i.e. it might be possibly
not well-defined for a general nonlinear function. The latter result follows from the
fact that SR1 update provides only a rank-1 quasi-Newton update, unlike BFGS and
DFP. On the other hand, while BFGS and DFP quasi-Newton formulae provide only
positive definite updates, the SR1 formula is able to recover the inertia of the Hessian
matrix, by generating possibly indefinite updates. Thus, now we want to study an SR2
quasi-Newton update, such that at iteration k

— it satisfies (0)—(4);
— at least one of the two newest dyads used for the update is provided using infor-
mation from iterations k — m, . .., k of the NCG method.

4 A preconditioner using a BFGS-like quasi-Newton update

In this section we address the final remark of Sect. 3. Indeed, we introduce a new class
of preconditioners which are iteratively constructed by using information from NCG
iterations, and satisfy the properties (0)—(4). On this purpose, in order to comply with
properties (3) and (4), the preconditioners in our proposal satisfy two prerequisites.
First they are conceived around the rightmost term (2.15) in (2.14), in order to possibly
approximate the inverse Hessian matrix; then, they satisfy the secant equation at the
current iterate, and not necessarily at all the previous iterates. This is a weak theoretical
requirement, with respect to other quasi-Newton updates, however numerical results
in Sect. 5 yet confirm its efficiency and robustness.

Now, in order to introduce a class of preconditioners for the NCG, suppose we
have performed k iterations of the (unpreconditioned) NCG, so that the directions
P1, - .., Pk are generated. Let us consider the matrix M| defined by

k

T
pbjp;
Mis1 = 7eCr + vivrv] + ax — (4.19)
jg—:m PiV2fxj)p;
where 0 <m <k — 1, yx, wx > 0, 7 > 0, Cx € R is symmetric positive definite
and vr € R". In order to use M. as a preconditioner in the PNCG, and to update its
expression iteratively, we can set 17 Cx = H (1, Yy, wr) (With H (7o, y0, wp) given)
and rewrite (4.19) in the form

k T
pip;
H(tpy1. Yoy 1, 0x1) = H (T Vi 01) + vy + ok Z Tz—j
o PV P
(4.20)
H (Tit1, Yk+1, 0k+1) in (4.20) may be treated as a symmetric quasi-Newton update
of the form (3.18). However, for simplicity, in the sequel we prefer to use the more
general form given by (4.19). Indeed, as will shortly be evident, relation (4.19) is easier
to handle, in order to impose the satisfaction of the secant equation at the current iterate
Xk
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Observe that in the expression of My (see (4.19)), yrvk va represents a rank-1
matrix while in view of (2.14)—(2.16), the term

k T
pjp;
Y oo (“.21)
o PV D

is aimed at building, in some sense, an approximate inverse of the Hessian matrix on
a specific subspace. The next proposition better justifies the last statement.

Proposition 1 Let f(x) = 1/2xT Ax +bTx, with A > 0. Let p1, ..., p, € R"\{0},
with pl.TApj =0,1<i#j<n. Then,forany) <m <minf{n — 1,k — 1},

: pip}
> il Av=v. forall vespan{pim.....pi).
i PV P

p
PjpPj .|

k
Moreover, when m =n — 1 then » "._ — o =
’ ZJ_k—m pJTVZf(Xj)pj

Proof Letv = Zf:k_m Wipi, i € R; then, since sz(x) = A, forany x € R", we
have

k T k T
PjpP; PjpP;

LI PR i ST
i L PIVAf(p; S P AP

k k
p/p
SDIDITCIED W
j=k—mi=k—m i=k—m

In case m = n — 1, since the vectors {p;} are also linearly independent, we directly
obtain the inverse matrix A1, O

Thus, in case f (x) is quadratic, then (4.21) behaves as an inverse of the Hessian matrix
on the subspace spanned by the linearly independent vectors px_, ..., Pk-

The integer m can be viewed as a “limited memory” parameter, similarly to the L-
BFGS method. Moreover, we can set the matrix Cg, the vector v; and the parameters
Tk, Yk, @ such that the class of preconditioners { M} satisfies, for any k, the secant
equation at the current iterate

My 1yk = Sk, (4.22)

along with a modified secant equation at some previous iterates, as described in the
next proposition.

