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negligible  
• aerodynamics
• gyroscopic effects 

simplified model for control design
assuming 
• small ' and # )
• symmetric shape
• negligible disturbances
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ẍ = �(cos(⇤) sin(⌅) cos(⇧) + sin(⇤) sin(⇧))
T

m
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4. SECOND METHOD

A di⇥erent approach for this problems is possible if we
consider a direct control of ⌃̇.
To perform control action we can define two steps. In a
first time a visual servoing control loop generates control
inputs u⇥, up, ut. In the second step the yaw control input
u⇥ is converted in a desired value ⇧d for the roll angle,
inverting the relation:

⌃̇ =
g

T
tan⇧ (16)

we get:

⇧d = arctan
�

u⇥
T

g

⇥
(17)

To generate the real control input u�, we can close a
proportional control loop on the roll value:

u� = K�(⇧d � ⇧) K� > 0 (18)

The whole procedure can be represented by the block di-
agram in fig. 4. The block Dynamic inversion implements
the eq. (16), while the block Linear control stands for eq.
(18)

Fig. 4. Block diagram for the second method

In analogy with the previous section, the Visual servoing
block performs the following action (note the substitution
of ⌃̇ with ⇧̇ in the drift vector):
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To enforce the UAV to perform a circular trajectory we
can add to the yaw control input u⇥ a feedforward term
⌃̇d. Thus, when system state is such that:

⇥p = ⇤/2
s1 = 0
s2 = 0

(20)

we obtain
⌃̇ = ⌃̇d

⇧̇ = 0
(21)

Table 1. List of symbols

x, y, z Inertial frame axes
xb, yb, zb Body frame axes
⇤, �, ⇥ Euler angles Z,Y,X

[X, Y, Z]T Position vector w.r.t. an inertial frame
�p, �t Pan and tilt angles for actuated camera
V Vector of vehicle linear velocities w.r.t. an inertial frame
� Vector of vehicle angular velocities w.r.t. an inertial frame

s = [s1, s2] Target coordinates on image plane
sd = [sd1, sd2] Target desired position on image plane

Tib Transformation matrix from UAV body frame to inertial frame
Tbc Transformation matrix from camera frame to UAV body frame
H Transformation matrix from camera frame to point feature
g Gravity acceleration
T Aircraft speed along x body axis
J Analytical Jacobian
Ji Interaction Matrix
Jc Jacobian sub-matrix relative to control inputs

J†c Right pseudo-inverse of Jc

Jd Jacobian sub-matrix relative to variables causing drift
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feedback linearization

• due to underactuation, the quadrotor system cannot be 
transformed into an equivalent linear, controllable system by 
static state feedback
• it is however possible to resort to dynamic state feedback to 
obtain full state linearization
• given the nonlinear system

• find, if possible, a dynamic compensator of the form

• s.t. the c.l. system, under state transformation, is equivalent to a 
linear system
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Ṫ

⇥

2



Elective in Robotics - Quadrotor Control: Dynamic Feedback Linearization (M. Vendittelli) 4

• first define an m-dimensional output
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• then proceed by successively differentiating the output until 
the input appears in a nonsingular way

• if the sum of the output differentiation orders equals the 
dimension of the extended state space n+º, full input–state–
output linearization is obtained

• the closed-loop system is then equivalent to a  set of 
decoupled input–output chains of integrators from the input vi 
to the output ´i (i=1,...,m)

.
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• the quadrotor output to be controlled is 

´(»)=(x, y, z, Ã)T

• the input u appears in a nonsingular way deriving 4 times the 
cartesian position P = (x, y, z)T and 2 times the yaw angle Ã

• ) it is necessary to introduce two integrators on the input 
channel u1=T

• the output derivatives can be written as
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• the linearizing and decoupling control law is

• trajectory tracking can be obtained by choosing
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• the dynamic compensator takes the form
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control system

dynamic
feedback 

linearization

stabilizing
controller

+
feedforward
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y(4) = ⇥(4)
2 = v2

z(4) = ⇥(4)
3 = v3

⇧(2) = ⇥(2)
4 = v4

v1 = ⇥(4)
1d +

�4
j=1 c1

j�1e
(j�1)
1

v2 = ⇥(4)
2d +

�4
j=1 c2

j�1e
(j�1)
2

v3 = ⇥(4)
3d +

�4
j=1 c3

j�1e
(j�1)
3

v4 = ⇥(2)
4d +

�2
j=1 c4

j�1e
(j�1)
4

Ṫ T̈

�̇ = a(⇤, �) + b(⇤, �)v
u = c(⇤, �) + d(⇤, �)v

1

T =
m

cos(⌃) cos(⌥)
[g �Kzp(zd � z)�Kzd(żd � ż)]

⌅ = T (⇤, �)

⇤ ⇥ Rn, u ⇥ Rm

⇥ = h(⇤)

⇥(r) = l(⇤, �) + J(⇤, �)u

u = J(⇤, �)�1(�l(⇤, �) + v)

x(4) = ⇥(4)
1 = v1

y(4) = ⇥(4)
2 = v2

z(4) = ⇥(4)
3 = v3

⇧(2) = ⇥(2)
4 = v4

v1 = ⇥(4)
1d +

�4
j=1 c1

j�1e
(j�1)
1

v2 = ⇥(4)
2d +

�4
j=1 c2

j�1e
(j�1)
2

v3 = ⇥(4)
3d +

�4
j=1 c3

j�1e
(j�1)
3

v4 = ⇥(2)
4d +

�2
j=1 c4

j�1e
(j�1)
4

Ṫ T̈

�̇ = a(⇤, �) + b(⇤, �)v
u = c(⇤, �) + d(⇤, �)v

1

∫ ∫
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simulation results

• scenario 1: the behaviour of the system is tested closing the 
feedback loop around the complete model, including aerodynamic 
friction 

• scenario 2: a wind gust is added as a disturbance on the X inertial 
axis, to test the robustness and sensitivity of the controller

• scenario 3: the same gust is then added also on Y and Z axes

• the reference trajectory chosen for the simulation is the spiral

T =
m

cos(⌃) cos(⌥)
[g �Kzp(zd � z)�Kzd(żd � ż)]

xd(t) = cos t

yd(t) = sin t

zd(t) = 1 +
t

10

⌅ = T (⇤, �)

⇤ ⇥ Rn, u ⇥ Rm

⇥ = h(⇤)

⇥(r) = l(⇤, �) + J(⇤, �)u

u = J(⇤, �)�1(�l(⇤, �) + v)

x(4) = ⇥(4)
1 = v1

y(4) = ⇥(4)
2 = v2

z(4) = ⇥(4)
3 = v3

⇧(2) = ⇥(2)
4 = v4

v1 = ⇥(4)
1d +

�4
j=1 c1

j�1e
(j�1)
1

v2 = ⇥(4)
2d +

�4
j=1 c2

j�1e
(j�1)
2

v3 = ⇥(4)
3d +

�4
j=1 c3

j�1e
(j�1)
3

v4 = ⇥(2)
4d +

�2
j=1 c4

j�1e
(j�1)
4

Ṫ T̈

�̇ = a(⇤, �) + b(⇤, �)v
u = c(⇤, �) + d(⇤, �)v

1
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scenario 1
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scenario 2
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scenario 3
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removing the ‘small angles’ assumption

• consider the complete model 
neglecting aerodynamics, gyroscopic 
effects, disturbances

• compute DFL 

ẍ = �(cos(⇤) sin(⌅) cos(⇧) + sin(⇤) sin(⇧))
T

m

ÿ = �(sin(⇤) sin(⌅) cos(⇧)� sin(⇧) cos(⇤))
T

m

z̈ = � cos(⌅) cos(⇧)
T

m
+ g

⇧̈ =
⇥⇤

Ix

⌅̈ =
⇥⇥

Iy

⇤̈ =
⇥�

Iz

ẋ = vx

ẏ = vy

ż = vz

v̇x = FA,x � (cos(⇤) sin(⌅) cos(⇧) + sin(⇤) sin(⇧))
T

m

v̇y = FA,y � (sin(⇤) sin(⌅) cos(⇧)� sin(⇧) cos(⇤))
T

m

v̇z = FA,z + g � cos(⌅) cos(⇧)
T

m

⇧̇ = p + sin(⇧) tan(⌅)q + cos(⇧) tan(⌅)r

⌅̇ = cos(⇧)q � sin(⇧)r

⇤̇ = sin(⇧) sec(⌅)q + cos(⇧) sec(⌅)r

ṗ = ⇥A,x +
Ir

Ix
q�r +

Iy � Iz

Ix
qr +

⇥⇤

Ix

q̇ = ⇥A,y +
Ir

Iy
p�r +

Iz � Ix

Iy
pr +

⇥⇥

Iy

ṙ = ⇥A,z +
Ix � Iy

Iz
pq +

⇥�

Iz

�̇ = f(�) + g(�)u

� = (x, y, z, vx, vy, vz, ⇧, ⌅, ⇤, p, q, r)�

u = (T, ⇥⇤, ⇥⇥, ⇥�)�
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comparative simulations

• simulation 1: circle with period T=2.5s and radius R=1m
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• simulation 2: circle with period T=1.8s and radius R=1m

• approximate model
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• simulation 2: circle with period T=1.8s and radius R=1m

• complete model
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