Proposition 2 Let f : R" — IR be twice continuously differentiable. Suppose that
k iterations of NCG are performed, using a strong Wolfe linesearch procedure. Let
My € R™" be defined as in (4.19), withO <m <k — 1, 1 > 0, ¥, wx > 0.

(1) Let Cy € R™" be symmetric positive definite, then there exist values of
Tk, Yk, @ such that Myy1 > 0 and (4.22) holds.
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844 C. Andrea et al.

(ii) Let Cx € R™™ be symmetric positive definite and f(x) = 1/2xT Ax + b x.
Then, Myy1 > 0, (4.22) holds and My reduces to

k T
SjS-

My = uCr + nnvf +oc Yy — (4.23)
Jj=k—m y/ S

with vy = ok (sx — T Cryx — wSk), ox € {—1, +1}.

(iii) Let f(x) = 1/2xT Ax + b x, with A > 0, and suppose k > 2 iterations of
the NCG algorithm are performed, using an exact linesearch. Then, there exist
values of Tk, Yk, wik, and a positive semidefinite matrix Cy, such that My > 0,
(4.22) holds and the following modified secant conditions

Mipryi =wsi, i=k—m,....k—1, (4.24)

are satisfied.

Proof From (4.19) imposing relation (4.22) we have

d Pk
T J
T Cryk + vie (g i) vk + wi E ————Dj = 5k
i PJTVZf(X,/)Pj

hence, assuming yk(va vk) # 0 (which may be straightforwardly guaranteed by a
suitable choice of 7, yx and wy),

L P
J
Vg = O | Sk — tkayk — Wk —pj , (4.25)
j_;m PIV2f(x))p;

for some o € IR. Replacing (4.25) in (4.22) we obtain the equation

k ( T 2
Py
2 T T J
YOG | Sk Yk — i Cyk — ok Z s i
i PV P
k T
P Yk
X | sk — T Cryx — ok Z T pj

Lo Pi VAP,

k T
Pj Yk
= st — Cryr — wi ——5——Dj-
j—kz—m PVAfGpp;

Thus, the following relation among the parameters i, ok, Tk and wy has to be satisfied

1
2
nog = . 426)
. e 5 (P} i)
Sk Ve — Ty bk Yk — @k . Tor o
‘ ‘ j=km pIV2 £ (x)pj
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where, without loss of generality, we can set oy € {—1, +1}. Then, we remark that the
condition (4.26) guarantees the matrix My in (4.22) to satisfy the secant equation
only at the k-th iteration (even for quadratic functions), and possibly not at the previous
iterates. To complete the proof of item (i), observe that the Wolfe conditions used in
the linesearch procedure for computing the steplength oy ensure that (2.6) holds, i.e.
skT vk > 0. Thus, for 7y > 0 and w; > 0 sufficiently small in (4.26) we obtain that
¥k > 0, and the matrix My is positive definite. To prove item (ii), by the Mean Value
Theorem we have

|
/0 SjTVZf[xj +C(xjp1 —xj)lsj dt = sJ.Tyj,

and using relation s; = o p; (see (2.8)), in case f(x) is the quadratic function in
(2.10), then we have

1 r,.
P;yj
p,TAp,:pfvzf(x,-)p,-:/o PV I+ (i —x)]pj b = ===, (4.27)

J

which can be replaced in (4.19) to obtain (4.23). Since the Wolfe conditions are used
in the linesearch procedure, then (2.6) holds, still implying that

k SjST
J
E > 0.
Tg. —
j=k—m y] J

In addition, since y; = Asi, now the expression of vg in (4.25) reduces to vy =
ok (sk — wCryk — WkSk)-
Finally, as regards (iii), let us define

Ce=VIVE, VL Ve Vic1 Vi (4.28)

Even if C; now is not positive definite, similarly to the proof of (i), we can obtain (4.25)
and (4.26). Now, since y; = Asg, we have My 1 yx = sk, vk = ok (sx — T Ck Yk — @i Sk)
and |

(1 — w)sf vk — wyf Crye

Vop = (4.29)

We prove that the matrix M1 (which is now the sum of positive semidefinite matrices)
is positive definite. Indeed, let s, . . ., s, be n conjugate (hence linearly independent)
directions with respect to matrix A > 0. Then, recalling that the exact linesearch along
with the conjugacy among {s;} yield V f (x;+1) = V f(x;) + As; and

(As)T(As;) =0, forall |i—j|>1, (4.30)
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846 C. Andrea et al.

by (2.12) and for any 1 # 0, wr # 0 it results

k T
s.

7w Cr + o 2 ’. Asi 0, i=1,...,n.
j=k— my] J

Indeed, the latter result trivially holds forany i # k—m —1; moreover, fori = k—m—1
it also holds, using the relation VkT m(ASk—m—1) = Asg_m—1 7# 0. This implies that

the matrix 74 Cy + wi Z 5jS; /y s (and consequently My, 1) is nonsmgular

j=k—m
Moreover, since f(x) is quadratic, by (4 23) we obtain fori € {k —m, ..., k}
ST
Mis1yi = | wCr + vevev] + ok Z Yi
j=k—m y] 7
= [rka + Vivk v ] As; + wis;.
Now, since vy = ok (sx — T« Cr Yk — @i Sk), then we obtain fori € {k —m, ...,k — 1}
that vaAsi = 0. Furthermore, by a direct computation we also have fori € {k —

L k—1}
CrAsi =VIVE VI Vi Vil ViAs; = 0;
thus, we finally obtain
Miy1yi = Tk CrAs; + wisi = wgsi, i€lk—m,....k—1}.

O

In the next proposition we give some properties about the clustering of the eigenvalues
of the preconditioner My 1.

Proposition 3 Ler f(x) = 1/2xT Ax+bT x, with A > 0, and suppose k > 2 iterations
of the NCG algorithm are performed, using an exact linesearch. Consider the matrix
Cy in (4.28) and My in (4.23). Then, My has at least n — (m + 2) eigenvalues
equal to ty.

Proof We first recall that, after some computations, we obtain the relation
VkT_m(Ask,m,l) = Asx—m—1, and by the hypotheses (see also (4.25)), it results
vk = ok (sk — T Cryr — wisk). Then, recalling (4.30), we have

Mypi1As; = 1 Asi, for i <k—m—1 and k42 <i <n,

sothat [k —m — 1]+ [n — (k+2) 4+ 1] = n — (m + 2) eigenvalues of My are equal
to 7. O
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Observe that the different choices for the parameters 7; and wy in (4.26) provide a
different scaling of the matrices Cy and

ool
S Py VAP

in the preconditioners.

As regards the specific choice of wy, 7 and Cy in (4.23), observe that by (4.24),
the choice w; = 1 and Cy given by (4.28) seems appealing when f(x) is quadratic.
However, with oy = 1 in (4.29) yx might not be well defined or possibly negative.
Also observe that

rk(Cy) = rk [V,(TV,(T_1 oV Vi - Vk_le] <n—1,

so that Cy is consequently singular, and when f(x) is non-quadratic the precondi-
tioner M1 might be singular. To avoid the latter drawback, and possibly reduce the
computational burden, while preserving a certain level of efficiency, an obvious choice
could be wy # 1 and

Cr =¢rl,, e elR.

The parameter ¢, may be computed as the least squares solution of the equation
(el,)yr — sy = 0, i.e. g solves

min || (e ) yie = sill” -

Hence,

T
Sk Yk

2

&k

so that since skT vk > 0 by the Wolfe conditions, the matrix

T
S
=22, 4.31)
vl

is positive definite. It is not difficult to verify that the choice (4.31), for Cy, also satisfies
the weak secant equation ykT Ciyr = ykT sk (see [4]), at current iterate x.

For the sake of clarity we report here the overall resulting expression of our class
of preconditioners (4.19), including the choice (4.31) and o}, = 1:

st Vi L SjS'T
My = 5= 5+ yooof +or D 5, (4.32)
llyell iokem Vi Si
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where
T k T
S, Vi S5 Yk
Vi = Sk — Tk ”k ||2yk — wg Z jT—.sj, (4.33)
Yk Jj=k—m yf J
1
Vi = . (4.34)
(s] y)?

k
A —zs{ v —wr )

—k— T
J m YiSj

The reader may conjecture that since M1 merely satisfies, in the convex quadratic
case, the interpolation (say secant) conditions (4.22) and (4.24), then its theoretical
properties with respect to BFGS are definitely poor. This seems indeed a partially
correct conclusion. However, since in practice L-BFGS often performs better than
BFGS, we warn the reader that on nonconvex problems the good performance of our
proposal in Sect. 5 might not be so surprising. In fact, likewise L-BFGS we retain
information from a limited number of previous iterates, mainly relying on the role of
the rightmost term in (4.32), as detailed in Proposition 1.

We conclude this section by highlighting that, interestingly enough, similarly to
(4.20) we can also construct a class of preconditioners based on DFP-like quasi-
Newton updates. Indeed, we can iteratively build the matrices

B(Tkt1, Vi1, Ok+1),

approximating V2 f(x) instead of its inverse. Then, by the Sherman—Morrison—
Woodbury formula applied to B(Ti+1, Yi+1, @k+1) We can compute a class of
preconditioners alternative to H (Ty+1, Vk+1, @k+1) in (4.20). However, following the
current literature which privileges the use of BFGS in place of DFP [23], here we
have proposed the class described in (4.32)—(4.34), which performed successfully in
practice.

5 Numerical experience

In order to investigate the reliability of the class of preconditioners we have introduced,
we performed a wide numerical testing using the preconditioners defined in (4.32). To
this purpose, we embedded the preconditioners (4.32) within the standard CG+ code
(see [10]), from the literature, available at J. Nocedal’s web page. For a fair comparison
we used the same stopping criterion

IV f ) loo < 1071+ | £ (10D,

(namely original) and the same linesearch used by default in CG+ code. It is the
Moré-Thuente linesearch [20] with a slight modification (we refer the reader to [10]
for a complete description of the algorithm). Then, we also tested the robustness of
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our proposal using the following different stopping criterion
IV f )ll2 < 107> max{1, |2},

(namely novel), which is also quite common in the literature.

In particular, we tested both the standard Fletcher and Reeves (FR) and Polak and
Ribiere (PR) versions of the PNCG method in Sect. 2. As regards the test problems,
we selected all the large scale unconstrained test problems in the CUTESt collection
[12]. The dimension of the test problems is between n = 1000 and n = 10,000 (we
considered 112 resulting problems). The parameters of the preconditioners (4.32) have
been chosen as follows:

1 T
Esk Vi

m=4, w;= Tk =Wk, Yk = ——,

k Ty’ K
v Ciyr + 2 —kem s”,Ty,. e
Jj 7

where Cy, is given by (4.31), for all k (this choice ensures that, by Wolfe conditions, the
denominator of y in (4.34) is positive). As preliminary investigation, we considered
the results in terms of the number of iterations and the number of function evaluations,
comparing three alternatives:

— Mj41 in (4.32), namely OUR PREC;

— My = I (unpreconditioned case), namely UNPREC;

— My coincident with the L-BFGS update Hy1 in (2.7), using amemory of m = 4,
namely PREC-LBFGS.

The overall comparison is reported by using performance profiles [5]. For a fair com-
parison, we have excluded from each profile all the test problems where the three
alternatives do not converge to the same stationary point. Moreover, for k < 4 (i.e. in
the first three PNCG iterations) we have coherently set m = min{4, k}.

We strongly highlight that our proposal (4.32) is built using a dual standpoint with
respect to PREC-LBFGS. Indeed, our proposal starts by first considering the third
matrix in the right hand side of (4.32), in the light of approximating (in the quadratic
case) the inverse of the Hessian matrix, as in (2.16). Then, the other two matrices, on
the right hand side of (4.32), make our proposal M1 nonsingular and consistent with
a current interpolation condition at iterate k. On the contrary, PREC-LBFGS update
starts from imposing multiple interpolation conditions at previous iterates (i.e. the
secant equations). Then, as by-product it also proves to yield in the quadratic case,
after n iterations, the inverse Hessian.

The choice m = 4 was in our experience the best compromise over the chosen test
set. This should not be surprising if compared with the results in [7,8,19], where the
best choice for the memory parameter is either m = 7 or m = 8. In fact, in the latter
papers the preconditioner is built using the CG (or L-BFGS for quadratics) in place
of the NCG, which allows to fully exploit the mutual conjugacy among the search
directions. On the contrary, in the present paper the NCG is unable to guarantee the
latter property, so that the information at iterations k —m — 1, k —m — 2, ... for large
m risks to be unreliable.
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Fig. 1 Profiles using the original stopping criterion, adopting FR and with respect to #iterations (left)
and # function evaluations (right)
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Fig. 2 Profiles using the original stopping criterion, adopting PR and with respect to #iterations (left)
and # function evaluations (right)

Asregards the FR version of the PNCG algorithm, in Fig. 1 we report the comparison
among the three algorithms. These profiles show that using the FR algorithm and
the original stopping criterion in CG+ code, our proposal definitely outperforms the
competitors, both in terms of number of iterations and number of function evaluations.
Now, we turn to the PR version of the PNCG algorithm, and in Fig. 2 we report a similar
comparison, obtaining again that our proposal is definitely preferable.

On the other hand, the Figs. 3 and 4 report analogous profiles, where we used the
novel stopping criterion in place of the original one in CG+. Again our preconditioner
seems to be the winning strategy.

Finally, we guess that in place of (4.31), a more sophisticated choice of the matrix
C might be conceived, which possibly summarizes more information on the function
at the previous iterates.

As already claimed, the main focus of the paper is not to define a challenging
algorithm for large scale unconstrained optimization, but it aims at introducing a
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Fig. 3 Profiles using the novel stopping criterion, adopting FR and with respect to #iterations (left) and

# function evaluations (right)
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Fig. 4 Profiles using the novel stopping criterion, adopting PR and with respect to #iterations (left) and
# function evaluations (right)

preconditioning strategy and showing its effectiveness. However, for the sake of
completeness, in order to have an idea of the overall efficiency of our proposal, we
would like to compare our results with those obtained by some benchmark algorithms.
For large scale unconstrained optimization, L-BFGS [18,22] and L-CG_DESCENT
[14,16] methods are currently considered the most efficient ones.

As regards L-BFGS, the original Fortran code is available in the J. Nocedal’s web
page. We used this code (denoted by LBFGS) in order to perform a comparison with
the unpreconditioned (UNPREC) and the preconditioned (OUR PREC) version of
PNCG algorithm. In particular, in our codes we use the FR version. Note that L-BFGS
adopts the original Moré—Thuente linesearch [20], without the slight modification
introduced in CG+. Therefore, for a fair comparison, we here used the original Moré—
Thuente linesearch also in our codes OUR PREC and UNPREC. The profiles reporting
this comparison are in Fig. 5. We can see that our proposal using FR seems enough
competitive in terms of number of iterations. On the other hand, considering the number
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Fig. 5 Comparison between OUR PREC (FR) and L-BFGS. Profiles using the novel stopping criterion,
with respect to #iterations (left) and # function evaluations (right)

of function evaluations, we can observe that the search direction we compute does not
seem yet well scaled. This indicates that future refinements on our preconditioners are
possibly necessary.

As regards L-CG_DESCENT, the most recent version available in the W. Hager’s
web page is the L-CG_DESCENT 6.8 code. It is written in C, uses an hybrid version
of By coefficient and a different linesearch expressly designed by the authors (see [14]),
more efficient and accurate than the Moré—Thuente one. At present, this possibly makes
unfair any comparison between our codes and L-CG_DESCENT. Anyway, embedding
our preconditionerin L-CG_DESCENT 6.8 would be an interesting further numerical
experiment.

6 Conclusions and future work

In this paper we have proposed a novel class of quasi-Newton updates, to be used as
possible preconditioners within PNCG method. In our proposal, namely the satisfac-
tion of the secant equation only at the current iteration is ensured, and the resulting
update is guaranteed to be positive definite. Furthermore, our class of preconditioners
also satisfies the theoretical properties in Sects. 3 and 4. We numerically tested the
latter approach versus both the unpreconditioned case and an L-BFGS based precon-
ditioning approach. The results obtained showed that the preconditioners we propose
are definitely much efficient and robust in optimization frameworks. At this stage of
the research we still urge to experience our preconditioners also on tough and signif-
icant real applications, where specific “pathologies” may be expected. Moreover, we
think that our proposal may be possibly exploited also for solving difficult nonconvex
problems where the fast iterative computation of negative curvatures for the function
is a fruitful ingredient (see e.g. [6]).

Acknowledgements G. Fasano thanks the National Research Council-Marine Technology Research Insti-
tute (CNR-INSEAN)), for the indirect support in project RITMARE 2012-2016. The authors wish to thank
the anonymous referees for the helpful comments and suggestions which led to improve the paper.

@ Springer



Novel preconditioners based on quasi-Newton updates for... 853

References

11.
12.

13.

14.

15.

16.

17.

19.
20.
21.
22.
23.
24.

25.
26.

. Andrei, N.: Scaled memoryless BEGS preconditioned conjugate gradient algorithm for unconstrained

optimization. Optim. Methods Softw. 22, 561-571 (2007)

. Buckley, B., Lenir, A.: QN-like variable storage conjugate gradients. Math. Program. 27, 155-175

(1983)

. Dai, Y., Yuan, Y.: A nonlinear conjugate gradient method with a strong global convergence property.

SIAM J. Optim. 10, 177-182 (1999)

. Dennis, J., Wolkowicz, H.: Sizing and least-change secant methods. STAM J. Numer. Anal. 30, 1291-

1314 (1993)

. Dolan, E.D., Moré, J.: Benchmarking optimization software with performance profiles. Math. Program.

91, 201-213 (2002)

. Fasano, G.,Roma, M.: Iterative computation of negative curvature directions in large scale optimization.

Comput. Optim. Appl. 38, 81-104 (2007)

. Fasano, G., Roma, M.: Preconditioning Newton—Krylov methods in nonconvex large scale optimiza-

tion. Comput. Optim. Appl. 56, 253-290 (2013)

. Fasano, G., Roma, M.: A novel class of approximate inverse preconditioners for large positive definite

systems. Comput. Optim. Appl. Online first (2015). doi:10.1007/s10589-015-9765- 1

. Fletcher, R., Reeves, C.: Function minimization by conjugate gradients. Comput. J. 7, 149-154 (1964)
. Gilbert, J., Nocedal, J.: Global convergence properties of conjugate gradient methods for optimization.

SIAM J. Optim. 2, 21-42 (1992)

Golub, G., Van Loan, C.: Matrix Computations, 3rd edn. The John Hopkins Press, Baltimore (1996)
Gould, N.LM., Orban, D., Toint, PL.: CUTEst: a constrained and unconstrained testing environment
with safe threads. Comput. Optim. Appl. 60, 545-557 (2015)

Gratton, S., Sartenaer, A., Tshimanga, J.: On a class of limited memory preconditioners for large scale
linear systems with multiple right-hand sides. STAM J. Optim. 21, 912-935 (2011)

Hager, W., Zhang, H.: A new conjugate gradient method with guaranteed descent and an efficient line
search. SIAM J. Optim. 16, 170-192 (2005)

Hager, W., Zhang, H.: A survey of nonlinear conjugate gradient methods. Pac. J. Optim. 2, 35-58
(2006)

Hager, W., Zhang, H.: The limited memory conjugate gradient method. SIAM J. Optim. 23, 2150-2168
(2013)

Hestenes, M., Stiefel, E.: Methods of conjugate gradients for solving linear systems. J. Res. Natl. Bur.
Stand. 49, 409-436 (1952)

. Liu,D.,Nocedal, J.: On the limited memory BFGS method for large scale optimization. Math. Program.

45, 503-528 (1989)

Morales, J., Nocedal, J.: Automatic preconditioning by limited memory quasi-Newton updating. SIAM
J. Optim. 10, 1079-1096 (2000)

Moré, J., Thuente, D.: Line search algorithms with guaranteed sufficient decrease. ACM Trans. Math.
Softw. (TOMS) 20, 286-307 (1994)

Nazareth, L.: A relationship between the BFGS and conjugate gradient algorithms and its implications
for new algorithms. STAM J. Numer. Anal. 16, 794-800 (1979)

Nocedal, J.: Updating quasi-Newton matrices with limited storage. Math. Comput. 35, 773-782 (1980)
Nocedal, J., Wright, S.: Numerical Optimization, 2nd edn. Springer, New York (2006)

Polak, E., Ribiere, G.: Note sur la convergence de methodes de directions conjuguees. Revue Francaise
d’Informatique et de Recherche Operationnelle, serie rouge, tome 3(1), 3543 (1969)

Pytlak, R.: Conjugate Gradient Algorithms in Nonconvex Optimization. Springer, Berlin (2009)
Shanno, D.: Conjugate gradient methods with inexact searches. Math. Oper. Res. 3, 244-256 (1978)

@ Springer


http://dx.doi.org/10.1007/s10589-015-9765-1

	Novel preconditioners based on quasi--Newton updates for nonlinear conjugate gradient methods
	Abstract
	1 Introduction
	2 Preliminaries
	3 Guidelines for a new Symmetric Rank-2 update
	4 A preconditioner using a BFGS-like quasi-Newton update
	5 Numerical experience
	6 Conclusions and future work
	Acknowledgements
	References




